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HYBRID 3D-AWARE FACE CLUSTERING
VIA DEEP EMBEDDINGS AND GEOMETRIC DESCRIPTORS

Abstract. This paper presents a 3D-aware face clustering methodology that robustly groups unla-
beled face images by identity under challenging conditions of pose variation, facial expression, and
partial occlusion. The proposed approach integrates 2D deep embeddings with 3D geometric features
extracted from reconstructed facial meshes, leveraging both photometric and structural information. Pre-
processing includes grayscale normalization, landmark-based alignment, and contrast enhancement. 3D
face models are generated using a 3D Morphable Model (3DMM) and optionally refined through neural
rendering to improve shape fidelity. From these reconstructions, we extract interpretable 3D descriptors-
PCA shape coefficients, geodesic distances, and curvature histograms — that complement embeddings
from ArcFace and FaceNet. Clustering is performed using a two-stage hybrid algorithm: DBSCAN for
outlier removal followed by K-Means + + with a fused distance metric combining cosine and Mahala-
nobis distances. Experimental results demonstrate that the proposed method significantly outperforms
2D-only and 3D-only baselines in terms of Silhouette Score, Adjusted Rand Index (ARI), and Purity. The
findings confirm that fusing 2D and 3D modalities yields semantically consistent and pose-invariant
identity clusters, establishing a strong foundation for face analysis in unconstrained environments.

Keywords: 3D-aware face clustering, 2D-3D feature fusion, deep learning embeddings, pose-invari-
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ant recognition, hybrid clustering algorithms.

1. Introduction

Clustering faces without prior labeling-grouping
them solely on an individual basis-has been a long-
standing and challenging task in the field of
computer vision. The task becomes especially
difficult when the images come from uncontrolled
conditions, when people turn their heads, smile,
frown, or cover part of their face. Despite the fact
that modern 2D deep learning models have brought
the representation of faces to an impressive level,
these methods still fail when implementing
variations in the real world. Sudden changes in head
position, facial expression, or even partial
malocclusion can distort learned concepts,
disrupting the natural grouping of images belonging
to the same person.

Most existing systems work exclusively with 2D
information. They are based on convolutional neural
networks trained on special loss functions — for
example, arc or triplet losses — to transform a face
into a compact vector representation. This

rﬁﬂ:ﬁ:"] Licensed under CC BY-NC 4.0

embedding works well when the subject is looking
directly into the camera in good light. However,
when the head turns or shadows appear, the
geometry of the face ceases to be transmitted exactly
in such a compressed form, and samples of the same
personality can be scattered throughout the entire
space of the object. This limitation is well
recognized, as such representations inherently omit
the fundamental three-dimensional structure of the
face.

At the same time, methods of three-dimensional
facial reconstruction are developing at an amazing
pace. Approaches such as three-dimensional
modeling and neural rendering allow you to recreate
an impressively detailed face structure from a single
photo, capturing not only the overall shape and
orientation, but also subtle surface features.
However, despite these achievements, such three-
dimensional representations have found little use in
the specific task of clustering faces. Most of the
research has focused on recognition or animation,
rather than uncontrolled grouping.

© 2026 Al-Farabi Kazakh National University
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Hybrid 3D-aware face clustering via deep embeddings and geometric descriptors

This work uses a different approach. Instead of
choosing between representations based on
appearance and representations based on geometry,
both images are combined into a single structure.
The process begins with image normalization:
converting to grayscale, aligning the face to the
detected landmarks, and adjusting the local contrast.
Each normalized image then goes through a 3D
reconstruction stage, resulting in a grid that can be
further refined using neural rendering to obtain finer
details. Interpreted 3D descriptors are assembled
from these grids — the basic coefficients of shape,
geodetic distances between landmarks, and the
curvature of various surface areas.

These 3D descriptors are complemented by
standard deep applications from high-performance
networks such as ArcFace and FaceNet. To form
clusters, the system works in two stages: first,
DBSCAN filters out points that are in sparse, noisy
areas, and then K-Means++ organizes everything
else. A combined metric is used here, which
balances the cosine similarity in the two-
dimensional embedding space with the Mahalanobis
distance in the three-dimensional feature space.

The results tested on datasets with a wide range
of poses and expressions show that this hybrid
approach allows you to create clusters that are
denser and better match true identifiers than clusters
created only for 2D or 3D pipelines. The
combination of appearance and spatial structure
creates a representation that persists in difficult
viewing conditions, making it promising for
applications such as video surveillance, biometric
indexing, and large-scale media organization.

2. Literature Review

Over the past two decades, face clustering
research has moved from traditional 2D methods
based on appearance [1] to more advanced
multimodal strategies combining both photometric
and geometric information [6]. Early approaches
based on manual functions and conventional
machine learning algorithms proved vulnerable to
changes in posture [3], lighting [4], and facial
expression [5]. The advent of deep convolutional
neural networks [11] has significantly improved the
two-dimensional representation of faces, but these
models still face problems associated with
significant pose changes [2] or occlusions [14].

At the same time, advances in 3D facial
reconstruction — in particular, the use of 3D

transformable models [7] and neural rendering
techniques [9] — have made it possible to reconstruct
the geometry of a face in detail from a single image
[6]. These methods provide pose-independent
structural information that complements deep two-
dimensional embeddings [12], but their use in
unsupervised clustering remains relatively limited
[16]. Recent research shows that the combination of
two-dimensional and three-dimensional functions
can improve clustering reliability [14], especially in
unlimited conditions [16].

The clustering algorithms themselves have also
undergone changes. While traditional methods such
as K-means remain popular [18], density-based
approaches such as DBSCAN [17] have attracted
attention due to their ability to deal with noise [19]
and irregular cluster shapes [18]. Hybrid strategies
combining emission filtering [16] with improved
cluster allocation are emerging as a promising area
[17].

Overall, current research indicates a clear shift
towards clustering strategies based on careful
preprocessing  [4], integration of multiple
complementary data processing techniques [14], and
the use of adaptive clustering techniques [17]. This
progress has paved the way for combining deep
learning approaches [11] with geometric modeling
[6] to create more accurate and reliable clustering
pipelines [14].

2.1. 2D Image Standardization

Standardization of two-dimensional facial
images is a fundamental prerequisite for accurate
and reliable clustering of faces, especially when the
pipeline includes subsequent three-dimensional
reconstruction. This process ensures consistency of
the input data in terms of scale, orientation,
illumination, and contrast, thereby reducing
variation within the class and increasing the
separability of embedded objects. The need for this
step has been widely recognized both in classical
computer vision and in modern approaches to deep
learning [4]. Without proper preprocessing, even the
most advanced convolutional neural networks
(CNNs) can create attachments that are more
sensitive to environmental factors than to the
internal identification characteristics of a face [1].

2.1.1. Face recognition and localization

The initial stage of standardization involves the
accurate detection and localization of areas of the
face in the image. Reliable face detectors such as
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RetinaFace [2] provide pixel-level bounding boxes
and face landmarks, allowing precise cropping and
alignment. The accuracy of determining landmarks
plays a crucial role in subsequent tasks, since even
small offsets can significantly impair the quality of
feature extraction [3]. Landmarks on the face
usually correspond to characteristic anatomical
points, such as the centers of the eyes, the tip of the
nose, and the folds of the mouth. Once defined, these
landmarks can be used to normalize the geometry of
the face using affine or similarity transformations,
ensuring compliance with the canonical orientation.

Mathematically,if p; = (x;,y;) represents the
coordinate of the landmark in the original image and
q; its target position in the normalized template, the
optimal transformation T can be calculated by
minimizing the root-mean-square error:

k
min > 170 - |’ M
i=1

where £ is the number of landmarks. As a result of
the transformation, all images will have the same
geometric configuration [3].

2.1.2. lllumination Normalization

Changes in lighting conditions can dramatically
change the pixel intensity distribution in face
images, leading to inconsistencies in embedding
locations. Histogram equalization (HE)[4] has long
been used as a method of global contrast
enhancement, but its tendency to over-amplify noise
in homogeneous areas makes it less suitable for fine
facial textures. Adaptive contrast-limited Histogram
Equalization (CLAHE) [5] eliminates this limitation
by performing histogram equalization locally within
image fragments, while limiting the histogram to a
preset threshold to limit noise amplification.

Formally, let I (x, y) denotes the intensity in
pixel (x,y) and H; is the histogram of the fragment i.
The CLAHE operation can be defined as:

Ij(x,y) = CDFgip(I(x,y)) - (L — 1) 2

where CDF;,is  the cumulative distribution

function of the cropped histogram and L is the
number of gray levels. This localized approach
preserves contextual contrast while ensuring
consistency of overall brightness across the entire
dataset [5].

2.1.3. Color space conversion and photometric
alignment

Although the RGB color space is commonly
used for clustering faces, it is inherently independent
of illumination. Converting input images to
alternative color spaces, such as YCbCr or HSV,
allows you to separate brightness from chroma,
providing more effective normalization of
illumination [4]. In many 3D reconstruction
pipelines, grayscale conversion is performed to
reduce the computational load while preserving the
structural information needed to identify landmarks
[7]. In addition, photometric normalization often
includes gamma correction to correct the non-linear
relationship between scene brightness and pixel
intensity. The gamma transformation is expressed
as:

I'Cx,y) =1(x,y)" 3)

where v is chosen either to enhance darker areas
(y<1) or to compress brighter areas (y>1). This step
allows you to coordinate the brightness levels of the
images, which is especially important for data sets
collected under uncontrolled conditions [5].

2.1.4. Pose Normalization

Changing the pose is one of the most difficult
factors in clustering faces [3]. Even small deviations
from the course can lead to noticeable changes in the
representation of facial features. Pose normalization
involves distorting the input image so that the eyes
and mouth are at specified coordinates in the
normalized frame [2].

This can be achieved by using a similarity
transformation, defined as:

x' s cos@ —s-sinf t,]rx
y’] =|s-sinf s-cos@ t, [y] @)
1 0 0 11t

where s — zoom level, 0 is the angle of rotation, and
(tx, ty) is the displacement vector. Alignment of
facial landmarks according to a fixed pattern can
significantly reduce intra-class differences due to
head rotation [3].

2.1.5. Cropping and resizing

After alignment, the images are cropped with a
fixed aspect ratio in the center of the face area and
resized to a uniform resolution. The most common
variants of CNN-based systems include 112 x 112
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112x112 pixels for ArcFace [11] and 160 x 160
160x160 pixels for FaceNet [12]. This ensures
compatibility with pre-trained models and maintains
a consistent field of perception across the entire
dataset [1].

Mathematically, the resizing operation can be
described as follows:

x"y' )
I/ l’ ! — I —, =

() =165

where Sy, S, these are the scaling factors along each

axis. Bilinear or bicubic interpolation is usually used
to minimize distortion when aliasing,

2.1.6. Impact on subsequent tasks

The effect of standardization of 2D images is
most evident when evaluating clustering
performance indicators such as silhouette score [18],
adjusted Rand index [19], and purity [16].
Preprocessing reduces the variance within the
cluster, resulting in more compact and separable
clusters. In 3D-enabled pipelines, standardized 2D
input data provides a more accurate fit of the
modifiable model [7], [8] and neural rendering [9],
[10], since the initial positions of landmarks and
texture maps are more reliable.

For example, when using a 3D transformable
model (3DMM) [7], the quality of the reconstructed
mesh M M strongly depends on the accuracy of the
2D-3D matching established during fitting. The
energy function is often minimized during the fitting
process:

E = Egnamark + (6)
+/1photoEphoto + AregEreg

where Ejgnamark 18 @ landmark that ensures
consistency between the detected 2D landmarks and
their 3D counterparts, Ejpor, measures photometric
consistency and E,., applies regularization to
maintain realistic shape parameters. Standardized
images ensure that E;4, gmark Starts by reducing the
initial error, which increases the speed and accuracy
of convergence.

Thus, standardization of 2D images is not just a
preparatory stage, but a major component of modern
face clusterization pipelines. By matching
geometric, photometric, and structural attributes of
face images, this ensures that both two-dimensional
deep embeddings and three-dimensional geometric

descriptors are calculated based on a stable and
consistent input space. This consistency is crucial
for clustering to work reliably, especially in
environments where posture, lighting, and facial
expression vary greatly. The literature clearly shows
that without this stage, the subsequent stages of the
clustering process — whether purely based on
appearance or hybrid 2D-3D — suffer from reduced
accuracy and stability. [4], [5], [7].

2.2. 3D Face Reconstruction

Three-dimensional (3D) facial reconstruction
from a single two-dimensional (2D) image has beco-
me a key method in modern clustering and face re-
cognition systems, solving the long-standing prob-
lem of variation in posture and facial expression.
Unlike purely photometric approaches, which are
based solely on pixel-level intensity models, 3D
reconstruction methods recover structural and
geometric information about the shape of a face,
allowing you to display facial features independent
of pose. This feature is especially important in non-
standard scenarios where subjects can be shot at
extreme angles, in variable lighting, or with their
eyes closed.

The fundamental approach to 3D facial
reconstruction is the 3D transformable model
(3DMM) presented by Blantz and Vetter [7]. In this
context, a three-dimensional face shape is created.
The size and texture of T are represented as a linear
combination of basis vectors obtained using
principal component analysis (PCA):

where S and T are the average shape and texture U;
and V; are the basis vectors of PCA, and «; and
B these are the coefficients calculated to match the
input image. The Basel Face Model (BFM) [6]
expanded this methodology with high-resolution
datasets, which improved the modeling of
personality-related variations. These models have
proven to be effective at capturing rough geometry
and the general appearance of the face, but they have
limitations when working with fine-grained details,
facial hair, or serious postural abnormalities [8].

To eliminate these limitations, a later paper
combined nonlinear modeling and deep learning-
based optimization. Tran and Liu [8] proposed a
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nonlinear 3DMM, replacing the linear
representation of PCA with a deep neural network
that studies complex shapes and textures directly
based on data. This approach improves the ability to
represent faces in different conditions and allows for
more accurate and detailed reconstructions.

Another important innovation is the use of
neural rendering technologies to refine 3DMM-
based reconstructions. For example, Tewari et al. [9]
introduced MoFA, a model-based deep convolutio-
nal autoencoder that jointly optimizes the geometry
and texture of a face, ensuring consistency with the
original 2D image. Neural imaging techniques
demonstrated by Richardson et al. [10] use
generative adversarial networks (GANS) to enhance
realism by adding fine details such as skin wrinkles,
eyelid creases, and thin lip contours. The
formulation "Loss of competition" Lguy =
E[log D(I¢q;)] + Ellog1 — D(G(S,T)))]allows
you to create reconstructions that match the
photorealistic quality of real images.

These GAN-based enhancements are crucial for
subsequent tasks such as clustering, where high-
quality geometry enhances the discriminating ability
of geometric descriptors. In particular, geometric
indicators obtained from reconstructed grids, such
as geodetic distances between landmarks on the
surface or histograms of curvature, are much more
reliable when the 3D model retains small but
important features for identification [14], [15].

The integration of 3D reconstruction into face
clustering pipelines also enhances computing
capabilities. The traditional 3DMM setup involves
iterative optimization, which can be computatio-
nally expensive, especially for large-scale datasets.
Recent advances in regression fitting using deep
neural networks provide near-real-time performance
without compromising accuracy. For example,
convolutional neural networks (CNNs) can be
trained to directly extract 3DMM parameters from
an input image, bypassing iterative search and
allowing processing millions of faces in large-scale
clustering scenarios.

Moreover, the transition from purely linear
transformable models to hybrid systems, including
both parametric and nonparametric elements, has
increased reliability in unlimited operating
conditions. By combining a global parametric model
(reflecting the overall structure of the face) with
localized nonparametric detail (reflecting high-
frequency details), these approaches provide a

balance between generalization and personality
specificity.

In the context of multimodal clustering of faces,
reconstructed 3D faces complement 2D embed-
dings, providing geometry normalized by pose. For
example, two faces taken from completely different
viewing points may have different 2D images due to
angle effects, but their 3D reconstructions can be
aligned in a canonical pose, allowing direct compa-
rison of geometric objects. It has been shown that
such a combination of photometric (two-dimensio-
nal deep objects) and geometric (three-dimensional
structural objects) methods increases the reliability
of clustering with complex variations [14], [15].

Despite these advances, the use of 3D recons-
truction in unsupervised clustering tasks remains
relatively limited compared to its widespread adop-
tion in facial recognition. The problems include
increased computational costs, the need for high-
quality identification of landmarks, and the diffi-
culty of integrating heterogeneous objects into a
single clustering structure. However, with the in-
creasing availability of effective deep learning mo-
dels and large annotated sets of three-dimensional
facial data, these barriers are gradually decreasing.

In general, the evolution of 3D facial
reconstruction — from early transformable models
based on PCA [7], [6] to nonlinear deep learning
methods [8] and, finally, approaches to neural
rendering supplemented by GAN [9], [10] — reflects
a broader trend in computer vision towards
combining models-data-based paradigms. For face
clustering applications, these methods are a
powerful means of collecting information about a
shape that preserves personality, which is inherently
independent of posture and facial expression,
making them an important component of reliable
clustering pipelines in the real world.

2.3. Feature Extraction

Feature extraction plays a key role in face
clustering pipelines, serving as a link between raw
image data and numerical representations used to
measure similarity and clustering. In early systems
for analyzing facial surfaces, objects were often
created manually using descriptors such as local
binary templates (LBP) or scale-invariant object
transformation (SIFT) to encode information about
texture and shape [1]. Although these approaches
provided a certain degree of resilience to minor
changes in lighting and orientation, they lacked the
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capabilities to model the high-level, discriminating
models needed for reliable clustering under
unlimited conditions.

The advent of deep learning revolutionized this
stage by introducing embedded functions derived
directly from large-scale datasets. Architectures
such as deep residual networks (ResNet) [1] and
specialized face representation models such as
ArcFace [11] and FaceNet [12] have become the
standard for creating compact but highly
distinguishable feature vectors. These models are
usually trained using margin-based loss functions,
such as additive angular margin loss in ArcFace[11]
or triplet loss in FaceNet [12], which promote tight
integration of attachments with the same identifiers,
while pushing attachments with different identifiers
apart. Such learning strategies have led to a
significant increase in compactness within the
classroom and separability between classes, which
is important for effective clustering.

Despite the fact that 2D embeddings allow for
rich photometric and textural details, they remain
vulnerable to certain failures, especially with large
pose changes, partial overlaps, or extreme expres-
sions [14]. To mitigate these problems, recent stu-
dies have explored extending deep embeddings with
geometric hints derived from 3D reconstructions
[6]. Geometric descriptors such as landmark-based
distances, histograms of surface curvature, and
shape coefficients from 3D transformable models
(3DMMs)[7] provide pose-independent structural
information that complements 2D objects based on
appearance. This multimodal fusion ensures that the
embedding space reflects both fine-grained textural
patterns and the basic geometry of the face,
increasing reliability in difficult conditions [14].

The process of extracting such additional
features begins with the alignment and
normalization of the input images in the canonical
coordinate system, ensuring consistency in all
samples [4]. As soon as the faces are geometrically
normalized, the deep neural network extracts an
embedded 2D image, while a separate pipeline
processes the corresponding 3D mesh to calculate
geometric descriptors [6]. These feature sets are then
combined using methods such as feature-level
integration, attention-based weighting, or metric-
based learning projection into a single space [16].
The choice of a merger strategy significantly affects
the resulting clustering efficiency, since adaptive
approaches to weighting often provide the most
balanced integration between modalities [14].

Another important factor is to reduce the size of
the objects. High-dimensional embeddings can be
computationally expensive and can lead to
redundancy that hides meaningful patterns. Methods
such as principal component analysis (PCA) and t-
distributed stochastic neighbor embedding (t-SNE)
are commonly used to compress feature vectors
while maintaining their distinctiveness [19]. This
not only speeds up clustering algorithms, but can
also increase cluster compactness by removing noise
from the representation space [18].

Recent developments have also highlighted the
importance of calibration and normalization of
investments. L2 Normalization of embeddings
before calculating similarity has become a standard
practice, ensuring that angular distances are taken
into account when comparing, rather than
differences in magnitude [11]. In addition, post-
processing  techniques such as  bleaching
transformations or reducing intraclass variance can
further improve the embedding space for clustering
purposes [13].

In the context of unsupervised or partially
supervised learning, self-supervised pre-training
methods have become widespread as a means of
improving the quality of functions without the need
for extensive labeled datasets. Models trained with
contrasting learning objectives in mind, for
example, learn to approximate expanded images of
the same face in the embedding space while
simultaneously separating different identities [16].
Combined  with  geometric  hints, these
representations provide greater generalization for
new areas and invisible variations, making them
particularly suitable for clustering scenarios with an
open set of parameters [14].

In general, modern feature extraction for
clustering faces increasingly relies on a two-modal
approach that combines the discriminative ability of
deep 2D embeddings with the structural stability of
3D geometric descriptors. Such integration elimi-
nates many of the limitations inherent in single-
modal systems and provides a richer and more stable
representation of facial identity, forming a reliable
basis for subsequent stages of clustering [6].

3. Materials and Methods

The proposed methodology combines both
photometric and geometric parameters to achieve
reliable clustering of individuals while preserving
identity under unlimited conditions. The process
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consists of five main steps. First, datasets are
prepared and preprocessed to ensure consistency of
the input data and eliminate interference. Two-
dimensional (2D) standardization of the face is then
performed to normalize lighting, pose, and scale,
which ensures reliable follow-up analysis. At the
third stage, high-precision three-dimensional (3D)
models of faces are created based on individual
images, combining classical modifiable models with
neural visualization methods to improve detail. At
the fourth stage, both two-dimensional deep inserts
and three-dimensional geometric descriptors are
extracted, which provides additional insights into
the identity of the face. Finally, a hybrid clustering
algorithm combines these multimodal functions by
applying outlier filtering and geometry refinement
to improve cluster quality. This structured approach
allows the system to process significant changes in
posture, lighting, and facial expression, which
ultimately ensures high clustering accuracy in real-
world scenarios.

3.1. 2D Image Preprocessing and Standardiza-
tion

The preprocessing stage is aimed at bringing the
raw images of faces to a single format, thereby
reducing intra-class variability caused by lighting
conditions, differences in posture and facial
expression. This stage ensures that subsequent 3D
reconstruction and extraction of objects will be
performed based on geometrically aligned and light-
balanced input data.

Initially, all images are converted from RGB to
grayscale using the NTSC brightness formula.:

Igray(x,y) = 0.299R(x,y) + ®)
+0.587G(x,y) + 0.114B(x,y)

This conversion reduces sensitivity to color
variations, while preserving the contour details and
textures needed to accurately locate landmarks.

The facial landmarks are then determined using
RetinaFace [2], which provides 68 key points,
including the center of the eyes, the tip of the nose,
and the corners of the mouth. These points are used
to calculate a similarity transformation that
minimizes the least squares distance to a predefined
pattern, providing a standard orientation and scale
for all samples.

Adaptive contrast-limited histogram equaliza-
tion (CLAHE) is used to enhance local contrast and

reduce the effect of shadows and overexposure [5].
This adaptive method redistributes the pixel
intensity in localized fragments, while limiting noise
amplification, which makes facial details more
distinct in complex lighting scenarios.

The combined use of grayscale normalization,
landmark alignment, and CLAHE technology
ensures the standardization of input images from
both geometric and photometric perspectives. This
high-quality preprocessing is necessary to improve
the reliability of the subsequent stages of 3D
reconstruction and clustering.

3.2. 3D Face Reconstruction

The process of 3D facial reconstruction is
necessary to obtain geometric characteristics that
remain stable when changing posture, lighting, and
facial expression. By converting the 2D input
images into a detailed 3D representation, the system
provides more reliable clustering by combining
shape-based data with photometric characteristics.

S=S+X (a * Ui )

Here, S- three-

dimensional shape, Ui are the main components, and
Ai are the shape coefficients optimized during the
fitting process.

represents the average

Figure 1. Annotated geodesic landmarks on a 3D facial mesh

argmingg, gy [[1—R(S(a), T(B))I (10)

In this formulation, I stands for the input image,
S(a) and T(B) represent the shape and texture
components of the model, while R corresponds to
the rendering function. The goal is to adjust the
parameters so that the rendering result exactly
matches the original image, thereby minimizing
reconstruction error.
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Table 1. Main parameters of the 3D face reconstruction model

Parameter Description Example Value
Vertices Number of points in the mesh 53,490
Texture Resolution Resolution of texture map 1024x1024 px
PCA Components Number of shape coefficients 80
Processing Time Average reconstruction time 0.85 s/image

Example of refined 3D reconstruction using
neural rendering:

Figure 2. Sample meshes from the DAD-3DHeads dataset

3.3. Feature Extraction

The process begins with standardized 2D input
images obtained during the preprocessing stage,
where alignment, normalization of illumination (for
example, CLAHE) and cropping ensure consistency
in all samples.

2D Deep Embeddings

Using pre-trained deep neural network
architectures such as ArcFace [11] and FaceNet
[12], high-dimensional embeddings are generated to
capture discriminative identity-related patterns from
the image. ArcFace employs additive angular
margin loss to improve inter-class separation, while
FaceNet utilizes triplet loss to minimize intra-class
variability. These embeddings (512-D for ArcFace,

Feature Extraction

b1} i

128-D for FaceNet) are highly effective for
conventional face recognition and form the
photometric component of our multi-modal feature
set.

3D Geometric Features

Leveraging the reconstructed 3D face mesh
from the previous module, three geometric
descriptors are extracted:

- Shape coefficients derived from the first 80
PCA components of the 3D Morphable Model,
representing overall craniofacial structure.

- Geodesic  distances between selected
anatomical landmarks, providing pose-invariant
shape measurements.

- Curvature histograms for key facial regions
(forehead, cheeks, nose bridge), encoding fine-
grained surface topology.

- These geometric features enhance robustness
to pose and expression changes, as demonstrated in
prior studies [14, 15].

After independent extraction, feature fusion is
performed. In our implementation, fusion can be
realized either through weighted concatenation of
normalized feature vectors or via a metric-level
combination, where distances from each modality
are integrated using a tunable weighting parameter
A. This step yields a multi-modal embedding space
optimized for subsequent hybrid clustering.

The overall flow of this module is depicted in
Figure 3, which shows the complete Feature
Extraction Pipeline, from input image preprocessing
to fused multi-modal representation output.

Face /

o FaceNet)

Input CLAHE)

— 3D Geometric
Features\n(shape coeffs, 7_,/
geodesics, \ncurvature
histograms)

~._ 3D Reconstruction\n{3DMM
+ Refinement)

~_
~
Hybrid
Feature Fusion\n(weighted Output G AN > Ke
concat / metric fusion) Clustering) Meanss+)
—

Figure 3. Feature Extraction Pipeline
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The extracted and fused features form the input
to the hybrid clustering algorithm described in the
next section. This modular design ensures that each
modality (photometric and geometric) contributes to
the final identity-aware grouping, significantly
improving  robustness under unconstrained
conditions.

3.4. Hybrid Clustering

The final stage of the proposed methodology
involves grouping faces into identity-specific
clusters using a hybrid two-stage clustering
algorithm. This approach combines the robustness
of density-based clustering for outlier removal with
the efficiency and interpretability of centroid-based
clustering for final partitioning.

The input to this module is the fused multi-
modal embedding vector F generated in the Feature
Extraction stage. This embedding integrates
photometric (2D deep features) and geometric (3D
descriptors) components.

Stage 1: Outlier Removal with DBSCAN

The first step applies the Density-Based Spatial
Clustering of Applications with Noise (DBSCAN)
[17], which identifies core samples in dense regions
and labels low-density samples as noise. Given a
dataset X of n feature vectors, DBSCAN defines:

- & —neighborhood

N.(p) = {q € X|d(p,q) < &} (11)

- Core point: A point p is a core point if
N¢(p)| = MinPts

This stage removes spurious detections and
occluded faces, retaining only high-density areas for
the next stage.

Stage 2: K-Means++ Clustering with Fused
Distance Metric

The cleaned set of feature vectors is clustered
using K-Means++, which improves centroid
initialization to speed up convergence and enhance
cluster compactness. Instead of the standard
Euclidean distance, we employ a fused metric:

Dfused(ivj) =1 dcos(leD'ngD) + (12)
+(1 - /1) ' dmahal (leD:fZJD)
where:

e f>p=photometric embedding vector,

e f,p = geometric descriptor vector,

e d.,s= cosine distance,

e d,anai= Mahalanobis distance,

e A= weighting coefficient
modality influence.

The algorithm iteratively assigns each sample to
the nearest centroid under Dfygeq and updates
centroids until convergence.

Pipeline Illustration

The structure of this hybrid clustering pipeline is
presented in Figure 4

controlling

DBSCAN Outlier

Fused Multi-Modal Features Removal\n(g, MinPts —
tuning)

Clean Feature Set\n(core
samples only)

K-Means++ Cluster
Clustering\nwith Fused Assignments\n(ldentity
Distance Metric Groups)

Figure 4. Hybrid Clustering Pipeline

4. Results and Discussion

The proposed 3D-aware hybrid face clustering
pipeline was evaluated on a benchmark dataset con-
taining a diverse range of facial images under
unconstrained conditions, including extreme pose
variations, partial occlusions, and variable lighting. The
evaluation compared four different configurations:

1. 2D-only: ArcFace embeddings + K-Means++

2. 3D-only: Geometric descriptors from 3DMM
+ K-Means++

3. Late Fusion: Independent clustering in each
modality followed by majority voting

4. Proposed Method: Multi-modal fused
features + DBSCAN outlier removal + K-Means++
with fused metric

The performance of each method was assessed
using Adjusted Rand Index (ARI), Silhouette Score,
and Purity as standard clustering evaluation metrics.
Table 2 summarizes the results.
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Table 2. Overall performance

Method ARI Silhouette Purity
2D-only 0.721 0.486 0.802
3D-only 0.654 0.452 0.774
Late Fusion 0.745 0.503 0.821
Proposed 0.812 0.547 0.864

Visual inspection of cluster assignments reveals
that:

- 2D-only models often misclassify profiles or
occluded faces, grouping them into incorrect
identities.

- 3D-only descriptors are robust to pose changes
but occasionally merge different individuals with
similar craniofacial geometry.

- Late fusion improves both modalities but
suffers from decision-level inconsistencies.

- Proposed fusion approach shows clear
separation between identities, even in challenging
cases such as masked faces or tilted head poses.

DBSCAN-based outlier filtering proved
effective in discarding 5-8% of noisy samples before
final clustering. This reduced the number of
spurious clusters and improved the average
silhouette score by 0.044 compared to running K-
Means++ alone. Figure 5.1 illustrates the effect of
outlier removal on cluster separability in a t-SNE
projection.

The experimental findings confirm three key
hypotheses:

1. Multimodal embedding spaces combining
photometric and geometric cues yield higher
clustering reliability.

2. Metric-level fusion with balanced modality
weights (A = 0.65 in our experiments) outperforms
naive concatenation.

3. Hybrid clustering pipelines benefit from
early-stage noise filtering, improving final identity
purity.

These results are consistent with prior
observations in multimodal face analysis, but extend
the state-of-the-art by introducing a robust fusion
distance metric and two-stage clustering process.

Conclusion
This study presented a comprehensive 3D-
enabled face clustering methodology that combines

2D deep learning technologies with 3D geometric
elements to increase clustering efficiency when
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changing posture, lighting, and facial expressions.
The proposed pipeline included reliable
standardization of 2D images, high-precision 3D
facial reconstruction, multimodal feature extraction,
and a hybrid clustering algorithm combining
density- and geometry-based refinement.

The experimental results showed that this
approach consistently outperforms traditional
clustering methods in 2D only in several indicators,
including silhouette estimation, adjusted Rand
index, and purity. Combining photometric and
geometric information allowed the system to
maintain high accuracy even under unlimited
conditions, which highlights the value of
multimodal integration in clustering with
identification in mind.

The results confirm that combining deep
learning-based embedding with pose-independent
3D functions can significantly increase reliability
and reduce sensitivity to environmental and
thematic changes. Due to the modular structure, the
proposed pipeline can be expanded over time, for
example, by adding time signals from video data or
using transformer-based models to obtain a richer
set of facial features.

Overall, the 3D-enabled face -clustering
approach described here provides a solution that is
not only scalable and adaptable, but also reliable
enough for complex applications such as large-scale
biometric cataloging and forensic research, where
accuracy and reliability are important.
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RESNET EMBEDDING-BASED PIPELINE FOR TRANSPARENT
DIAGNOSIS OF PULMONARY EMPHYSEMA ON LOW-DOSE CT

Abstract. This study presents a methodology for the automated detection and quantification of
pulmonary emphysema from low-dose chest computed tomography (CT) scans. As a morphological sub-
type of chronic obstructive pulmonary disease (COPD), emphysema can be accurately assessed on CT
imaging. Our approach utilizes a pre-trained ResNet152 model to extract high-dimensional feature em-
beddings (2048 dimensions) from mid-lung patches. Patients were automatically categorized based on
the percentage of low attenuation areas (LAA%) below —950 Hounsfield units (HU), a standard measure
for emphysema severity. The extracted feature embeddings were subsequently analyzed using statisti-
cal methods and logistic regression to identify key discriminative and interpretable features. A logistic
regression model, trained on the top 20 most salient features, achieved a high level of performance, with
an Area Under the Curve (AUC) of 0.94 and an Average Precision (AP) of 0.87 on a balanced dataset of
90 subjects. Furthermore, the selected features exhibited a strong correlation with LAA%, demonstrating
their utility for regression-based severity assessment.

The findings confirm the viability of using pre-trained deep embeddings for transparent and repro-
ducible emphysema screening. This method avoids the need for extensive end-to-end model retraining,
making it highly adaptable for integration into existing clinical CT analysis workflows.

Keywords: emphysema, low-dose CT, deep learning, ResNet, feature embeddings, explainable Al,

https:/jpcsit.kaznu.kz

https://doi.org/10.26577/jpcsit4120262

COPD.

1. Introduction

Chronic  Obstructive Pulmonary Disease
(COPD) remains one of the leading causes of death
and disability worldwide. Emphysema, a key
morphological form of COPD, is characterized by
a reduction in lung tissue density, making
computed tomography (CT) one of the most
sensitive methods for detecting this pathology.
However, traditional quantitative metrics, such as
the percentage of low-attenuation areas (LAA% <
-950 HU), are limited in their interpretability,
stability, and automation [1].

In recent years, deep learning (DL), particularly
convolutional neural networks (CNNs), has proven
to be an effective tool for analyzing CT images of
the lungs in COPD [2], [3]. Wu et al. [2] conducted
a systematic review of DL applications in this field
and showed that models can not only classify
emphysema but also stage COPD, and predict lung
function and mortality. Humphries et al. [4]
demonstrated that DL can automate the Fleischner
scale-a visual assessment of emphysema severity-

rﬁﬂ:ﬁ:"] Licensed under CC BY-NC 4.0

with a high degree of agreement with experts.
Similarly, Fuhrman et al. [5] used multiple-instance
learning (MIL) to analyze LDCT, eliminating the
need for precise segmentation while achieving an
AUC of approximately 0.94.

For DL models to be clinically acceptable, their
interpretability is crucial. Studies by Call1 et al. [6]
and Almeida et al. [7] showed that attention
mechanisms, anomaly detection, and Grad-CAM
activation maps allow for the visualization of the
contribution of individual features or image regions
to the model's result. This is particularly important
in clinical settings where a '"black box" is
unacceptable.

Ash et al. [8] applied DL to assess the
progression of emphysema and fibrosis, proposing a
method for tracking the dynamics of the pathology
between scans. Wysoczanski et al. [9] enhanced the
stability of emphysema classification across
different centers by using squeeze-and-excitation
CNNs, while Dorosti et al. [10] showed that
optimizing window settings improves CNN
accuracy under heterogeneous protocols.

© 2026 Al-Farabi Kazakh National University
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Several studies emphasize the importance of
integrating CT images with clinical and functional
data. For example, Zhu et al. [11] and Wang et al.
[12] combined images with spirometry data,
smoking history, and clinical labels, achieving
diagnostic accuracy exceeding 90%.

Due to the scarcity of labeled data, self-
supervised learning and anomaly detection are
gaining increasing popularity. Using such an
approach, Almeida et al. [7] demonstrated high
diagnostic accuracy without the need for manual
annotation. Yeom et al. [13] and Ferri et al. [14]
showed that DL-based reconstruction (DLIR)
preserves image quality even with ultra-low-dose
CT, which is important for COPD screening and
monitoring.

The application of explainable Al (XAI) is
described in detail in the works of Tjoa and Guan
[15], as well as Zhou et al. [16], which present
interpretable pipelines for the automatic analysis of
parenchymal changes. Feature visualization through
dimensionality reduction methods (t-SNE, PCA)
and statistical methods allows for the extraction of
emphysema biomarkers from deep network
embeddings, as shown by Xie et al. [17].

Additionally, as noted by Sourlos et al. [18], the
presence of severe emphysema can reduce the
accuracy of other Al systems, such as those for
nodule detection, highlighting the importance of
building robust models adapted to background
pathologies. Finally, the combination of radiomics
and DL features, as explored in [16], paves the way
for the creation of hybrid models that merge the
power of learned features with classic descriptors.

Thus, as shown in the works of [1]-[18], modern
DL solutions for diagnosing emphysema on CT aim
for high accuracy, interpretability, stability, and the
ability to be integrated into clinical workflows.

2. Materials and Methods

2.1 Automated Generation of Emphysema
Labels Based on LAA%

The study used the publicly available LIDC-
IDRI (TCIA) dataset [ 1], which contains over 1,000
chest CT scans. We recognize that the LIDC-IDRI
dataset primarily includes patients with suspected
lung cancer and does not contain expiratory phase
scans. Since this dataset mainly consists of patients
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with a history of cancer and lacks explicit clinical
labels for COPD or emphysema, we implemented an
automated annotation strategy based on quantitative
CT criteria.

In the first stage, tomograms were extracted
from DICOM series and converted to Hounsfield
Units (HU) density values without additional
normalization. This was based on calculating the
percentage of low-attenuation areas in the lungs-
LAA%-950. This metric determines the proportion
of voxels with a density below —950 HU within the
segmented lung tissue region, which corresponds to
the presence of air spaces characteristic of
emphysema [19], [20].

To extract the lung region, a pre-trained
LungMask model (based on U-Net) [21] was used,
which  provides accurate three-dimensional
segmentation. The LAA% was then calculated
based on the resulting mask (1):

%LAA — Nvoxels(HU<—950) x 100% (1)

Ntotal lung voxels

Patients with a LAA% > 6% were classified as
having signs of emphysema, in accordance with
clinical guidelines [22], [4]. This approach allowed
for the creation of an automated binary classification
(healthy/diseased) without requiring a physician's
input, which significantly expedited dataset
preparation. The logical structure of the study is
shown in Figure 1.

For each patient, we implemented the following
processing pipeline:

1. Series Selection: Among all available
DICOM series, we selected the one with the largest
number of slices, assuming it represents the most
complete volumetric scan.

2. Slice Reading: The slices were sorted along
the Z-axis and converted into a 3D array. Intensities
were transformed into Hounsfield Units

3. HU-Based Filtering:

o Volumes with maximum HU > 1600 were
excluded due to suspected reconstruction artifacts or
metallic implants.

o Highly inhomogeneous scans with standard
deviation HU > 600 were also discarded.

o Intensity clipping to the range [-1000, 400]
HU was applied, following recommendations from
prior studies on emphysema imaging.
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Figure 1. Logical

These filters were based on heuristics and
domain knowledge rather than manual validation.
We acknowledge that this may have resulted in
exclusion of valid data, but the aim was to ensure
reproducibility and full automation.

Each 3D CT volume underwent a structured,
automated labeling procedure:

1. Resampling: All scans were resampled to an
isotropic voxel spacing of 1xI1x1 mm?® to ensure
cross-subject comparability.

2. Lung Segmentation: The lung region was
automatically segmented using the lungmask tool,
which applies a trunk U-Net trained on the
VESSEL12 dataset.

3. Low  Attenuation
Calculation:

o Voxels with HU < -950 were considered
indicative of emphysematous regions.

Area (LAA%)

Structure of the Study

o LAA% was defined as the proportion of such
voxels within the lung mask.

o A binary label was assigned: patients with
LAA% > 6% and mean lung density < —850 HU
were labeled as emphysema-positive (label = 1), all
others as negative (label = 0).

We also preserved:

e Segmentation masks,

e Slice-level visualizations with overlayed lung
masks,

o LAAY% distributions across axial slices.

In total, 497 chest CT volumes were processed:

e 45 volumes (9%) were Ilabeled as
emphysema-positive,

e 452 volumes (91%) were labeled as negative.

Such class imbalance is typical in screening
cohorts. To enable fair model evaluation and
training, we created a balanced subset:
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¢ A random sample of 45 negative cases was
drawn to match the 45 positive cases.

e All associated .npy and .json (spacing) files
were copied into a dedicated directory.

e A filtered label file was retained for
reproducibility.

We acknowledge that downsampling negatives
may exclude potentially valuable data. However, for
logistic regression and limited positive sample size,
this trade-off was considered acceptable.

As a result, the final dataset included:

¢ 90 patients (45 positive / 45 negative) with

subjects had minimal emphysematous changes,
while the most severe case reached 41.49%.

We also compiled a list of the top 10 patients
with the highest LAA% values. As expected, most
of these were labeled positive according to our
threshold-based criteria (LAA% > 6%, mean HU <
—850), validating the robustness of the automatic
labeling method.

Table 1. Summary statistics of LAA% across the dataset
(N=497)

annotated and normalized CT lung volumes, count 497.000000

e Associated quantitative markers and visual Tean 3311285
outputs for further analysis. std 6.220265

To better understand the severity distribution of min 0.000000
emphysema, we computed descriptive statistics of 25% 0.103029
LAA% for all 497 scans. The mean LAA% was 50% 0.726426
3.31%, with a standard deviation of 6.22%. The 75% 3.380258
median value was 0.73%, indicating that most max 41.493362
Table 2. Top 10 CT scans with the highest LAA% in the dataset

patient id laa_percent mean_lung hu label

307 LIDC-IDRI-0309 41.493362 -904.99630 1

139 LIDC-IDRI-0140 40.604675 -887.96454 1

104 LIDC-IDRI-0105 39.663574 -889.00730 1

418 LIDC-IDRI-0422 33.973350 -867.26750 1

195 LIDC-IDRI-0196 33.402438 -864.96190 1

462 LIDC-IDRI-0467 29.670417 -800.05005 0

40 LIDC-IDRI-0041 29.059437 -878.72930 1

295 LIDC-IDRI-0297 27.884453 -879.75543 1

452 LIDC-IDRI-0457 26.868231 -882.45020 1

446 LIDC-IDRI-0450 26.434079 -867.33417 1

Of the 497 CT scans processed from the LIDC-
IDRI dataset, 45 cases (approximately 9%) were
labeled as positive for emphysema (label = 1).

2.2 Deep Feature Representation via ResNet152

To numerically represent the visual content of
chest CT scans, we utilized a deep convolutional
neural network — specifically, the ResNetl152
architecture — pre-trained and subsequently adapted
for the medical imaging domain [23]. A schematic
of the modified model is provided in Figure 2. The
network processes individual CT slices, and from its
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global average-pooling layer (avg_pool), we extract
high-dimensional embeddings of size 2048. These
vectors offer a condensed yet rich encoding of the
image, capturing both macroscopic structural
patterns and fine-grained textural cues.

Such feature representations serve as a powerful
abstraction of lung morphology, enabling their
direct use in downstream machine learning
classifiers. =~ The approach facilitates  the
transformation of raw volumetric data into
structured numerical input, supporting robust and
interpretable diagnostic model development.
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Figure 2. Pre-trained ResNet152 architecture [23]

In addition, statistical analysis was performed
using the t-test to determine the most significant
features between the groups with and without
emphysema. The 20 features with the greatest
differences out of 2048 were selected and the

model was retrained. Despite the reduction in
dimensionality, the classification accuracy
remained high (AUC = 0.72), which emphasizes
the stability and interpretability of the selected
features.
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Figure 3. Top 20 features by impact on LAA%
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At the final stage of the study, we addressed a
regression task aimed at estimating emphysema
severity through a continuous biomarker — the
percentage of low-attenuation areas. Using the same
feature embeddings, we trained linear regression
models capable of accurately predicting the extent
of affected lung tissue, demonstrating a strong
correlation between predicted and true values.

Such models offer an appealing balance between
simplicity and interpretability. Their linear nature
allows integration into explainable Al frameworks,
where the contribution of each input feature to the
final prediction can be visualized and quantified.
This not only ensures transparency of decision-
making but also enhances clinical trust in the
model’s outputs.

Moreover, beyond binary classification, this
quantitative approach enables dynamic disease

2. Feature Extraction with ResNet152

tracking over time, making it especially relevant for
longitudinal monitoring and personalized treatment
planning in clinical practice.

2.3 Architecture of an Interpretable Emphysema
Diagnosis System Based on CT Imaging

Figure 4 illustrates a comprehensive, multi-
stage processing pipeline designed for the
diagnosis of pulmonary emphysema using CT
data, with a focus on explainability. The system
integrates traditional image processing methods
with advanced deep learning techniques and
feature analytics to ensure both transparency and
trust in the diagnostic outcomes. This architecture
follows the principles of explainable artificial
intelligence, enabling not only accurate
classification but also interpretable insights into
the model’s decision-making process.

3 CT Slices (Region B} Conv1 -+ Com2 x ~ Con3 x -+ Convé x - Coms5 x Global Avg Pool (2049D) GRS F‘CLyc meL][ZI
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Figure 4. Architectural Overview

The processing pipeline begins with volume
extraction and intensity normalization. For each
patient, the most complete DICOM series is
automatically selected (based on the number of
slices). This series is converted into a 3D NumPy
array, and the voxel intensities are transformed into
Hounsfield Units (HU). To reduce the influence of
outliers and artifacts, the intensity values are clipped
within a physiologically relevant range of —1000 to
400 HU, followed by min-max normalization to the
[0, 1] interval.

At the lung segmentation and labeling stage, the
pipeline employs a pre-trained UNet model from the
lungmask library. The CT volume is first resampled
to an isotropic resolution of 1x1x1 mm?. A binary
lung mask is then generated, and the percentage of
Low Attenuation Areas (LAA%)-voxels with HU <
—950-is calculated. If this value exceeds 6%, the
case is classified as emphysema-positive. The
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resulting masks and labels are saved as NumPy
arrays and CSV files, respectively.

In the patch extraction phase, the segmented
lung region is divided into three anatomical zones
along the Z-axis: upper, middle, and lower. Within
each zone, three consecutive axial slices are selected
to form tri-channel (2.5D) image patches. These are
input to a convolutional neural network for feature
extraction.

For this purpose, we utilize a pre-trained
ResNet-152 model. Without additional fine-tuning,
the model processes each patch, and a 2048-
dimensional embedding is extracted from the
penultimate global average pooling layer. These
embeddings serve as  high-level feature
representations that encapsulate both texture and
morphology of the lung parenchyma.

These feature vectors are further analyzed using
dimensionality reduction techniques such as
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Principal Component Analysis (PCA) and t-
Distributed Stochastic Neighbor Embedding (t-
SNE), enabling visualization of the feature space.
To explore predictive patterns, we also employ
linear models-including logistic regression and
ridge regression-for classification and regression
tasks. Feature importance metrics derived from
these models aid in interpreting the embeddings and
identifying discriminative clusters.

Finally, the system includes XAI modules that
highlight the regions and features most influential in
the model’s decision-making process. This enhances
interpretability, offering clinicians visual explana-
tions for both positive and negative predictions, and
builds trust in the automated system.

LIDC-
IDRI- | 33.40% 8]‘;60 1
0196
LIDC-
IDRL-  29.67% ﬁ?g' 0
0467
LIDC-
IDRI-  29.06% ﬁf]? 1
0041

Overall, the proposed architecture provides a
reproducible, interpretable, and scalable solution for
emphysema diagnosis on CT scans. Its design
prioritizes explainability and clinical applicability,
making it a promising tool for both automated
screening and longitudinal disease monitoring.

3. Results

This study presents a comprehensive evaluation
of an interpretable machine learning system for the
diagnosis of pulmonary emphysema based on low-
dose chest CT and automatically extracted image
features.

Lik per sice - LIDCIDRLO196
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Figure 5. LAA Analysis Reports part

An analysis of the distribution of LAA%
revealed that the majority of patients exhibited
values below the commonly accepted threshold of
6%, which is considered within the normal range.
However, a substantial proportion of cases exceeded
this  threshold, indicating the presence of
emphysematous changes. These findings support the
validity of using LAA% as an objective quantitative
biomarker for generating binary diagnostic labels
(Figure 5).

To assess the diagnostic performance of the
proposed system, a logistic regression model was
trained on a subset of top-ranked features extracted
from the deep embeddings. The Receiver Operating

Characteristic (ROC) curve demonstrated strong
separability between the two diagnostic groups, with
an Area under the Curve (AUC) of 0.92, indicating
high classification accuracy (Figure 6).

The final performance metrics were as follows:

Accuracy: 0.91

ROC-AUC: 0.939

PR-AUC: 0.935

These results demonstrate the model’s robust
generalization capabilities and its potential for
deployment in real-world clinical screening settings.
Importantly, the model achieves this level of perfor-
mance while maintaining interpretability through
linear modeling and feature importance analysis.
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Figure 6. Receiver Operating Characteristic curve

To assess the structure of the feature space
extracted by the deep neural network ResNet-152
(prior to the fully connected layer), we applied
dimensionality reduction techniques to project the
high-dimensional ~embeddings into a two-
dimensional space. Specifically, t-distributed
Stochastic Neighbor Embedding and Principal
Component Analysis were employed to visualize the
separability ~of patients with emphysema
(LAA% > 6%) and without emphysema (LAA% <
6%).
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These methods provide an interpretable repre-
sentation of the learned feature manifold, where
clusters of positive and negative cases can be visual-
ly evaluated. As shown in Figures 7a and 7b, the
projection reveals a partial separation of classes,
suggesting that the latent features capture diagnos-
tically relevant patterns associated with pulmonary
tissue structure and density. Such visualizations not
only support the discriminative capacity of the mo-
del’s internal representations but also reinforce its
potential applicability in explainable Al pipelines.
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Figure 7. Dimensionality reduction methods: a-t-SNE, b-PCA

To gain insight into the learned representations,
we performed dimensionality reduction on the deep
features obtained from the avg pool layer of the
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pretrained ResNet-152 network. The t-distributed
Stochastic Neighbor Embedding method was used
to explore the local structure of the feature space.
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When visualized in two dimensions and colored by
the binary emphysema label (based on LAA%), the
t-SNE projection revealed partial clustering of
emphysema-positive and -negative cases. This
suggests that the extracted deep features capture
relevant morphological and textural differences,
even without fine-tuning the model on the medical
dataset.

To further evaluate the global structure, we
applied Principal Component Analysis. The first
two principal components accounted for a substan-
tial portion of the overall variance, yet the class
separation was not fully distinct. This observation is
consistent with the high dimensionality and
complexity of the latent space but nonetheless
reveals meaningful patterns associated with
emphysematous changes in the lung parenchyma.
Together, these visualizations support the diagnostic
relevance of the extracted embeddings and highlight
the viability of the proposed method as a foundation
for interpretable, automated emphysema detection.

4. Discussion

This study presents an interpretable machine-
learning pipeline for the diagnosis of pulmonary
emphysema from CT scans, combining weak
supervision with LAA%, ResNetl152 embeddings,
and explainability techniques.

Dimensionality reduction methods (PCA and t-
SNE) were used to explore latent feature structures.
While PCA showed partial class overlap, t-SNE
revealed clearer clustering of emphysema versus
healthy cases-echoing findings in earlier medical
imaging studies [24, 25].

To assess feature relevance, L1 regularized
logistic regression pinpointed the most informative
predictors, notably features from the mid-lung
region, aligning with known pathophysiology and
reinforcing model interpretability [26].

Weak supervision via LAA% (thresholded at
6%) enabled scalable, annotation free labeling. The
bimodal distribution of LAA% in our dataset
supports this choice and mirrors clinical
differentiations found in emphysema quantification
studies [27].

Correlation analysis showed high inter-feature
correlation, suggesting redundancy and
opportunities  for  dimensionality  reduction.
Moreover, several embeddings correlated with
LAA%, supporting their physiological relevance
[28].

By combining performance with transparency-
embeddings visualization, feature importances, and
clinical biomarker alignment-our pipeline strikes a
balance between predictive accuracy and
explainability, addressing a critical need in Al
driven healthcare [29].

Limitations include potential noise from weak
labeling, lack of multi-site validation, and sensitivity
of t-SNE to hyperparameters. Future work should
include attention-based interpretability, external
validation, and integration of clinical metadata for
enhanced generalizability.

5. Conclusion

This study introduced an interpretable
methodology for the diagnosis of pulmonary
emphysema using low-dose chest CT scans and
feature embeddings extracted from a pretrained deep
convolutional neural network, ResNet-152. Rather
than relying on end-to-end predictions from the
neural model, we implemented an intermediate layer
of abstraction by using the global average pooling
embeddings as structured input features for simple
statistical models.

This approach enabled not only high diagnostic
accuracy, but also ensured transparency at the level
of individual feature contributions. Importantly, the
emphasis of this work was on the methodological
pipeline itself: the consistent transformation of raw
CT data into a reproducible, interpretable feature
space, followed by statistical verification.

The proposed framework is easily reproducible,
does not require training models from scratch, and is
adaptable to related tasks such as emphysema
severity estimation or multiclass classification of
emphysema subtypes.

Scientific and Practical Contributions:

-We present a reproducible pipeline for building
interpretable diagnostic models based on pretrained
convolutional networks.

-The effectiveness of Student’s t-test for feature
selection and its subsequent use in linear models was
demonstrated.

-Coefficients from logistic regression models
were shown to be interpretable as indicators of
individual feature contribution-crucial in medical Al
systems.

-The method does not rely on detailed manual
annotations or expert-derived labels, making it
particularly promising for screening applications
and secondary analysis of existing CT datasets.
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ALGORITHMIC APPROACH TO OPTIMAL
RESOURCE CONTROL IN AN OPEN ECONOMY MODEL

Abstract. The dynamic development of the global economy and the impact of external factors cre-
ate challenges for ensuring sustainable growth, making effective resource management an urgent task.
This paper addresses the problem of optimal resource management in an open economy model with
constraints on labor distribution, investment, and foreign trade balances. To solve this problem, a nu-
merical algorithm for optimal control in an open economic system has been developed, with simulta-
neous consideration of labor, investment, and foreign trade constraints, ensuring the construction of
admissible controls and the recovery of economically interpretable indicators while preserving balance
relations. The proposed approach transforms the original constrained problem into a form convenient
for sequential numerical implementation and feedback control synthesis. The conducted computational
experiments confirmed the effectiveness of the approach: the constructed state and control trajectories
demonstrate the achievement of a stable equilibrium state of the system while satisfying all imposed
constraints. The practical value of the study lies in the fact that the algorithm provides the possibility of
implementing numerical solutions to optimal control problems and using them for analyzing and fore-
casting economic development under resource limitations.
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1. Introduction

Taking into account the dynamic development
of the global economy and the influence of external
factors, achieving sustainable growth is of particular
importance for open economic systems. However,
external factors such as fluctuations in the global
market, trade restrictions and dependence on
imports of investment goods significantly affect the
economic stability of the country, creating
additional risks to economic stability. These issues
highlight the need to develop economic and
mathematical models that can optimize resource
allocation, taking into account external constraints
and enabling the forecasting of economic dynamics
to support long-term stability and growth.

Another important challenge in this area is the
difficulty of obtaining analytical solutions for
optimal control problems in nonlinear economic
systems. This stimulates the development of
numerical methods, computational algorithms, and
specialized software environments for solving such
problems [1], [2]. A significant line of research
therefore ~ focuses on  creating  efficient
computational procedures and decision-support
tools for dynamic controlled systems.

26 ey e Licensed under CC BY-NC 4.0

One of the key tools for analyzing economic
dynamics is the Cobb-Douglas production function,
which allows us to model the interaction of factors
of production and assess their impact on economic
growth. A wide range of economic—mathematical
models describing the dynamics of economic
systems based on the Cobb—Douglas production
function has been presented in the literature. For
example, the study published on [3] examines a
balanced growth model of an open three-sector
economy and analyzes the conditions for sustainable
development [4] develop a three-factor model of
enterprise dynamics with internal and external
investments, described by a system of nonlinear
differential equations. In [5], a two-sector economic
growth model with time delays is investigated, and
bifurcation effects are analyzed.

In the modern literature, a variety of numerical
approaches have been developed for solving
constrained optimal control problems, including
projection techniques and sequential convex
programming methods [6]-[8]. These approaches
are primarily aimed at computational efficiency and
at the treatment of general dynamic systems. In
contrast, the present study focuses on linking the
control synthesis procedure with the structure of

© 2026 Al-Farabi Kazakh National University
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macroeconomic balance relations of an open
economy.

In contrast to previously studied closed-
economy models [9]-[13], the present work extends
the optimal control framework to an open economic
system with explicit consideration of foreign trade
flows and industrial security constraints. The
proposed approach links the control synthesis
procedure with the structure of macroeconomic
balance relations, enabling the computed control
variables to be translated into investment, labor, and
foreign trade proportions.

2. Materials and Methods

2.1. Mathematical Model of an Open Economic
System

Let us consider the mathematical model of an
open economy and denote the subsystems of the
model as follows: i = 0 — production subsystem,
i =1 — investment subsystem, i = 2 — consumer
subsystem. According to this model, the output
volume in each i -th subsystem is determined by the
Cobb—Douglas production function:

X, = F(Ky, L) = AK{L™, )
(i=0,1, 2)
where X;— output volume, K;— volume of fixed
productive assets, L;— volume of labor resources, A;
— coefficient of neutral technological progress, a;—
capital elasticity coefficient, (1 — a;)—labor
elasticity coefficient.
Let us introduce the following notations:

L; . .
0; = ?‘ — shares in labor resource distribution
across subsystems;

I .
X1
distribution across subsystems;

fi(ky) =%— labor productivity in the i-th

shares in iInvestment resource

subsystem.

k; = Iz—l’ — capital-labor ratio of the subsystems;

6, = % — share of imported goods for
investment;

6, =% — share of imported goods for
consumption;

x; = 0;f;(k;) — specific output of the

subsystems.

Then, the Equation (1) can be rewritten in the
following form for the capital-labor ratio of the
subsystems:

ki(t) = —pik;(t) +

+ <ﬁ> (1 + 6) 2)
0;(t) ! w
ki(0) =k{, p;>0,
x; = 0;()A;k; (£)*, (3)
Ai > 0, 0< a; <1.
i=0,1, 2.

with balance equations:
Investment balance:

So(t) + Sl(t) + SZ(t) = 1’ (4)
si(t)>0,i=0, 1, 2

Labor balance:

0o(t) +6,(t) + 6,(t) =1, )
6,(t)>0,i =0, 1, 2

Material balance:

(1 = Bo)xo = P1x1 + B2xz + B, 6)
0<B<1i=0, 1,2

Foreign trade balance:

oo = 161 + 18, (7
Industrial security:

81 S ¥1%1, 62 S ¥axy (®)

Where y; — import quota coefficient for
investment goods, 6, — share of material exports,
Uo — world price of exported materials, pq, y, —
world prices of imported investment and consumer
goods, p; — coefficient of capital-labor ratio
reduction due to capital depreciation and
employment growth, 8; — direct material costs per
unit of output in the i-th subsystem.

A numerical algorithm for finding the stable
state of an open economic system, based on the
Lagrange multipliers method and the golden section
principle, was proposed in [14].
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2.2. Formulation of the Problem for Optimal
Resource Allocation

In this study, industrial security is interpreted as
ensuring conditions that maintain equilibrium and
stability within the system:

81 = Y1%1, 63 = Vo, )

Then, the equation for the foreign trade balance
Equation (7) can be rewritten as follows:

H1 Ha
8o = —y1X1 + —V2x3.
0= Ty ke

(10)

The initial problem (2)—(8), consisting of six
controls, can be transformed into a problem with
three controls using the balance equations. To
achieve this, we rewrite the deviations from the
equilibrium state of the system of differential
equations (2), introducing the following notations:

Yo(t) = ko(t) — k3, y1(t) =

= k(D — K5y = ko0 — k5. (D
_ 5p(1)6,(t) 5567
uy(t) = NO) - o3 "
(12)

uy () = s51(t) — 57, uy(t) =
_52(8)6:(8) _ 5367
0,(t) 65

As a result of the transformations performed,
system (2) takes the following form:

yo(t) = —Po(}’(é ()t) +( I;S) +
So(t)0,(t
+ <u0(t) + —GO(t) > X
A +y)A (1 (0) + k§)*e,
¥o(to) = ¥8,¥0(T) =0,

(13)

1) = —p1(y1 () + ki) +
+(uy (1) + 57) X
(1T +y)A; (1 (6) + k)%,
y1(te) = y2,3:1(T) = 0,

(14)

v (t) = _Pz()’%(;) ‘E l)‘i) +
s, ()0, (¢t
+ (uz ) + —92 © >

(1 +y)A;(y1(6) + k)%,

(15)

28

Y2(to) = y3,y2(T) = 0.

In the system, let y(t) = (yo(t), y1(t),
y,(t))* — denote the state vector, and u(t) =
(up(t), u (t), uy(t))* — denote the control vector.

To obtain a numerical solution of the nonlinear
system (13)—~(15), we employ the iterative
quasilinearization method proposed by Bellman and
Kalaba. At each iteration, the right-hand side of the
differential equations (13)—(15) is approximated by
linear forms derived from a Taylor expansion in a
neighborhood of the solution obtained at the
previous iteration.

As a result, after a sufficient number of
iterations, a sequence of linear—quadratic (LQ)
problems is generated, whose solutions approximate
the optimal control of the original nonlinear
problem. The iterative process is continued until the
stopping  condition || u(™ — umDj<e s
satisfied, where € is a prescribed tolerance.

At the n-th iteration, the control u™ (¢t) and the
corresponding  state  trajectory y(t) are
determined as the solution of the LQ problem
constructed in a neighborhood of the previous

approximation (y (n-1) ®), um-1) (t)) [15].
Linearize the system of equations (13)—(15) and

obtain the following system of differential
equations:
Bots
_ So(t)0,(t sa-1
= (1+yA; 8o (D) aky y1(t) (16)
—poYo () + (1 + y1)A1k$ “uo () +
+f (1, uo), Yo (to) = ¥3-
() —
= (_P1 + 1+ V1)A10~’1kfa1_15f)}’1(t) + (17)
+(1+ YAk uy () +
+f O ug), y1(to) = y7,
Borto
s, (t)0,(t _
=1+ ]/1)141#051]@0{1 13’1(t) - (18
6,(t)

—p2y2 (1) + (1 + y1) A1k u, () +
+f (1, uz), Y2 (to) = ¥3,

where the function f(y;,u;),i =0,1,2, is defined
as follows:
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fuo) =

=CPH@A4%UXWAG++HV“—WW)+

fOnu) =0+ V1)A1[u1(t)(()’1 () + k)

sNnS
091
6o

(030 + K% = k™ = k™ o)

—k§) + 5§ (1 (D) + kD™ — k5™ — ay k§ Ty (D)],

fup) ==

595
(1+yD4; [uz(t)(m(t) + DS — k™) + 59— (G2 + k)™ — k™ - alkf“1‘1y1<t>)].

When y;(t) =0 and u;(t) = 0, the function
fy,ui),i =0,1,2, is equal to zero.

Next, we rewrite the given system (16)—(18) in
vector—matrix form and consider the optimal control
problem for a class of nonlinear controlled systems
defined as follows:

IO = AYO +BOUO+ (o
+Huw), vyt =y0,y(T) =0,
uelU={u | g Sut) <o}
01 <0,00 >0,0,
o, = const,t € [t,, T].

(20)

Let y(t) denote the (n X 1) state vector of the
controlled object and u(t) the (m X 1) control
vector. Let f(y, u) be an (n X 1) vector of bounded
continuous functions on the time interval t € [t,, T].
0,,0, are vectors of dimension (m x 1). The
matrices A(t),B(t) are given time-dependent
matrices of dimensions (n Xn) and (n xm),
respectively. While t, and T are the prescribed
initial and terminal times, respectively. It is assumed
that system (19) is controllable at time ¢,,.

We define the control quality by the functional:

Lo Jyw =
=3[ r@ewy® +wOrEu@Ia: @D

where Q(t) positive definite symmetric matrix and
matrix R(t) is diagonal and positive-definite. Q(t)
represents the “penalty” for deviations of the
economic state from equilibrium, while R(t)

reflects the associated with
reallocation.

Problem Statement. It is required to construct
a control u(t) that transfers the economic system
(19) from the initial state y(t,) = y, to the desired
final state y(T) = 0. At the same time, the control
must satisfy the bilateral constraints (20) and ensure

the minimization of the performance functional

@1).

2.3. Solution to the Problem for Optimal
Resource Allocation

To solve the stated problem, a modified
Lagrange multipliers method is applied. The main
idea of this method is to transform the original
constrained problem into an  equivalent
unconstrained problem, the solution of which
automatically satisfies the initial constraints.

For the implementation of the method, the
system of differential equations (19) is multiplied by
the following multiplier 4¢(y,t) and use to the
functional the terms enforcing the constraints:

costs resource

A"y, ) (o — ul)) +
+2," (@, D)) — o) +
+23" (7, () =W (t, T) " q(t)),
(v, ) =0, =1,2,3).

As a result, we obtain a modified functional that
enables the problem to be studied in an
unconstrained form while still enforcing the original
constraints:
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L(u,y) =
Tr1 1
= f [zy*(t)Q(t)y(t) W (OROU®) + 20", (A ) + B®u(®) + f(y,w) — y(t))

(22)

+4" W, t)(o'l - u(t)) + 4", ) u(t) - a)
25" 0,000 - W )| de

Let us consider the integrand of the functional (22) in the form of the following functions:

1 0
V0,0 = 5YOKOYO +y(0°a(0), 5 = KOY®) +q(0),

1 . 1
M@y, ) =53 (0 +K(©) y(© + 5w OR@Ou(®) +

(23)

(24)

+HE®y() + q()) A@y () + Bu®) + fr,w) + y*(£)q(t) + 11" (v, t) (o7 — u(t))
+ " )W) —0z) + 43" (1, O () — W(t, T)q(t))

Thus, the Lagrangian functional (22) can be
written in the expanded form as follows:

L(u,y) = v(ygto), to) —v(y(T),T) +
+ | M(u,y,t)dt.

to

(25)

To solve the formulated problem, we first apply
the first-order necessary condition for an extremum
and derive the expression for the optimal control in
the following form:

u(t) ==
—RT'OB* O(K®Oy® +q®) +
+HRTUOM 316 = 2", D).

(26)

Here, K (t) is an n X n matrix satisfying a matrix
Riccati  differential equation. The matrices
K(t), W (t), and the vector q(t) on the interval t €
[to, T] satisfy the following system of differential
equations:

K@)+ K()A(t) + A (DK (t) —

—K(@®)B;(O)K(@) + Q) = (27)
=0,K(ty) = Ko,
W, T) =W(tTAL (b)) + (28)
+A,(OW (L, T) — B;(t), W(T,T) =0,
q(t) = —A;"()q(t) + (29)

+W=L(t, T)B(t)p(y,t) +
+WHE T, 0),
q(to) = Wt(to, Ty(to)

30

where:

A;(t) = A(t) = B(ORTI(®)B* (K (1),
B;(t) = BOR™H(H)B*(b),

q’()’: t) = R_l(f)()q*(y: t) - Az*()’» t))

The inverse of W (t, T) is required only for t <
T, whereas at the terminal time the boundary
conditions are imposed directly and no inversion is
performed.

The solvability of the Riccati-type equations is
considered under the standard assumptions of
controllability and stabilizability of the pair
(A(t), B(t)). The weighting matrices Q(t)and R(t)
are assumed to be symmetric and positive definite.
Under these assumptions, the Riccati equation
admits a bounded solution, and the resulting
feedback control ensures convergence of the system
to the desired terminal state. If these conditions are
violated, numerical instability or loss of
convergence may occur.

For the multipliers A,(y,t) = 0,4,(y,t) = 0,
which are nonnegative by definition, the
complementarity condition holds, expressed as
follows:

7@, t)(<71 - u(t)) =

=0,2;" (7, )(u(t) —0y) = 0.

For this purpose, they are chosen as follows:



K. Tussupova et al.

/11(}/: t) =
=max {0; o —w(y, t)} =0,4,(y, t)
=max {0; w(y, t)—0g,} =0,
oy, t) =
= —RT'(®)B*(t)(K(®)y(t) + q(t)).

(30)

Because the matrix R(t) is diagonal, the
minimization problem with respect to the control
becomes separable by components.

Hence, the complementarity-based construction
of the multipliers leads to the componentwise
projection of the nominal control w(y, t) onto the
admissible interval [a, f]. As a consequence, the
control constraints are satisfied at every time instant.

Suppose that solutions to equations (27) and (28)
exist and that the conditions (30) are satisfied. Then,
under the control law of the form (26), the dynamics
of system (19) are described as follows:

y(®) = 4,(0)y() — B, (D)q () +

+Be.t) + f(y, ¢, 1), ¥(to) =¥ G

Thus, the use of solutions of differential
equations (31) and (29) shows that the dynamics of

system (31), corresponding to control law (26), at
the final moment of time reaches the state
y(T) =0.

To verify compliance with the balance
constraints, the following expressions are computed.
Since s1(t) = uy(t) + s7, the remaining portion of
investment resources allocated to the production and
consumer subsystems is equal to 1 — s (t). Let v(t)
denote the share of the consumer subsystem in this
remainder of investment resources. Then, in order to
ensure the fulfillment of the investment balance
condition (4), the following allocation rule is
applied:

s1(8) = uq () + 57,
so() = v(O)(1 - 5:(D)),
s, (t) = (1 — v(t))(l — sl(t)).

(32)

To ensure the fulfillment of the labor balance
condition (5), using the notations introduced in (12)
we obtain the expressions for 8,(t) and 8, (t), while
the expression for 6, (t) is derived from (5) in the
following form:

91 (t) = 14+ So(t)

G I

up(t) + (507 /605) ~ up(t) + (s367/6;)

v(t)(1

—51(£))6:1(t)

(33)

0o (t) =

6,(t) =

uo(t) + (s50:/65)

(1-v®)(1 -51))6:®

Next, taking into account equation (10) and the
obtained values of 8,(t) and 6,(t) from equation

(.31 _Vl)A ky(t)% + (.32
v(t) =

up () + ( egs)

(33), the material balance equation (6) yields the
following expression for v(t):

—uq(t) —s
2y,) Apkep () —— DS
w0 ¥ (Sb?) (34)

—uy (£)

(1 = Bo) Ao (ko(£)) ™ =
uO(t) + < 98‘1)

i+ (8 +121,) Ay (k)

1—uy(t) —s3
SHS
uz(6) + (“4t)
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Algorithm 1: Algorithm for Solving the Problem of Optimal Resource Allocation

1:

2:

3:

Using the Runge—Kutta method on the interval t € [ty, T] integrate the systems of differential equations (27) and (28)
subject to the boundary conditions.

For the given initial state y(toy) = yo we determine the vector q(t,) according to the relation: q(ty) = W™(to, T)V(to).
We integrate the system of equations (31) and (29) over the interval [ty, T] using the Runge—Kutta method under the
initial conditions y(ty) = yo, q(ty) = qo- During the integration process, the trajectory y(t) and the control u(t) are
constructed.

Using the values of the effective trajectory y(t) and the effective control u(t), obtained during the integration process,
we compute the following expressions:

To verify the fulfillment of the material balance (6), expression (34) is evaluated.

To verify the fulfillment of the investment balance (4), expression (32) is evaluated.

To verify the fulfillment of the labor balance (5), expression (33) is evaluated.

terminal conditions of the problem are modified and

If, in the course of computations, the initial and  system and the control constraints were specified as

follows:

new numerical experiments are required, the

calculations should be repeated starting from the y(ty) = (4000,—5500,4500)", (35)
second and third steps of the algorithm.
Table 2. Stationary state of an open economic system
3. Results
0 1 2

To obtain a numerical solution to the formulated 0; 0.233 0.270 0.296
optimal control problem, a series of computational s 0.391 0.316 0.292
experiments was carried out. When constructing the ki 59433.45 41525.48 20840.3
plots of the effective trajectory y(t) and the optimal x o381 18131 6175
control u(t), the model parameter values were taken ” 33577 590.66 20,88

according to the data presented in Tables 1 and 2.

Table 1. Model coefficients

i 0 1 2
a; 0,7 0,62 0,45
Bi 0,39 0,49 0,52
A 0,05 0,05 0,05
A 3,19 6 3,71

The values of the coefficients a;, §;, p; and A;
are chosen within the permissible intervals
corresponding to the logic of the model. The
parameters are not based on specific empirical
measurements but serve for the numerical analysis
of the system behavior under various configurations
[14].

In the numerical experiment, the planning
horizon was set to T = 12. The initial state of the

32

To avoid possible singularities in the
expressions for 6;(t) and v(t), the admissible
control set is implemented numerically using a
projection procedure.

0.1 —uf <wu(t) <09 —uj. (36)
(37)
—0.3531 < uy < 0.4469,—-0.216 < uy
< 0.584,-0.108 < u,
< 0.741.

The computed values of the deviations of the
system state at the final time are as follows
(Figure 1):

yo(T) = 5.0475 - 1072,
y,(T) = —1.0885 - 1078,
y,(T) = —=7.1596 - 10~°.
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t

Figure 1. Effective trajectories y;(t) of the system under optimal control

Figure 2 presents the graph of the optimal control trajectory remains within the admissible
control. The graph shows that the constructed region U, defined by the constraints (37).

0.8 1

— u[0]

— u[1]

0.6 4 — 2l
0.4 1
0.2 4

Values of uli]
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.
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Figure 2. Dynamics of optimal control functions u;(t) satisfying bilateral constraints
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Figure 3. Optimal distribution of: (a) labor resources; (b) investment resources
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In addition, during the computations, the values
were obtained that determine the optimal allocation
of labor resources (0,(t),0,(t),0,(t)) and
investment resources (sy(t),s;(t),s,(t)) among
the production, investment, and consumer
subsystems, satisfying the balance relations (4)—(5).
The corresponding results are presented in Figures 3
(a) and (b).

— k[0]
— k1]
— k2]

60000 1

50000 -

40000 1

Values of k[i]

30000 4

20000 -

(@

values of x(t)

Figure 4 (a) illustrates the solutions of the
differential equations for capital intensity k(t)
under given initial conditions.

k(t,) = (63400,35500,15500)".

And Figure 4 (b) illustrates dynamics of
subsystem output in an open economy.

3500 +
— x0(t)
— x1(t)
— %(t)

3000 4

25001

2000 1

1500 -

1000 ,/\
‘

500 4

(b)

Figure 4. (a) capital intensity dynamics in the subsystems of an open economy;
(b) dynamics of subsystem output in an open economy

All simulations were performed using a Runge—
Kutta-type implicit integrator. The integration step
was limited by a maximum step size of 0,02.
Relative and absolute tolerances were set to 1078
and 10719 respectively. Matrix equations were
solved numerically at each time step.

In the numerical implementation the matrix
W (t,T) was integrated backward in time starting
from a small regularized terminal value W (T,T) =
el with e = 107>, preventing singular inversion of

4000 4

20001

yilt)

—2000 1

—4000

T T T T T
o 2 4 6 8 10 12

Su_i(t)

W(t,T) near the terminal time. The full set of
parameters used in the experiments is reported in
Tables 1-2.

To assess the robustness of the proposed
numerical procedure, additional experiments were
performed under variations of model parameters and
initial conditions. In particular, the elasticity
coefficient of the investment subsystem a; was
varied within the interval [0.4,0.6] with
discretization step 0.05. (Figures 5 and 6).

e
N

Figure 5. System behavior under variation of the elasticity coefficient a:
(a) state trajectories y;(t); (b) control actions u; (t)
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Figure 6. Resource allocation dynamics under variation of a:
(a) labor distribution 8;(t); (b) investment shares s;(t)

Furthermore, several initial deviations from the
stable state were considered, including both large-
scale and moderate perturbations:

y(ty) = (500,—500,-500)",

The obtained trajectories of states and controls
are presented in Figures 7 and 8.
y(ty) = (10000,—-10000,8000)",

10000 -
7500 4 0.6
5000 4
0.4
2500 4
z 0 2 o021
—2500 4
0.0
~5000 4
~7500 —0.21
- 4 //
10000 T T T T T T 0.4 T T T T T
[ 2 4 6 8 10 12 0 2 4 6 8 10 12
t t
yalt) = [4000, -5500, -4500] yalt) = [10000, -10000, -8000] yalt) = [500, -500, -500] Yo(t) = [4000, -5500, -4500] ya(t) = [10000, -10000, -8000] yelt) = [500, -500, -500]
— — — — ult) — ult) — uslt)
-—n = -—n -— —— e -—
o G oy -t ot ol
() (b)
Figure 7. Robustness of the algorithm with respect to initial conditions:
(a) state trajectories y;(t); (b) control actions u;(t)
0.8
0.6
“ 0.4
0.2 1
T T T T T T T 0.0 T T T T T T T
0 2 4 6 8 10 12 o 2 4 6 8 10 12
t t
Yalt) = [4000, -5500, -4500] yo(t) = [10000, -10000, -8000] yalt) = [500, -500, -500] Yo(t) = [4000, -5500, -4500] Yo(t) = [10000, -10000, -8000] Yolt) = [500, -500, -500]
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Figure 8. Resource allocation under different initial states:
(a) labor distribution 6;(t); (b) investment shares s; (t)
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For all tested configurations, the synthesized
controls remained inside the admissible bounds. The
system consistently approached the equilibrium
neighborhood, and the qualitative structure of labor
and investment allocation was preserved.

patterns of resource allocation among the economic
subsystems.

Unlike general-purpose optimization methods,
which require solving high-dimensional nonlinear
programming problems, the proposed algorithm

constructs admissible controls through the
4. Discussion integration of matrix differential equations
combined with projection formulas, which

The developed algorithm has demonstrated
efficiency in the numerical implementation of the
optimal control problem under multiple constraints.
Its main advantage lies in transforming the original
constrained formulation into an equivalent problem
that is more convenient for computation. As a result,
stable solutions were obtained that reflect the

Table 3. Stationary state of an open economic system

simplifies the numerical implementation. The
computational performance of the approach was
evaluated by comparing it with standard nonlinear
programming solvers (Table 3).

As shown, the proposed method achieves
comparable values of the objective functional while
requiring significantly less computational time.

Method Runtime (s) Objective value /(y,u)
Proposed algorithm 0.11 3.51 x 107
NLP (SLSQP) 3.32 3.52 x 107
NLP (L-BFGS-B) 3.17 3.52 x 107

Numerical experiments showed that labor
resources are concentrated in the consumer
subsystem, as it is the most labor-intensive.
Investments are primarily directed to the production
and investment subsystems, due to their role in
maintaining production capacities, renewing capital,
and developing infrastructure. These results are
consistent with economic logic and confirm the
validity of the proposed algorithm.

From an economic perspective, the obtained
allocation structure reflects the functional roles of
the subsystems within an open economy. The
concentration of labor in the consumer subsystem
indicates that final demand formation relies
primarily on human resources, while capital
accumulation mechanisms dominate in the
production and investment subsystems. The
redistribution pattern generated by the algorithm
demonstrates that sustainable dynamics require
continuous support of sectors responsible for
capacity expansion and technological renewal. A
reduction of investments in these subsystems would
immediately slow down the growth of capital
intensity and, consequently, limit future output
levels.

Therefore, the computed trajectories can be
interpreted not only as a mathematical solution but
also as an indicator of structurally necessary
proportions between consumption and
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accumulation. They provide quantitative guidance
for policy design aimed at maintaining long-term
stability while avoiding excessive resource
diversion toward short-term consumption. The
algorithm not only makes it possible to determine
the stable state of the system but also to investigate
the influence of model parameters on the structure
of the optimal allocation. This capability makes it a
valuable tool for analyzing alternative scenarios and
strategies of economic development.

During the numerical simulations, additional
verification of the admissibility conditions was
performed at each integration step. In particular, the
positivity of the state variables, boundedness of
trajectories, and feasibility of the share parameters
within the interval (0,1) were monitored. The
balance relations were also checked numerically and
were satisfied up to machine precision along the
computed trajectories. No violations of admissibility
were detected in the reported experiments.

5. Conclusions

This paper presents an algorithm for the
numerical implementation of the optimal resource
control problem in an open economy model. The
algorithm is based on the Lagrange multipliers
framework and is intended to obtain solutions under
labor, investment, and foreign trade constraints.



K. Tussupova et al.

The computational experiments demonstrate
that the system converges to a stable regime that
ensures coordinated resource allocation and
sustainable development dynamics. The practical
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COMPARATIVE ANALYSIS OF PHYSICS-INFORMED
AND CONVENTIONAL LSTM AND RNN MODELS
FOR TEMPERATURE FORECASTING USING ERA5 REANALYSIS DATA

Abstract. Climate change is one of the most serious modern problems affecting the Earth’s atmo-
sphere, as it causes a range of harmful effects worldwide. Due to the uneven nature of climate data, fore-
casting climate change is a challenging task today. Many previous studies in climate and machine learn-
ing have used recurrent neural networks (RNNs) and long short-term memory (LSTM) models to predict
climate trends. Although these models are effective at identifying long-term trends in data, they often
fail to satisfy physical laws such as energy conservation, mass balance, and thermodynamic principles.
In this research, the aim was to develop oscillation-constrained RNN and LSTM models, in which an an-
nual harmonic prior is incorporated into the loss function, and compare their performance with standard
RNN and LSTM models. The study utilized data on air temperature at 2 meters above the surface for
the cities of Astana, Almaty, and Shymkent for model training, validation, and testing. According to the
results, physics-informed models achieved the lowest root mean square errors in Almaty (3.52 °C) and
Shymkent (3.80 °C). RNN and LSTM models performed better in Astana (RMSE = 5.44 and 5.47 °QC),
where seasonal changes are relatively abrupt. These findings demonstrate that PINNs constrained by the
annual harmonic oscillation provide more physically consistent forecasts for moderate climates, while

https:/jpcsit.kaznu.kz

https://doi.org/10.26577/jpcsit4120264

conventional recurrent models perform better in locales with highly variable conditions.
Keywords: climate prediction, Physics-Informed Neural Networks, Long Short-Term Memory, Re-
current Neural Network, ERA5 reanalysis, temperature forecasting, Numerical Weather Prediction.

1. Introduction

The problem of climate change remains one of
the greatest and most challenging issues in modern
Earth system science, due to the chaotic and non-
intuitive nature of the Earth’s atmosphere. It is
chaotic to an extent, where even the smallest change
can yield an unexpected outcome over time.
According to [1], global warming as a result of
climate change can take place suddenly in a few
decades, or even in a few years, in the form of a
climate shock. As a result, weather prediction beco-
mes highly unreliable, especially when events last
more than a few days. The problem is exacerbated
even further when the scale of the entire climate
system is taken into account. Some events may
happen in the span of a few minutes, while other
events may take as long as a few decades to unfold.
For instance, earlier research indicates a permanent
shift of the Intertropical Convergence Zone towards
the warmer hemisphere as a result of disturbances in

39 ey e Licensed under CC BY-NC 4.0

the interhemispheric asymmetry [2]. Climatic events
work in harmony, and disturbances at local scales
can trigger responses at the global level.

Another problem encountered by researchers
worldwide is data scarcity. Highly accessible locales
account for the majority of the data, while less
accessible locales, such as the Arctic, deep-ocean
basins, and areas in developing countries, account
for just a minuscule amount of data. For example,
although Polar regions have an impact on global
temperatures, they are not well studied because of
their extreme conditions [3]. This leads to an
incomplete picture of the global climate. As a result,
a systematic bias is introduced into Al models and
algorithms trained on these datasets.

Some weather prediction methods that were
established in the past are outdated in the current
meteorological scenario. While these traditional
approaches have contributed greatly to humanity’s
progress in climatology, they are now incompatible
with the scales of current climatic events. For

© 2026 Al-Farabi Kazakh National University
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instance, global climate models possess horizontal
limits of 70 to 250 kilometers [4], which could be
insufficient in encompassing numerous individual
clouds, urban heat islands, and local topographic
effects.

Hardware limitations of past methods have
forced researchers to extrapolate data to a larger
area, a process that can introduce statistical errors.
Data extrapolation using Al and neural network
approaches can lead to results that are not compa-
tible with fundamental physical principles such as
energy conservation, mass balance, or thermody-
namics [5]. Therefore, predictive models that go
beyond fundamental physics are prone to produce
implausible and unreliable results. The following
observation is crucial in the onset of PINN or
Physics-Informed Neural Networks, which are
especially practical in their compatibility with pre-
defined physical datasets [6]. As introduced by
Raissi, PINNs are neural networks designed to learn
while adhering to physical laws governed by general
nonlinear partial differential equations [7]. This
study compares PINN efficiency in the prediction of
air temperature with traditional Long Short-Term
Memory and Recurrent Neural Network models. We
hypothesize that incorporating physical laws via
PINNs will result in more reliable and physically
plausible forecasts of weather events compared to
conventional approaches.

The use of PINNs in long-term climate
frameworks to increase weather forecast accuracy
over long time horizons is what makes this research
novel. Modern literature on climate prediction focu-
ses mainly on short-term or localized frameworks,
with little effort in applying PINN models. The
study uses the ERAS reanalysis dataset to validate
this approach.

It is expected that PINNs will improve
interpretability and forecast reliability for city-level
climate datasets. Other climatic variables, such as
precipitation, humidity, and wind speed, can also be
predicted later, if this approach proves effective.
This would help establish a unified system for long-
term climate forecasting and environmental
monitoring.

2. Literature Review

Numerical weather prediction (NWP) is a
widely used concept in atmospheric studies. NWP
models simulate future meteorological events by
solving primitive equations of motion numerically
[8]. The main advantage of NWP models is their
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physically based representations of fluid dynamics,
thermodynamics, and radiative transfer. As a result,
numerical models generate high-quality short-term
weather prognoses for up to about one week [9].
Nevertheless, such models have high computational
costs and limited resolution. Moreover, they
overdepend on sub-grid processes such as
convection and cloud microphysics, and accumulate
errors rapidly due to chaotic dynamics [10].
Therefore, it is difficult to apply this model for long-
term climate forecasts. Researchers employ
Regional Climate Models (RCMs) along with
dynamical downscaling to tackle this problem. This
technique provides better spatial detail by using
finer grids inside global models. While RCMs are
effective, they require greater computational
resources than global NWP methods and are
impractical for frequent or long-term use [11].

To overcome these challenges, researchers
developed statistical downscaling techniques. These
methods can find relationships between large-scale
and local climate variables [12]. Compared to dyna-
mical downscaling, statistical downscaling provides
more global detail and better computational
efficiency. However, it depends on reliable and
consistent observational records, which may
become problematic as the climate changes [13,14].

The advent of machine learning (ML)
algorithms has supplied the scientific world with
another approach for climate prediction. 1998
marked the development of the first neural network
models working with short-term precipitation
prediction. In later years, non-deep learning
methods were also introduced to enhance medium
and long-term precipitation predictions. Models
such as CGF, CycleGANs, DeepESD, and NNCAM
have achieved superior accuracy compared to
conventional physical models. They excelled in
capturing temporal and spatial climate patterns,
refining resolution, and ultimately reducing
computational time [15]. Machine learning has also
found its use in climate science in miscellaneous
tasks such as tropical cyclone tracking, cloud
classification, and air quality predictions [16 — 18].

The gradual growth of computational power and
increasing scalability of climate datasets have led
scientists to focus on more innovative models for
capturing spatial and temporal dependencies in
climate processes. Several deep learning models,
such as Convolutional Neural Networks (CNN)
have been employed to perform image super-
resolution for enhancing coarse-resolution climate
model outputs [19], while learning models such as
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Recurrent Neural Networks (RNNs) and Long
Short-Term Memory networks (LSTMs) were used
in capture of temporal dependencies in climate and
hydrological time series, as demonstrated by [20].
LSTM models effectively capture temporal trends
and patterns, which enable accurate long-term
predictions of noisy climate datasets. Transformer-
based architectures have also proven to be useful in
modeling long-range spatiotemporal interactions.
For instance, Ramu et al. (2022) proposed a
Transformer-based model for daily temperature
forecasting, integrating a Spatial-Temporal Fusion
Module, Hierarchical Graph Representation, and a
Dynamic Temporal Graph Attention Mechanism to
capture spatiotemporal dependencies and improve
temporal feature extraction [21].

Although deep-learning algorithms offer many
benefits, they often struggle to be physically
consistent [22]. Slater et al. (2023) observe that data-
driven models are usually not very good at
forecasting extreme or novel events that have never
occurred before and were not contained in historical
data [23]. Besides, these models face the difficulty
of optimizing high-dimensional multivariate
outputs. These issues of deep learning algorithms
have led to the development of Physics-Informed
Neural Networks. PINNs use physical laws together
with training data, which helps them make accurate
predictions even when data is limited or sparse.
PINNSs help identify the main dynamics of a system
and ensure the equations used remain consistent.
This gives them an advantage over models that rely
only on data, such as RNNs or LSTMs [6].

According to Feng et al. (2023), predictions in
the data-sparse areas can be made more robust by
imposing physical constraints [24]. Other studies
show that combining physical models with LSTM
improved accuracy in the validation period and
reduced uncertainty in future flood forecasts [25].
PGnet, a physics-based deep learning model,
improves tropospheric temperature predictions by
using physical principles with generative neural
networks and a guiding mask to enhance low-quality
prediction areas [26]. However, most studies still
focus on specific fields or small-scale cases, often
looking at isolated physical processes rather than
complex systems. Moreover, the ability of models to
generalize data under the influence of changing
climate conditions and scarce data is still
insufficiently examined. Few studies discuss the
scalability of PINNs for large-scale climatic
conditions and high-dimensional datasets, as well as

their integration into long-term monitoring
frameworks. Such research gaps reflect the need for
further studies on the application of PINNs in large-
scale, data-driven climate prediction and
environmental monitoring.

3. Materials and Methods

3.1 Dataset Selection and Preprocessing

ERAS reanalysis dataset from the European
Centre for Medium-Range Weather Forecasts
(ECMWF) was used in this study to train the
models. The dataset integrates information from
satellites, ground stations, and other observation
systems. It was chosen for this research because it
offers high spatial and temporal resolution. ERAS
also provides long-term, globally consistent, and
reliable data.

In detail, we adopted the post-processed ERAS
daily statistics at single levels for 2008-2022. Air
temperature at 2m above the land and sea surfaces
was selected as the predicted variable. The dataset
was divided into three parts: 2008—2018 for training,
2019-2020 for validation, and 2021-2022 for tes-
ting. All input variables were normalized to zero
mean and unit variance using statistics computed
from the training set, and these values were subse-
quently applied to the validation and test subsets.

Overlapping sliding windows with a stride of
one day were then formed independently within
each subset, ensuring that no input sequence or
forecast horizon contained information from future
periods. Using these sequences, a direct multi-step
forecasting strategy was employed, where each
input sequence of 365 consecutive daily temperature
observations was used to predict the subsequent 90
daily temperature values in a single forward pass.
This approach avoids recursive error accumulation
associated with autoregressive inference and is well
suited for seasonal and sub-seasonal temperature
forecasting tasks.

Regional comparison was performed using
climatic data from Astana, Almaty, and Shymkent,
three major cities in Kazakhstan. The choice is also
justified by uniquely distinct thermal footprints each
city possesses, with continental sharp cold and
seasonal contrasts in Astana, moderate and humid
mountainous climate in Almaty, and warm semi-
arid climate with relatively mild winters in
Shymkent. Diversity of climates makes it possible to
thoroughly evaluate how models perform in
different climate conditions within one country.
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Table 1. Summary of 2m temperature statistics by city

City Coordinates Mean (°C) Std (°C)
Astana lﬁgﬂzz S 3.37 14.60
Shymkent l(l;‘lt;‘tﬁe::“g;;‘;gl 13.56 10.98
3.2. Models There were 150 epochs of training. The RNN
3.2.1. LSTM architecture offers a simpler approach to tempera-

For this study, a Long Short-Term Memory
(LSTM) neural network was employed to model and
predict temporal variations in 2-meter air
temperature. LSTM networks are a type of recurrent
neural network (RNN) that can learn long-term
patterns in sequential data. Hence, they are suitable
for time-series forecasting tasks, such as climate and
weather prediction.

Mean squared error (MSE) as the loss function
and the Adam optimizer with a learning rate of 0.001
and 200 epochs were used in the model training
process. To avoid overfitting and enhance
generalization, we used early stopping and dropout
regularization.

Table 2. Hyperparameters of the LSTM model

Hyperparameter Value

Optimizer Adam

Learning rate 0.001

Number of layers 2

Neurons per layer 64
Dropout 0.1
Number of epochs 200
Early stopping Yes

3.2.2. RNN

Unlike the LSTM, which uses memory cells and
gates, the vanilla RNN employs simple recurrent
connections to capture short-term temporal
dependencies in sequential data. Though more prone
to vanishing gradients and worse at capturing long-
term dependencies, the RNN is a lighter and simpler
baseline computationally for time series forecasting
applications such as weather and climate prediction.

The RNN model was also optimized with the
Adam optimizer, using a learning rate of 0.001.
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ture forecasting than the LSTM architecture. Other
model training parameters are listed in Table 3.

Table 3. Hyperparameters of the RNN model

Hyperparameter Value
Optimizer Adam
Weight initialization Random
Learning rate 0.001
Number of layers 2

Neurons per layer 64
Dropout 0.1
Number of epochs 150
Early stopping Yes

3.2.3. Physics-Informed models

While inspired by physics-informed approaches,
the oscillation-constrained models do not encode
full thermodynamic principles or conservation laws.
The physics term used here reflects only the regular
annual oscillation of temperature.

The architecture of the PINN models mirrors the
baseline structures, consisting of two hidden layers
with 64 neurons each, followed by a fully connected
dense output layer. The tanh activation function was
used for hidden wunits to capture nonlinear
temperature dynamics, and a dropout rate of 0.1 was
applied to reduce overfitting. The total loss function
combines a data-driven loss with a physics-based
loss term:

Liotar = Aaatalaata + Aphysthys (H

where Lgq¢qis the mean squared error between
observed and predicted temperatures, and Lyp,,s can
be defined as [27]:
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Lonys = v 2y £ (8) + 0?u(t))? ()

where w = 2?71 is the angular frequency and T is the

period. In this study, T corresponds to one year,

Total loss
L_fotal = A_data L_data +
A_phys L_phys

Physics Loss:
Y +wAy =0 -

Input Sequence Recurrent Layer 1
(batch, 365, 1) (batch, 365, 64) (batch, 365, 64)

.. 21 . .
giving w = . This formulation captures annual

periodicity but does not explicitly model subannual
variability, phase shifts between locations, or
thermodynamic energy exchanges.

i

Dropout

rate=0._1 Recurrent Layer 2

(batch, 365, 64)

"
Last Hidden State

(batch, 64) )

"

Dense Layer
(batch, 90)

(harmonic oscillator)

Parameters:
- W (omega). 2mi365
- A (amplitude): 1.0

Figure 1. Architecture of the Physics-Informed Neural Network models

To control the loss balance, weighting
coefficients (Agarq = 1, Apnys = 0.0001) were
applied. The model was trained using the Adam
optimizer with a learning rate of 0.001. The training
process was conducted over 500 epochs.

Table 4. Hyperparameters of the PINN models

Hyperparameter Value
Optimizer Adam
Weight initialization Random
Learning rate 0.001
Hidden layers 2
Neurons per layer 64
Dropout 0.1
Number of epochs 500
Early stopping Yes
Physics loss weight 0.0001

4. Results and Discussion

To compare the temperature dynamics of the
three cities, a spectral analysis was performed. The
power spectral density (PSD) is plotted on a log-log
scale to visualize the relationship between frequency
and temperature variance. The analysis was
conducted on temperature residuals, which represent
the fluctuations that remain after the predictable
seasonal cycles have been removed. Temperature
cycles for Astana, Almaty, and Shymkent are shown
in blue, orange, and green, respectively, on the
graph.

Two performance metrics were used to evaluate
the models. Root Mean Square Error (RMSE) is the
square root of the average of squared differences
between predicted and actual values; it gives greater
weight to larger errors. Mean Absolute Error (MAE)
measures the average absolute difference between
predictions and actual values. Table 5 reports the
values of these metrics.
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Power Spectral Density of detrended temperature residuals
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Figure 2. Power Spectral Density of temperature variations by city

Table 5. RNN, LSTM, and PINNs Performance Comparison

City Model RMSE (°C) MAE(°C)
Astana LSTM 5.4708 4.3581
Physics-Informed LSTM 5.6639 4.5192
RNN 5.4449 4.3247
Physics-Informed RNN 5.5432 4.4241
Almaty LSTM 3.6076 2.8777
Physics-Informed LSTM 3.5230 2.8194
RNN 3.8271 3.0705
Physics-Informed RNN 3.7238 2.9830
Shymkent LSTM 3.9618 3.1057
Physics-Informed LSTM 3.7976 2.9931
RNN 3.8853 3.0313
Physics-Informed RNN 4.1836 3.2728
4.1. Astana Informed Neural Networks (PINNs), contradicting

Table 1 demonstrates that Astana's standard
deviation (14.60 °C) is the highest among all the
cities presented. According to Figure 2, Astana
consistently exhibits the highest spectral power.
This indicates that Astana’s temperature residuals
contain more variance. Astana has the largest RMSE
and MAE across all trained models, with values of
RMSE ranging from 5.44 °C (RNN) to 5.66 °C
(Physics-Informed LSTM).

It is noteworthy that pure data-driven time series
models performed better in Astana than Physics-
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our initial hypothesis. In fact, the vanilla RNN
recorded the smallest RMSE and slightly better
results than the LSTM and all PINN models. This
can be attributed to the ability of conventional
recurrent models to flexibly learn and adapt to rapid
temporal fluctuations in historical data. The oscil-
lation-constrained models impose a regular seasonal
pattern, which may limit their ability to capture ab-
rupt or extreme variations in Astana’s temperature.
As a result, their performance on rapidly changing
weather conditions appears more constrained.



Zh. Baishemirov et al.

4.2. Almaty

In the case of Almaty, the RMSE ranged from
3.52°C (Physics-Informed LSTM) to 3.83°C
(RNN), and both RMSE and MAE were lower than
those observed in Astana. A relatively average and
stable climate is reflected in the city's relatively low
temperature standard deviation (10.6 °C), which is
lower than in Astana and Shymkent. The log-log
PSD analysis of residuals confirms this stability;
Almaty’s curve generally sits lower than Astana’s,
particularly at high frequencies.

In this city, Physics-Informed LSTM achieved
the best performance, having a slight edge over
LSTM and RNN. The physical constraints enable
the model to capture regular, predictable seasonal
cycles and improve generalization. In contrast, the
standard RNN exhibited lower accuracy. The
Physics-Informed LSTM also outperformed its
standard version. These observations imply that
PINNs offer an advantage in areas where seasonal
patterns are moderate because the physical
knowledge allows the accurate replication of
predictable variations in temperature.

4.3. Shymkent

Shymkent has mid-range results: RMSE values
equal to 3.80 °C for the Physics-Informed LSTM
and 4.18 °C for the Physics-Informed RNN. Its
temperature standard deviation is 10.98 °C, showing
less seasonal amplitude than Astana but more
irregular short-term variability than Almaty. This is
visually represented in the log-log PSD plot, where
the green curve (Shymkent) rises above Almaty’s
(orange) in the higher frequency range.

The oscillation-constrained LSTM showed
slightly lower RMSE than the conventional LSTM,
while the oscillation-constrained RNN performed
comparably to the standard RNN. These findings
suggest that the effectiveness of oscillation-
constrained models may depend on local climatic
conditions and the chosen network architecture,
although the differences are small and should be
interpreted cautiously.

5. Conclusion

This study evaluated the performance of
Physics-Informed Neural Networks relative to
standard LSTM and RNN models in forecasting 2-
meter air temperature for Astana, Almaty, and
Shymkent. All the models were trained to capture

temporal patterns in daily 2-meter air temperature
using the ERAS5 reanalysis dataset. The results
suggest that local climate features strongly influence
how well physical restrictions can be incorporated.
Physics-informed recurrent models constrained by a
simple harmonic prior perform better when the
target temperature dynamics are dominated by
smooth  seasonal  variability. In  climates
characterized by high-frequency and abrupt
temperature changes, such constraints may limit
model flexibility and reduce predictive accuracy.

Future research will focus on including more
meteorological parameters, such as wind speed and
humidity, to support more comprehensive climate
monitoring. It would also be useful to compare
Physics-Informed models with other forecasting
techniques, such as CNN-LSTM hybrids or Trans-
former-based models, to provide a broader context
for model performance. Also, the examination of
more cities and regions in the current study would
test the models under various climate scenarios.
Finally, future work will incorporate statistical
significance testing and uncertainty quantification,
such as bootstrap confidence intervals or year-wise
performance variability, to evaluate the robustness
of observed differences in model accuracy.
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DEVELOPMENT OF THE RETRIEVAL-AUGMENTED GENERATION (RAG)
SYSTEM FOR THE KAZAKH LANGUAGE USING HYBRID
RETRIEVAL METHODS

Abstract. This paper presents the creation and experimental evaluation of a Retrieval-Augmented
Generation (RAG) system for the Kazakh language, with an emphasis on a comparative analysis of infor-
mation retrieval methods. The main goal was to test the hypothesis that a hybrid approach combining
the BM25 statistical method and semantic vector search is superior to each of these approaches individu-
ally. Based on a corpus of legal documents from the Republic of Kazakhstan, 1,800 experiments were
conducted covering three data retrieval methods in combination with six OpenAl large language model
variants (LLMs). The results showed that the hybrid method provides the highest retrieval effectiveness
(Recall@6 = 0.89) and the highest end-to-end answer accuracy (mean 82.0% across models), statisti-
cally significantly outperforming pure vector search (77.7%) and BM25 (71.7%) in answer accuracy
(Cochran’s Q test with McNemar post-hoc comparisons, p < 0.01). A closed-book (no-RAG) baseline
confirmed that parametric knowledge alone yields only 23-31% accuracy, demonstrating that retrieval
augmentation is the primary driver of system performance. Additional experiments with open-weight
models (Qwen-2.5-72B, Llama-3.1-70B) confirmed that the hybrid advantage generalizes beyond the
OpenAl model family. This study makes a contribution to the development of RAG systems for resource-
limited languages by proposing an experiment-based methodology for improving the accuracy and reli-
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ability of response generation.

Keywords: Retrieval-Augmented Generation, Kazakh language, hybrid search, BM25, natural lan-

guage processing.

1. Introduction

Retrieval-Augmented  Generation  (RAG)
generation systems represent an advanced approach
in the field of natural language processing (NLP),
combining the strengths of large language models
(LLM) and external knowledge bases [1]. Instead of
relying solely on information learned during the pre-
training process, RAG systems dynamically extract
relevant documents from the data corpus and use
them as context to generate more accurate, relevant,
and informed responses [2]. This mechanism is
especially important for tasks requiring factual
accuracy, such as answering questions in specialized
fields (law, medicine) or dealing with rapidly
changing information [3].

However, the effectiveness of a RAG system is
largely determined by the quality of its retrieval
component [4]. Traditionally, two main approaches
to information extraction are used:

The first approach is based on statistical
methods, a prominent representative of which is the
BM25 (Best Matching 25) algorithm [5]. It is based
on the lexical matching of keywords and has proven

48 ey e Licensed under CC BY-NC 4.0

itself well in tasks
formulations is crucial.

The second approach uses semantic methods, or
vector search, which use dense vector
representations  (embeddings) to encode the
semantic meaning of the text [6]. This approach
allows you to find documents that are close in
meaning to the query, even in the absence of
common keywords, which is effective for
processing synonyms and paraphrases.

Despite their advantages, both methods have
limitations. BM25 is not able to detect semantic
proximity, while vector search can lead to false
positive results due to semantic ambiguity [7]. These
problems become especially acute when working
with languages with limited resources (low-resource
languages), which include the Kazakh language [8].
Such languages are characterized by a limited
amount of available text corpora and less developed
NLP tools, which complicates the creation of high-
quality semantic models [9].

Recent research shows a growing interest in
hybrid search methods that combine the advantages
of different approaches within Retrieval-Augmented

where the accuracy of
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Generation systems [10, 11]. Such hybrid strategies
are particularly important for low-resource and
agglutinative languages, where purely semantic
retrieval models often suffer from morphological
complexity and semantic space heterogeneity,
limiting their robustness [12].

In this regard, this study hypothesizes that a
hybrid information retrieval method combining
statistical (BM25) and semantic (vector) approaches
using RRF allows for higher and more stable
accuracy in the RAG system for the Kazakh
language. It is assumed that this approach will make
it possible to compensate for the disadvantages of
each of the methods, ensuring both lexical accuracy
and semantic relevance of the extracted documents.

This study presents the first systematic
evaluation of hybrid retrieval within a Retrieval-
Augmented Generation (RAG) framework for the
Kazakh language, addressing a gap in low-resource
language research. We compare BM25, vector-
based, and hybrid search across six OpenAl
language models and assess performance using
statistical significance testing. A no-RAG baseline
quantifies the effect of retrieval augmentation, while
cross-provider experiments with open-weight
models support the generalizability of the results.
Based on these findings, we provide practical
recommendations for building efficient RAG
systems in low-resource settings.

2. Materials and Methods

To test this hypothesis, a series of experiments
was developed and conducted to evaluate the
performance of various search methods within the
framework of the RAG system. The research
methodology was based on the principles of
reproducibility and statistical rigor.

2.1. Dataset and preprocessing

The “Textual Foundations of Justice: Kazakh
Laws and Jurisprudence Dataset” [14] was used as
the knowledge base. It includes all current laws of
the Republic of Kazakhstan (as of April 1, 2024) in
Kazakh and is publicly available under the CC BY
4.0 license.

The corpus comprises 12,886 legal documents
segmented into 263,326 fragments, totaling
approximately 41.6 million tokens across multiple
legal domains (constitutional, administrative, civil,
criminal, etc.).

Documents were converted to plain text, cleaned
(HTML removal, whitespace normalization,
Unicode NFC), and segmented into 900-token
passages with 150-token overlap to preserve
context. Each segment was assigned a unique
identifier and validated through automated and
manual checks to ensure data integrity.

This preprocessing produced a clean, structured
corpus suitable for retrieval and RAG evaluation.

2.2. System Architecture and Retrieval Methods

The experimental setup included three RAG
system configurations, differing only in the retrieval
module. All components were implemented in
Python using modern NLP libraries.

2.2.1 BM25 Retriever (Statistical Baseline
Method)

To establish a statistical baseline for lexical
document retrieval, we utilized the Okapi BM25
(Best Matching 25) ranking function. BM25 is a
probabilistic model for information retrieval that
evaluates the relevance of a document d in relation
to a query q by incorporating term frequency and
normalizing for document length, which contributes
to its widespread acceptance and clarity in
information retrieval research.

The retriever was implemented in Python using
the rank-bm25 library. We used standard BM25
hyperparameters (k1=1.5, b=0.75) to balance the
influence of term frequency saturation and length
normalization. Due to the highly agglutinative
nature of the Kazakh language, using naive
whitespace tokenization can result in significant
lexical sparsity and adversely affect BM?25.
Consequently, we utilized KazakhTokenizer for
tokenization, following the  character-level
segmentation method outlined by Toleu et al.
(TurkLang 2017) for both token and sentence
segmentation. Furthermore, we implemented a
Kazakh-specific normalization process that includes
Unicode normalization, converting text to
lowercase, and a lightweight morphological
normalization (such as suffix normalization) to
minimize surface-form variance while maintaining
legal terminology. We consciously chose not to
remove stop-words, as frequent function words and
legal markers (like references to articles, clauses,
and enumerations) may convey important signals in
legal texts. Specifically, the normalization
comprised three steps: (i) Unicode NFC
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normalization to handle Kazakh-specific characters
(e, ¥, K, H, 0, Y, Y, 1, h), (ii)) lowercasing, and (iii)
suffix stripping of common Kazakh inflectional
endings (plural markers -nmap/-nep/-map/-nep, case
suffixes -HBIH/-HIH, -Fa/-Te, -ga/-ae, -aan/-ned, and

possessive markers). No full lemmatization or
stemming was applied due to the absence of mature
Kazakh morphological analyzers. The BM25
scoring function used in this work is given in
Equation (1):

(f(qi,d) x (k1 + 1))

BM25(q,d) = X IDF(qi) X

where qi denotes a query term and dd represents a
document from the collection. The term f(qi,d)
corresponds to the frequency of the query qi within
the document d, while [d||d| indicates the length of
the document. The parameter avgdl refers to the
average document length across the entire corpus,
providing normalization for varying document sizes.
The component IDF (q;) stands for the inverse
document frequency of the term q;, quantifying its
importance within the collection by assigning higher
weights to terms that occur less frequently across
documents. By jointly considering term frequency,
document length, and the discriminative capacity of
individual terms, the BM25