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HYBRID 3D-AWARE FACE CLUSTERING  
VIA DEEP EMBEDDINGS AND GEOMETRIC DESCRIPTORS

Abstract. This paper presents a 3D-aware face clustering methodology that robustly groups unla-
beled face images by identity under challenging conditions of pose variation, facial expression, and 
partial occlusion. The proposed approach integrates 2D deep embeddings with 3D geometric features 
extracted from reconstructed facial meshes, leveraging both photometric and structural information. Pre-
processing includes grayscale normalization, landmark-based alignment, and contrast enhancement. 3D 
face models are generated using a 3D Morphable Model (3DMM) and optionally refined through neural 
rendering to improve shape fidelity. From these reconstructions, we extract interpretable 3D descriptors-
PCA shape coefficients, geodesic distances, and curvature histograms – that complement embeddings 
from ArcFace and FaceNet. Clustering is performed using a two-stage hybrid algorithm: DBSCAN for 
outlier removal followed by K-Means++ with a fused distance metric combining cosine and Mahala-
nobis distances. Experimental results demonstrate that the proposed method significantly outperforms 
2D-only and 3D-only baselines in terms of Silhouette Score, Adjusted Rand Index (ARI), and Purity. The 
findings confirm that fusing 2D and 3D modalities yields semantically consistent and pose-invariant 
identity clusters, establishing a strong foundation for face analysis in unconstrained environments.

Keywords: 3D-aware face clustering, 2D-3D feature fusion, deep learning embeddings, pose-invari-
ant recognition, hybrid clustering algorithms.
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Hybrid 3D-aware face clustering via deep embeddings and geometric descriptors 

 
 
Abstract. This paper presents a 3D-aware face clustering methodology that robustly groups unlabeled 

face images by identity under challenging conditions of pose variation, facial expression, and partial 
occlusion. The proposed approach integrates 2D deep embeddings with 3D geometric features extracted 
from reconstructed facial meshes, leveraging both photometric and structural information. Preprocessing 
includes grayscale normalization, landmark-based alignment, and contrast enhancement. 3D face models are 
generated using a 3D Morphable Model (3DMM) and optionally refined through neural rendering to improve 
shape fidelity. From these reconstructions, we extract interpretable 3D descriptors-PCA shape coefficients, 
geodesic distances, and curvature histograms – that complement embeddings from ArcFace and FaceNet. 
Clustering is performed using a two-stage hybrid algorithm: DBSCAN for outlier removal followed by K-
Means++ with a fused distance metric combining cosine and Mahalanobis distances. Experimental results 
demonstrate that the proposed method significantly outperforms 2D-only and 3D-only baselines in terms of 
Silhouette Score, Adjusted Rand Index (ARI), and Purity. The findings confirm that fusing 2D and 3D 
modalities yields semantically consistent and pose-invariant identity clusters, establishing a strong 
foundation for face analysis in unconstrained environments. 

Keywords: 3D-aware face clustering, 2D-3D feature fusion, deep learning embeddings, pose-invariant 
recognition, hybrid clustering algorithms. 

 
 
 
1. Introduction  
 
Clustering faces without prior labeling-grouping 

them solely on an individual basis-has been a long-
standing and challenging task in the field of 
computer vision. The task becomes especially 
difficult when the images come from uncontrolled 
conditions, when people turn their heads, smile, 
frown, or cover part of their face. Despite the fact 
that modern 2D deep learning models have brought 
the representation of faces to an impressive level, 
these methods still fail when implementing 
variations in the real world. Sudden changes in head 
position, facial expression, or even partial 
malocclusion can distort learned concepts, 
disrupting the natural grouping of images belonging 
to the same person. 

Most existing systems work exclusively with 2D 
information. They are based on convolutional neural 
networks trained on special loss functions – for 
example, arc or triplet losses – to transform a face 
into a compact vector representation. This 

embedding works well when the subject is looking 
directly into the camera in good light. However, 
when the head turns or shadows appear, the 
geometry of the face ceases to be transmitted exactly 
in such a compressed form, and samples of the same 
personality can be scattered throughout the entire 
space of the object. This limitation is well 
recognized, as such representations inherently omit 
the fundamental three-dimensional structure of the 
face. 

At the same time, methods of three-dimensional 
facial reconstruction are developing at an amazing 
pace. Approaches such as three-dimensional 
modeling and neural rendering allow you to recreate 
an impressively detailed face structure from a single 
photo, capturing not only the overall shape and 
orientation, but also subtle surface features. 
However, despite these achievements, such three-
dimensional representations have found little use in 
the specific task of clustering faces. Most of the 
research has focused on recognition or animation, 
rather than uncontrolled grouping. 

https://creativecommons.org/licenses/by-nc/4.0/
https://doi.org/10.26577/jpcsit4120261
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This work uses a different approach. Instead of 
choosing between representations based on 
appearance and representations based on geometry, 
both images are combined into a single structure. 
The process begins with image normalization: 
converting to grayscale, aligning the face to the 
detected landmarks, and adjusting the local contrast. 
Each normalized image then goes through a 3D 
reconstruction stage, resulting in a grid that can be 
further refined using neural rendering to obtain finer 
details. Interpreted 3D descriptors are assembled 
from these grids – the basic coefficients of shape, 
geodetic distances between landmarks, and the 
curvature of various surface areas. 

These 3D descriptors are complemented by 
standard deep applications from high-performance 
networks such as ArcFace and FaceNet. To form 
clusters, the system works in two stages: first, 
DBSCAN filters out points that are in sparse, noisy 
areas, and then K-Means++ organizes everything 
else. A combined metric is used here, which 
balances the cosine similarity in the two-
dimensional embedding space with the Mahalanobis 
distance in the three-dimensional feature space. 

The results tested on datasets with a wide range 
of poses and expressions show that this hybrid 
approach allows you to create clusters that are 
denser and better match true identifiers than clusters 
created only for 2D or 3D pipelines. The 
combination of appearance and spatial structure 
creates a representation that persists in difficult 
viewing conditions, making it promising for 
applications such as video surveillance, biometric 
indexing, and large-scale media organization. 

 
2. Literature Review 
 
Over the past two decades, face clustering 

research has moved from traditional 2D methods 
based on appearance [1] to more advanced 
multimodal strategies combining both photometric 
and geometric information [6]. Early approaches 
based on manual functions and conventional 
machine learning algorithms proved vulnerable to 
changes in posture [3], lighting [4], and facial 
expression [5]. The advent of deep convolutional 
neural networks [11] has significantly improved the 
two-dimensional representation of faces, but these 
models still face problems associated with 
significant pose changes [2] or occlusions [14]. 

At the same time, advances in 3D facial 
reconstruction – in particular, the use of 3D 

transformable models [7] and neural rendering 
techniques [9] – have made it possible to reconstruct 
the geometry of a face in detail from a single image 
[6]. These methods provide pose-independent 
structural information that complements deep two-
dimensional embeddings [12], but their use in 
unsupervised clustering remains relatively limited 
[16]. Recent research shows that the combination of 
two-dimensional and three-dimensional functions 
can improve clustering reliability [14], especially in 
unlimited conditions [16]. 

The clustering algorithms themselves have also 
undergone changes. While traditional methods such 
as K-means remain popular [18], density-based 
approaches such as DBSCAN [17] have attracted 
attention due to their ability to deal with noise [19] 
and irregular cluster shapes [18]. Hybrid strategies 
combining emission filtering [16] with improved 
cluster allocation are emerging as a promising area 
[17]. 

Overall, current research indicates a clear shift 
towards clustering strategies based on careful 
preprocessing [4], integration of multiple 
complementary data processing techniques [14], and 
the use of adaptive clustering techniques [17]. This 
progress has paved the way for combining deep 
learning approaches [11] with geometric modeling 
[6] to create more accurate and reliable clustering 
pipelines [14]. 

 
2.1. 2D Image Standardization 
Standardization of two-dimensional facial 

images is a fundamental prerequisite for accurate 
and reliable clustering of faces, especially when the 
pipeline includes subsequent three-dimensional 
reconstruction. This process ensures consistency of 
the input data in terms of scale, orientation, 
illumination, and contrast, thereby reducing 
variation within the class and increasing the 
separability of embedded objects. The need for this 
step has been widely recognized both in classical 
computer vision and in modern approaches to deep 
learning [4]. Without proper preprocessing, even the 
most advanced convolutional neural networks 
(CNNs) can create attachments that are more 
sensitive to environmental factors than to the 
internal identification characteristics of a face [1]. 

 
2.1.1. Face recognition and localization 
The initial stage of standardization involves the 

accurate detection and localization of areas of the 
face in the image. Reliable face detectors such as 
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[6]. These methods provide pose-independent 
structural information that complements deep two-
dimensional embeddings [12], but their use in 
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[16]. Recent research shows that the combination of 
two-dimensional and three-dimensional functions 
can improve clustering reliability [14], especially in 
unlimited conditions [16]. 

The clustering algorithms themselves have also 
undergone changes. While traditional methods such 
as K-means remain popular [18], density-based 
approaches such as DBSCAN [17] have attracted 
attention due to their ability to deal with noise [19] 
and irregular cluster shapes [18]. Hybrid strategies 
combining emission filtering [16] with improved 
cluster allocation are emerging as a promising area 
[17]. 

Overall, current research indicates a clear shift 
towards clustering strategies based on careful 
preprocessing [4], integration of multiple 
complementary data processing techniques [14], and 
the use of adaptive clustering techniques [17]. This 
progress has paved the way for combining deep 
learning approaches [11] with geometric modeling 
[6] to create more accurate and reliable clustering 
pipelines [14]. 

 
2.1. 2D Image Standardization 
Standardization of two-dimensional facial 

images is a fundamental prerequisite for accurate 
and reliable clustering of faces, especially when the 
pipeline includes subsequent three-dimensional 
reconstruction. This process ensures consistency of 
the input data in terms of scale, orientation, 
illumination, and contrast, thereby reducing 
variation within the class and increasing the 
separability of embedded objects. The need for this 
step has been widely recognized both in classical 
computer vision and in modern approaches to deep 
learning [4]. Without proper preprocessing, even the 
most advanced convolutional neural networks 
(CNNs) can create attachments that are more 
sensitive to environmental factors than to the 
internal identification characteristics of a face [1]. 

 
2.1.1. Face recognition and localization 
The initial stage of standardization involves the 

accurate detection and localization of areas of the 
face in the image. Reliable face detectors such as 

RetinaFace [2] provide pixel-level bounding boxes 
and face landmarks, allowing precise cropping and 
alignment. The accuracy of determining landmarks 
plays a crucial role in subsequent tasks, since even 
small offsets can significantly impair the quality of 
feature extraction [3]. Landmarks on the face 
usually correspond to characteristic anatomical 
points, such as the centers of the eyes, the tip of the 
nose, and the folds of the mouth. Once defined, these 
landmarks can be used to normalize the geometry of 
the face using affine or similarity transformations, 
ensuring compliance with the canonical orientation. 

Mathematically,if 𝑝𝑝𝑝𝑝𝑖𝑖𝑖𝑖 = (𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖 ,𝑦𝑦𝑦𝑦𝑖𝑖𝑖𝑖) represents the 
coordinate of the landmark in the original image and 
𝑞𝑞𝑞𝑞𝑖𝑖𝑖𝑖 its target position in the normalized template, the 
optimal transformation T can be calculated by 
minimizing the root-mean-square error: 

 

min
𝑇𝑇𝑇𝑇
��|𝑇𝑇𝑇𝑇(𝑝𝑝𝑝𝑝𝑖𝑖𝑖𝑖) − 𝑞𝑞𝑞𝑞𝑖𝑖𝑖𝑖|�

2
𝑘𝑘𝑘𝑘

𝑖𝑖𝑖𝑖=1

 (1) 

 
where k is the number of landmarks. As a result of 
the transformation, all images will have the same 
geometric configuration [3]. 

 
2.1.2. Illumination Normalization 
Changes in lighting conditions can dramatically 

change the pixel intensity distribution in face 
images, leading to inconsistencies in embedding 
locations. Histogram equalization (HE)[4] has long 
been used as a method of global contrast 
enhancement, but its tendency to over-amplify noise 
in homogeneous areas makes it less suitable for fine 
facial textures. Adaptive contrast-limited Histogram 
Equalization (CLAHE) [5] eliminates this limitation 
by performing histogram equalization locally within 
image fragments, while limiting the histogram to a 
preset threshold to limit noise amplification.  

Formally, let I (x, y) denotes the intensity in 
pixel (x,y) and 𝐻𝐻𝐻𝐻𝑖𝑖𝑖𝑖  is the histogram of the fragment i. 
The CLAHE operation can be defined as: 

 
𝐼𝐼𝐼𝐼𝑖𝑖𝑖𝑖′(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑐𝑐𝑐𝑐(𝐼𝐼𝐼𝐼(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)) ⋅ (𝐿𝐿𝐿𝐿 − 1) (2) 

 
where 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖𝑐𝑐𝑐𝑐 is the cumulative distribution 
function of the cropped histogram and L is the 
number of gray levels. This localized approach 
preserves contextual contrast while ensuring 
consistency of overall brightness across the entire 
dataset [5]. 

 

2.1.3. Color space conversion and photometric 
alignment 

Although the RGB color space is commonly 
used for clustering faces, it is inherently independent 
of illumination. Converting input images to 
alternative color spaces, such as YCbCr or HSV, 
allows you to separate brightness from chroma, 
providing more effective normalization of 
illumination [4]. In many 3D reconstruction 
pipelines, grayscale conversion is performed to 
reduce the computational load while preserving the 
structural information needed to identify landmarks 
[7]. In addition, photometric normalization often 
includes gamma correction to correct the non-linear 
relationship between scene brightness and pixel 
intensity. The gamma transformation is expressed 
as: 

 
𝐼𝐼𝐼𝐼′(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 𝐼𝐼𝐼𝐼(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)𝛾𝛾𝛾𝛾 (3) 

 
where γ is chosen either to enhance darker areas 
(γ<1) or to compress brighter areas (γ>1). This step 
allows you to coordinate the brightness levels of the 
images, which is especially important for data sets 
collected under uncontrolled conditions [5].  

 
2.1.4. Pose Normalization 
Changing the pose is one of the most difficult 

factors in clustering faces [3]. Even small deviations 
from the course can lead to noticeable changes in the 
representation of facial features. Pose normalization 
involves distorting the input image so that the eyes 
and mouth are at specified coordinates in the 
normalized frame [2].  

This can be achieved by using a similarity 
transformation, defined as:  

 

�
𝑥𝑥𝑥𝑥′
𝑦𝑦𝑦𝑦′
1
� = �

𝑠𝑠𝑠𝑠 ∙ cos 𝜃𝜃𝜃𝜃 −𝑠𝑠𝑠𝑠 ∙ sin𝜃𝜃𝜃𝜃 𝑡𝑡𝑡𝑡𝑥𝑥𝑥𝑥
𝑠𝑠𝑠𝑠 ∙ sin𝜃𝜃𝜃𝜃 𝑠𝑠𝑠𝑠 ∙ cos𝜃𝜃𝜃𝜃 𝑡𝑡𝑡𝑡𝑦𝑦𝑦𝑦

0 0 1
� �
𝑥𝑥𝑥𝑥
𝑦𝑦𝑦𝑦
1
� 

 
(4) 

 
where s – zoom level, θ is the angle of rotation, and 
(𝑡𝑡𝑡𝑡𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡𝑦𝑦𝑦𝑦) is the displacement vector. Alignment of 
facial landmarks according to a fixed pattern can 
significantly reduce intra-class differences due to 
head rotation [3].  

 
2.1.5. Cropping and resizing  
After alignment, the images are cropped with a 

fixed aspect ratio in the center of the face area and 
resized to a uniform resolution. The most common 
variants of CNN-based systems include 112 × 112 
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112×112 pixels for ArcFace [11] and 160 × 160 
160×160 pixels for FaceNet [12]. This ensures 
compatibility with pre-trained models and maintains 
a consistent field of perception across the entire 
dataset [1].  

Mathematically, the resizing operation can be 
described as follows:  

 

𝐼𝐼𝐼𝐼′( 𝑥𝑥𝑥𝑥′,𝑦𝑦𝑦𝑦′) = I(
𝑥𝑥𝑥𝑥′

𝑆𝑆𝑆𝑆𝑥𝑥𝑥𝑥
,
𝑦𝑦𝑦𝑦′

𝑆𝑆𝑆𝑆𝑦𝑦𝑦𝑦
)  

(5) 

 
where 𝑆𝑆𝑆𝑆𝑥𝑥𝑥𝑥, 𝑆𝑆𝑆𝑆𝑦𝑦𝑦𝑦  these are the scaling factors along each 
axis. Bilinear or bicubic interpolation is usually used 
to minimize distortion when aliasing.  

 
2.1.6. Impact on subsequent tasks  
The effect of standardization of 2D images is 

most evident when evaluating clustering 
performance indicators such as silhouette score [18], 
adjusted Rand index [19], and purity [16]. 
Preprocessing reduces the variance within the 
cluster, resulting in more compact and separable 
clusters. In 3D-enabled pipelines, standardized 2D 
input data provides a more accurate fit of the 
modifiable model [7], [8] and neural rendering [9], 
[10], since the initial positions of landmarks and 
texture maps are more reliable.  

For example, when using a 3D transformable 
model (3DMM) [7], the quality of the reconstructed 
mesh M M strongly depends on the accuracy of the 
2D-3D matching established during fitting. The 
energy function is often minimized during the fitting 
process: 

 
𝐸𝐸𝐸𝐸 =  𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑘𝑘𝑘𝑘 + 
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consistency between the detected 2D landmarks and 
their 3D counterparts, 𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐ℎ𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 measures photometric 
consistency and 𝐸𝐸𝐸𝐸𝑙𝑙𝑙𝑙𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 applies regularization to 
maintain realistic shape parameters. Standardized 
images ensure that 𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑘𝑘𝑘𝑘 starts by reducing the 
initial error, which increases the speed and accuracy 
of convergence.  

Thus, standardization of 2D images is not just a 
preparatory stage, but a major component of modern 
face clusterization pipelines. By matching 
geometric, photometric, and structural attributes of 
face images, this ensures that both two-dimensional 
deep embeddings and three-dimensional geometric 

descriptors are calculated based on a stable and 
consistent input space. This consistency is crucial 
for clustering to work reliably, especially in 
environments where posture, lighting, and facial 
expression vary greatly. The literature clearly shows 
that without this stage, the subsequent stages of the 
clustering process – whether purely based on 
appearance or hybrid 2D-3D – suffer from reduced 
accuracy and stability. [4], [5], [7]. 

 
2.2. 3D Face Reconstruction 
Three-dimensional (3D) facial reconstruction 

from a single two-dimensional (2D) image has beco-
me a key method in modern clustering and face re-
cognition systems, solving the long-standing prob-
lem of variation in posture and facial expression. 
Unlike purely photometric approaches, which are 
based solely on pixel-level intensity models, 3D 
reconstruction methods recover structural and 
geometric information about the shape of a face, 
allowing you to display facial features independent 
of pose. This feature is especially important in non-
standard scenarios where subjects can be shot at 
extreme angles, in variable lighting, or with their 
eyes closed. 

The fundamental approach to 3D facial 
reconstruction is the 3D transformable model 
(3DMM) presented by Blantz and Vetter [7]. In this 
context, a three-dimensional face shape is created. 
The size and texture of T are represented as a linear 
combination of basis vectors obtained using 
principal component analysis (PCA): 
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where 𝑆𝑆𝑆𝑆̅ and 𝑇𝑇𝑇𝑇� are the average shape and texture 𝑈𝑈𝑈𝑈𝑖𝑖𝑖𝑖 
and 𝑉𝑉𝑉𝑉𝑗𝑗𝑗𝑗  are the basis vectors of PCA, and 𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖 and 
𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗  these are the coefficients calculated to match the 
input image. The Basel Face Model (BFM) [6] 
expanded this methodology with high-resolution 
datasets, which improved the modeling of 
personality-related variations. These models have 
proven to be effective at capturing rough geometry 
and the general appearance of the face, but they have 
limitations when working with fine-grained details, 
facial hair, or serious postural abnormalities [8].  

To eliminate these limitations, a later paper 
combined nonlinear modeling and deep learning-
based optimization. Tran and Liu [8] proposed a 
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112×112 pixels for ArcFace [11] and 160 × 160 
160×160 pixels for FaceNet [12]. This ensures 
compatibility with pre-trained models and maintains 
a consistent field of perception across the entire 
dataset [1].  

Mathematically, the resizing operation can be 
described as follows:  

 

𝐼𝐼𝐼𝐼′( 𝑥𝑥𝑥𝑥′,𝑦𝑦𝑦𝑦′) = I(
𝑥𝑥𝑥𝑥′

𝑆𝑆𝑆𝑆𝑥𝑥𝑥𝑥
,
𝑦𝑦𝑦𝑦′

𝑆𝑆𝑆𝑆𝑦𝑦𝑦𝑦
)  

(5) 
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2.1.6. Impact on subsequent tasks  
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initial error, which increases the speed and accuracy 
of convergence.  

Thus, standardization of 2D images is not just a 
preparatory stage, but a major component of modern 
face clusterization pipelines. By matching 
geometric, photometric, and structural attributes of 
face images, this ensures that both two-dimensional 
deep embeddings and three-dimensional geometric 

descriptors are calculated based on a stable and 
consistent input space. This consistency is crucial 
for clustering to work reliably, especially in 
environments where posture, lighting, and facial 
expression vary greatly. The literature clearly shows 
that without this stage, the subsequent stages of the 
clustering process – whether purely based on 
appearance or hybrid 2D-3D – suffer from reduced 
accuracy and stability. [4], [5], [7]. 

 
2.2. 3D Face Reconstruction 
Three-dimensional (3D) facial reconstruction 

from a single two-dimensional (2D) image has beco-
me a key method in modern clustering and face re-
cognition systems, solving the long-standing prob-
lem of variation in posture and facial expression. 
Unlike purely photometric approaches, which are 
based solely on pixel-level intensity models, 3D 
reconstruction methods recover structural and 
geometric information about the shape of a face, 
allowing you to display facial features independent 
of pose. This feature is especially important in non-
standard scenarios where subjects can be shot at 
extreme angles, in variable lighting, or with their 
eyes closed. 

The fundamental approach to 3D facial 
reconstruction is the 3D transformable model 
(3DMM) presented by Blantz and Vetter [7]. In this 
context, a three-dimensional face shape is created. 
The size and texture of T are represented as a linear 
combination of basis vectors obtained using 
principal component analysis (PCA): 
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where 𝑆𝑆𝑆𝑆̅ and 𝑇𝑇𝑇𝑇� are the average shape and texture 𝑈𝑈𝑈𝑈𝑖𝑖𝑖𝑖 
and 𝑉𝑉𝑉𝑉𝑗𝑗𝑗𝑗  are the basis vectors of PCA, and 𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖 and 
𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗  these are the coefficients calculated to match the 
input image. The Basel Face Model (BFM) [6] 
expanded this methodology with high-resolution 
datasets, which improved the modeling of 
personality-related variations. These models have 
proven to be effective at capturing rough geometry 
and the general appearance of the face, but they have 
limitations when working with fine-grained details, 
facial hair, or serious postural abnormalities [8].  

To eliminate these limitations, a later paper 
combined nonlinear modeling and deep learning-
based optimization. Tran and Liu [8] proposed a 

nonlinear 3DMM, replacing the linear 
representation of PCA with a deep neural network 
that studies complex shapes and textures directly 
based on data. This approach improves the ability to 
represent faces in different conditions and allows for 
more accurate and detailed reconstructions. 

Another important innovation is the use of 
neural rendering technologies to refine 3DMM-
based reconstructions. For example, Tewari et al. [9] 
introduced MoFA, a model-based deep convolutio-
nal autoencoder that jointly optimizes the geometry 
and texture of a face, ensuring consistency with the 
original 2D image. Neural imaging techniques 
demonstrated by Richardson et al. [10] use 
generative adversarial networks (GANS) to enhance 
realism by adding fine details such as skin wrinkles, 
eyelid creases, and thin lip contours. The 
formulation "Loss of competition" 𝐿𝐿𝐿𝐿𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 =
𝐸𝐸𝐸𝐸[log𝐶𝐶𝐶𝐶(𝐼𝐼𝐼𝐼𝑙𝑙𝑙𝑙𝑟𝑟𝑟𝑟𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙)] + 𝐸𝐸𝐸𝐸[log 1 − 𝐶𝐶𝐶𝐶(𝐺𝐺𝐺𝐺(𝑆𝑆𝑆𝑆,𝑇𝑇𝑇𝑇)))]allows 
you to create reconstructions that match the 
photorealistic quality of real images.  

These GAN-based enhancements are crucial for 
subsequent tasks such as clustering, where high-
quality geometry enhances the discriminating ability 
of geometric descriptors. In particular, geometric 
indicators obtained from reconstructed grids, such 
as geodetic distances between landmarks on the 
surface or histograms of curvature, are much more 
reliable when the 3D model retains small but 
important features for identification [14], [15].  

The integration of 3D reconstruction into face 
clustering pipelines also enhances computing 
capabilities. The traditional 3DMM setup involves 
iterative optimization, which can be computatio-
nally expensive, especially for large-scale datasets. 
Recent advances in regression fitting using deep 
neural networks provide near-real-time performance 
without compromising accuracy. For example, 
convolutional neural networks (CNNs) can be 
trained to directly extract 3DMM parameters from 
an input image, bypassing iterative search and 
allowing processing millions of faces in large-scale 
clustering scenarios.  

Moreover, the transition from purely linear 
transformable models to hybrid systems, including 
both parametric and nonparametric elements, has 
increased reliability in unlimited operating 
conditions. By combining a global parametric model 
(reflecting the overall structure of the face) with 
localized nonparametric detail (reflecting high-
frequency details), these approaches provide a 

balance between generalization and personality 
specificity.  

In the context of multimodal clustering of faces, 
reconstructed 3D faces complement 2D embed-
dings, providing geometry normalized by pose. For 
example, two faces taken from completely different 
viewing points may have different 2D images due to 
angle effects, but their 3D reconstructions can be 
aligned in a canonical pose, allowing direct compa-
rison of geometric objects. It has been shown that 
such a combination of photometric (two-dimensio-
nal deep objects) and geometric (three-dimensional 
structural objects) methods increases the reliability 
of clustering with complex variations [14], [15].  

Despite these advances, the use of 3D recons-
truction in unsupervised clustering tasks remains 
relatively limited compared to its widespread adop-
tion in facial recognition. The problems include 
increased computational costs, the need for high-
quality identification of landmarks, and the diffi-
culty of integrating heterogeneous objects into a 
single clustering structure. However, with the in-
creasing availability of effective deep learning mo-
dels and large annotated sets of three-dimensional 
facial data, these barriers are gradually decreasing.  

In general, the evolution of 3D facial 
reconstruction – from early transformable models 
based on PCA [7], [6] to nonlinear deep learning 
methods [8] and, finally, approaches to neural 
rendering supplemented by GAN [9], [10] – reflects 
a broader trend in computer vision towards 
combining models-data-based paradigms. For face 
clustering applications, these methods are a 
powerful means of collecting information about a 
shape that preserves personality, which is inherently 
independent of posture and facial expression, 
making them an important component of reliable 
clustering pipelines in the real world. 

 
2.3. Feature Extraction 
Feature extraction plays a key role in face 

clustering pipelines, serving as a link between raw 
image data and numerical representations used to 
measure similarity and clustering. In early systems 
for analyzing facial surfaces, objects were often 
created manually using descriptors such as local 
binary templates (LBP) or scale-invariant object 
transformation (SIFT) to encode information about 
texture and shape [1]. Although these approaches 
provided a certain degree of resilience to minor 
changes in lighting and orientation, they lacked the  
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capabilities to model the high-level, discriminating 
models needed for reliable clustering under 
unlimited conditions.  

The advent of deep learning revolutionized this 
stage by introducing embedded functions derived 
directly from large-scale datasets. Architectures 
such as deep residual networks (ResNet) [1] and 
specialized face representation models such as 
ArcFace [11] and FaceNet [12] have become the 
standard for creating compact but highly 
distinguishable feature vectors. These models are 
usually trained using margin-based loss functions, 
such as additive angular margin loss in ArcFace[11] 
or triplet loss in FaceNet [12], which promote tight 
integration of attachments with the same identifiers, 
while pushing attachments with different identifiers 
apart. Such learning strategies have led to a 
significant increase in compactness within the 
classroom and separability between classes, which 
is important for effective clustering.  

Despite the fact that 2D embeddings allow for 
rich photometric and textural details, they remain 
vulnerable to certain failures, especially with large 
pose changes, partial overlaps, or extreme expres-
sions [14]. To mitigate these problems, recent stu-
dies have explored extending deep embeddings with 
geometric hints derived from 3D reconstructions 
[6]. Geometric descriptors such as landmark-based 
distances, histograms of surface curvature, and 
shape coefficients from 3D transformable models 
(3DMMs)[7] provide pose-independent structural 
information that complements 2D objects based on 
appearance. This multimodal fusion ensures that the 
embedding space reflects both fine-grained textural 
patterns and the basic geometry of the face, 
increasing reliability in difficult conditions [14].  

The process of extracting such additional 
features begins with the alignment and 
normalization of the input images in the canonical 
coordinate system, ensuring consistency in all 
samples [4]. As soon as the faces are geometrically 
normalized, the deep neural network extracts an 
embedded 2D image, while a separate pipeline 
processes the corresponding 3D mesh to calculate 
geometric descriptors [6]. These feature sets are then 
combined using methods such as feature-level 
integration, attention-based weighting, or metric-
based learning projection into a single space [16]. 
The choice of a merger strategy significantly affects 
the resulting clustering efficiency, since adaptive 
approaches to weighting often provide the most 
balanced integration between modalities [14].  

Another important factor is to reduce the size of 
the objects. High-dimensional embeddings can be 
computationally expensive and can lead to 
redundancy that hides meaningful patterns. Methods 
such as principal component analysis (PCA) and t-
distributed stochastic neighbor embedding (t-SNE) 
are commonly used to compress feature vectors 
while maintaining their distinctiveness [19]. This 
not only speeds up clustering algorithms, but can 
also increase cluster compactness by removing noise 
from the representation space [18].  

Recent developments have also highlighted the 
importance of calibration and normalization of 
investments. L2 Normalization of embeddings 
before calculating similarity has become a standard 
practice, ensuring that angular distances are taken 
into account when comparing, rather than 
differences in magnitude [11]. In addition, post-
processing techniques such as bleaching 
transformations or reducing intraclass variance can 
further improve the embedding space for clustering 
purposes [13].  

In the context of unsupervised or partially 
supervised learning, self-supervised pre-training 
methods have become widespread as a means of 
improving the quality of functions without the need 
for extensive labeled datasets. Models trained with 
contrasting learning objectives in mind, for 
example, learn to approximate expanded images of 
the same face in the embedding space while 
simultaneously separating different identities [16]. 
Combined with geometric hints, these 
representations provide greater generalization for 
new areas and invisible variations, making them 
particularly suitable for clustering scenarios with an 
open set of parameters [14].  

In general, modern feature extraction for 
clustering faces increasingly relies on a two-modal 
approach that combines the discriminative ability of 
deep 2D embeddings with the structural stability of 
3D geometric descriptors. Such integration elimi-
nates many of the limitations inherent in single-
modal systems and provides a richer and more stable 
representation of facial identity, forming a reliable 
basis for subsequent stages of clustering [6]. 

 
3. Materials and Methods 
 
The proposed methodology combines both 

photometric and geometric parameters to achieve 
reliable clustering of individuals while preserving 
identity under unlimited conditions. The process 
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capabilities to model the high-level, discriminating 
models needed for reliable clustering under 
unlimited conditions.  

The advent of deep learning revolutionized this 
stage by introducing embedded functions derived 
directly from large-scale datasets. Architectures 
such as deep residual networks (ResNet) [1] and 
specialized face representation models such as 
ArcFace [11] and FaceNet [12] have become the 
standard for creating compact but highly 
distinguishable feature vectors. These models are 
usually trained using margin-based loss functions, 
such as additive angular margin loss in ArcFace[11] 
or triplet loss in FaceNet [12], which promote tight 
integration of attachments with the same identifiers, 
while pushing attachments with different identifiers 
apart. Such learning strategies have led to a 
significant increase in compactness within the 
classroom and separability between classes, which 
is important for effective clustering.  

Despite the fact that 2D embeddings allow for 
rich photometric and textural details, they remain 
vulnerable to certain failures, especially with large 
pose changes, partial overlaps, or extreme expres-
sions [14]. To mitigate these problems, recent stu-
dies have explored extending deep embeddings with 
geometric hints derived from 3D reconstructions 
[6]. Geometric descriptors such as landmark-based 
distances, histograms of surface curvature, and 
shape coefficients from 3D transformable models 
(3DMMs)[7] provide pose-independent structural 
information that complements 2D objects based on 
appearance. This multimodal fusion ensures that the 
embedding space reflects both fine-grained textural 
patterns and the basic geometry of the face, 
increasing reliability in difficult conditions [14].  

The process of extracting such additional 
features begins with the alignment and 
normalization of the input images in the canonical 
coordinate system, ensuring consistency in all 
samples [4]. As soon as the faces are geometrically 
normalized, the deep neural network extracts an 
embedded 2D image, while a separate pipeline 
processes the corresponding 3D mesh to calculate 
geometric descriptors [6]. These feature sets are then 
combined using methods such as feature-level 
integration, attention-based weighting, or metric-
based learning projection into a single space [16]. 
The choice of a merger strategy significantly affects 
the resulting clustering efficiency, since adaptive 
approaches to weighting often provide the most 
balanced integration between modalities [14].  

Another important factor is to reduce the size of 
the objects. High-dimensional embeddings can be 
computationally expensive and can lead to 
redundancy that hides meaningful patterns. Methods 
such as principal component analysis (PCA) and t-
distributed stochastic neighbor embedding (t-SNE) 
are commonly used to compress feature vectors 
while maintaining their distinctiveness [19]. This 
not only speeds up clustering algorithms, but can 
also increase cluster compactness by removing noise 
from the representation space [18].  

Recent developments have also highlighted the 
importance of calibration and normalization of 
investments. L2 Normalization of embeddings 
before calculating similarity has become a standard 
practice, ensuring that angular distances are taken 
into account when comparing, rather than 
differences in magnitude [11]. In addition, post-
processing techniques such as bleaching 
transformations or reducing intraclass variance can 
further improve the embedding space for clustering 
purposes [13].  

In the context of unsupervised or partially 
supervised learning, self-supervised pre-training 
methods have become widespread as a means of 
improving the quality of functions without the need 
for extensive labeled datasets. Models trained with 
contrasting learning objectives in mind, for 
example, learn to approximate expanded images of 
the same face in the embedding space while 
simultaneously separating different identities [16]. 
Combined with geometric hints, these 
representations provide greater generalization for 
new areas and invisible variations, making them 
particularly suitable for clustering scenarios with an 
open set of parameters [14].  

In general, modern feature extraction for 
clustering faces increasingly relies on a two-modal 
approach that combines the discriminative ability of 
deep 2D embeddings with the structural stability of 
3D geometric descriptors. Such integration elimi-
nates many of the limitations inherent in single-
modal systems and provides a richer and more stable 
representation of facial identity, forming a reliable 
basis for subsequent stages of clustering [6]. 

 
3. Materials and Methods 
 
The proposed methodology combines both 

photometric and geometric parameters to achieve 
reliable clustering of individuals while preserving 
identity under unlimited conditions. The process 

consists of five main steps. First, datasets are 
prepared and preprocessed to ensure consistency of 
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3.1. 2D Image Preprocessing and Standardiza-
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𝐼𝐼𝐼𝐼𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦) = 0.299𝑅𝑅𝑅𝑅(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) + 

+0.587𝐺𝐺𝐺𝐺(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) + 0.114𝐵𝐵𝐵𝐵(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) (8) 

 
This conversion reduces sensitivity to color 

variations, while preserving the contour details and 
textures needed to accurately locate landmarks. 

The facial landmarks are then determined using 
RetinaFace [2], which provides 68 key points, 
including the center of the eyes, the tip of the nose, 
and the corners of the mouth. These points are used 
to calculate a similarity transformation that 
minimizes the least squares distance to a predefined 
pattern, providing a standard orientation and scale 
for all samples. 

Adaptive contrast-limited histogram equaliza-
tion (CLAHE) is used to enhance local contrast and 

reduce the effect of shadows and overexposure [5]. 
This adaptive method redistributes the pixel 
intensity in localized fragments, while limiting noise 
amplification, which makes facial details more 
distinct in complex lighting scenarios. 

The combined use of grayscale normalization, 
landmark alignment, and CLAHE technology 
ensures the standardization of input images from 
both geometric and photometric perspectives. This 
high-quality preprocessing is necessary to improve 
the reliability of the subsequent stages of 3D 
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3.2. 3D Face Reconstruction 
The process of 3D facial reconstruction is 

necessary to obtain geometric characteristics that 
remain stable when changing posture, lighting, and 
facial expression. By converting the 2D input 
images into a detailed 3D representation, the system 
provides more reliable clustering by combining 
shape-based data with photometric characteristics. 

 
S = S̄ + Σ (αᵢ * Uᵢ) (9) 

 
Here, S̄ represents the average three-

dimensional shape, Uᵢ are the main components, and 
Aᵢ are the shape coefficients optimized during the 
fitting process.  

 
 

 
 

Figure 1. Annotated geodesic landmarks on a 3D facial mesh 
 

𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑛𝑛𝑛𝑛{𝛼𝛼𝛼𝛼,𝛽𝛽𝛽𝛽} ||I – R(S(α), T(β))||² (10) 
 
In this formulation, I stands for the input image, 

S(α) and T(β) represent the shape and texture 
components of the model, while R corresponds to 
the rendering function. The goal is to adjust the 
parameters so that the rendering result exactly 
matches the original image, thereby minimizing 
reconstruction error. 

 



10

Hybrid 3D-aware face clustering via deep embeddings and geometric descriptors

Table 1. Main parameters of the 3D face reconstruction model 
 

Parameter Description Example Value 
Vertices Number of points in the mesh 53,490 

Texture Resolution Resolution of texture map 1024x1024 px 
PCA Components Number of shape coefficients 80 
Processing Time Average reconstruction time 0.85 s/image 

 
 
Example of refined 3D reconstruction using 

neural rendering: 
 
 

 
 

Figure 2. Sample meshes from the DAD-3DHeads dataset 
 
 
3.3. Feature Extraction 
The process begins with standardized 2D input 

images obtained during the preprocessing stage, 
where alignment, normalization of illumination (for 
example, CLAHE) and cropping ensure consistency 
in all samples. 

2D Deep Embeddings 
Using pre-trained deep neural network 

architectures such as ArcFace [11] and FaceNet 
[12], high-dimensional embeddings are generated to 
capture discriminative identity-related patterns from 
the image. ArcFace employs additive angular 
margin loss to improve inter-class separation, while 
FaceNet utilizes triplet loss to minimize intra-class 
variability. These embeddings (512-D for ArcFace, 

128-D for FaceNet) are highly effective for 
conventional face recognition and form the 
photometric component of our multi-modal feature 
set. 

3D Geometric Features 
Leveraging the reconstructed 3D face mesh 

from the previous module, three geometric 
descriptors are extracted: 

- Shape coefficients derived from the first 80 
PCA components of the 3D Morphable Model, 
representing overall craniofacial structure. 

- Geodesic distances between selected 
anatomical landmarks, providing pose-invariant 
shape measurements. 

- Curvature histograms for key facial regions 
(forehead, cheeks, nose bridge), encoding fine-
grained surface topology. 

- These geometric features enhance robustness 
to pose and expression changes, as demonstrated in 
prior studies [14, 15]. 

After independent extraction, feature fusion is 
performed. In our implementation, fusion can be 
realized either through weighted concatenation of 
normalized feature vectors or via a metric-level 
combination, where distances from each modality 
are integrated using a tunable weighting parameter 
λ. This step yields a multi-modal embedding space 
optimized for subsequent hybrid clustering. 

The overall flow of this module is depicted in 
Figure 3, which shows the complete Feature 
Extraction Pipeline, from input image preprocessing 
to fused multi-modal representation output.

 
 

 
 

Figure 3. Feature Extraction Pipeline 
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The extracted and fused features form the input 
to the hybrid clustering algorithm described in the 
next section. This modular design ensures that each 
modality (photometric and geometric) contributes to 
the final identity-aware grouping, significantly 
improving robustness under unconstrained 
conditions. 

 
3.4. Hybrid Clustering 
The final stage of the proposed methodology 

involves grouping faces into identity-specific 
clusters using a hybrid two-stage clustering 
algorithm. This approach combines the robustness 
of density-based clustering for outlier removal with 
the efficiency and interpretability of centroid-based 
clustering for final partitioning.  

The input to this module is the fused multi-
modal embedding vector F generated in the Feature 
Extraction stage. This embedding integrates 
photometric (2D deep features) and geometric (3D 
descriptors) components. 

Stage 1: Outlier Removal with DBSCAN  
The first step applies the Density-Based Spatial 

Clustering of Applications with Noise (DBSCAN) 
[17], which identifies core samples in dense regions 
and labels low-density samples as noise. Given a 
dataset X of n feature vectors, DBSCAN defines: 

- 𝜀𝜀𝜀𝜀 𝜀 𝜀𝜀𝜀𝜀𝜀𝜀𝜀𝜀𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎ℎ𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑎𝑎𝑎𝑎ℎ𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑜𝑜𝑜𝑜 
 

𝑁𝑁𝑁𝑁𝜀𝜀𝜀𝜀(𝑝𝑝𝑝𝑝) = {𝑞𝑞𝑞𝑞 ∈ 𝑋𝑋𝑋𝑋|𝑜𝑜𝑜𝑜(𝑝𝑝𝑝𝑝, 𝑞𝑞𝑞𝑞) ≤ 𝜀𝜀𝜀𝜀} (11) 
 

- Core point: A point p is a core point if 
𝑁𝑁𝑁𝑁𝜀𝜀𝜀𝜀(𝑝𝑝𝑝𝑝)| ≥ 𝑀𝑀𝑀𝑀𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑀𝑀𝑀𝑀𝑡𝑡𝑡𝑡𝑠𝑠𝑠𝑠 

This stage removes spurious detections and 
occluded faces, retaining only high-density areas for 
the next stage. 

Stage 2: K-Means++ Clustering with Fused 
Distance Metric 

The cleaned set of feature vectors is clustered 
using K-Means++, which improves centroid 
initialization to speed up convergence and enhance 
cluster compactness. Instead of the standard 
Euclidean distance, we employ a fused metric: 

 
𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑎𝑎𝑎𝑎, 𝑗𝑗𝑗𝑗) = 𝜆𝜆𝜆𝜆 𝜆 𝑜𝑜𝑜𝑜𝑐𝑐𝑐𝑐𝑜𝑜𝑜𝑜𝑓𝑓𝑓𝑓�𝑓𝑓𝑓𝑓2𝐷𝐷𝐷𝐷𝑖𝑖𝑖𝑖 , 𝑓𝑓𝑓𝑓2𝐷𝐷𝐷𝐷

𝑗𝑗𝑗𝑗 � + 
+(1 − 𝜆𝜆𝜆𝜆) ∙ 𝑜𝑜𝑜𝑜𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙ℎ𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙�𝑓𝑓𝑓𝑓2𝐷𝐷𝐷𝐷𝑖𝑖𝑖𝑖 , 𝑓𝑓𝑓𝑓2𝐷𝐷𝐷𝐷

𝑗𝑗𝑗𝑗 � 
(12) 

 
where: 

• 𝑓𝑓𝑓𝑓2𝐷𝐷𝐷𝐷= photometric embedding vector, 
• 𝑓𝑓𝑓𝑓2𝐷𝐷𝐷𝐷 = geometric descriptor vector, 
• 𝑜𝑜𝑜𝑜𝑐𝑐𝑐𝑐𝑜𝑜𝑜𝑜𝑓𝑓𝑓𝑓= cosine distance, 
• 𝑜𝑜𝑜𝑜𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙ℎ𝑙𝑙𝑙𝑙𝑐𝑐𝑐𝑐= Mahalanobis distance, 
• λ = weighting coefficient controlling 

modality influence. 
The algorithm iteratively assigns each sample to 

the nearest centroid under 𝐶𝐶𝐶𝐶𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟  and updates 
centroids until convergence. 

Pipeline Illustration 
The structure of this hybrid clustering pipeline is 

presented in Figure 4

 

 
 

Figure 4. Hybrid Clustering Pipeline 
 
4. Results and Discussion 
The proposed 3D-aware hybrid face clustering 

pipeline was evaluated on a benchmark dataset con-
taining a diverse range of facial images under 
unconstrained conditions, including extreme pose 
variations, partial occlusions, and variable lighting. The 
evaluation compared four different configurations: 

1. 2D-only: ArcFace embeddings + K-Means++ 
2. 3D-only: Geometric descriptors from 3DMM 

+ K-Means++ 

3. Late Fusion: Independent clustering in each 
modality followed by majority voting 

4. Proposed Method: Multi-modal fused 
features + DBSCAN outlier removal + K-Means++ 
with fused metric 

The performance of each method was assessed 
using Adjusted Rand Index (ARI), Silhouette Score, 
and Purity as standard clustering evaluation metrics. 
Table 2 summarizes the results.
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Table 2. Overall performance  
 

Method ARI Silhouette Purity 
2D-only 0.721 0.486 0.802 
3D-only 0.654 0.452 0.774 

Late Fusion 0.745 0.503 0.821 
Proposed 0.812 0.547 0.864 

 
 
Visual inspection of cluster assignments reveals 

that: 
- 2D-only models often misclassify profiles or 

occluded faces, grouping them into incorrect 
identities. 

- 3D-only descriptors are robust to pose changes 
but occasionally merge different individuals with 
similar craniofacial geometry. 

- Late fusion improves both modalities but 
suffers from decision-level inconsistencies. 

- Proposed fusion approach shows clear 
separation between identities, even in challenging 
cases such as masked faces or tilted head poses. 

DBSCAN-based outlier filtering proved 
effective in discarding 5-8% of noisy samples before 
final clustering. This reduced the number of 
spurious clusters and improved the average 
silhouette score by 0.044 compared to running K-
Means++ alone. Figure 5.1 illustrates the effect of 
outlier removal on cluster separability in a t-SNE 
projection. 

The experimental findings confirm three key 
hypotheses: 

1. Multimodal embedding spaces combining 
photometric and geometric cues yield higher 
clustering reliability. 

2. Metric-level fusion with balanced modality 
weights (λ = 0.65 in our experiments) outperforms 
naive concatenation. 

3. Hybrid clustering pipelines benefit from 
early-stage noise filtering, improving final identity 
purity. 

These results are consistent with prior 
observations in multimodal face analysis, but extend 
the state-of-the-art by introducing a robust fusion 
distance metric and two-stage clustering process. 

 
Conclusion 
 
This study presented a comprehensive 3D-

enabled face clustering methodology that combines 
2D deep learning technologies with 3D geometric 
elements to increase clustering efficiency when 

changing posture, lighting, and facial expressions. 
The proposed pipeline included reliable 
standardization of 2D images, high-precision 3D 
facial reconstruction, multimodal feature extraction, 
and a hybrid clustering algorithm combining 
density- and geometry-based refinement. 

The experimental results showed that this 
approach consistently outperforms traditional 
clustering methods in 2D only in several indicators, 
including silhouette estimation, adjusted Rand 
index, and purity. Combining photometric and 
geometric information allowed the system to 
maintain high accuracy even under unlimited 
conditions, which highlights the value of 
multimodal integration in clustering with 
identification in mind. 

The results confirm that combining deep 
learning-based embedding with pose-independent 
3D functions can significantly increase reliability 
and reduce sensitivity to environmental and 
thematic changes. Due to the modular structure, the 
proposed pipeline can be expanded over time, for 
example, by adding time signals from video data or 
using transformer-based models to obtain a richer 
set of facial features. 

Overall, the 3D-enabled face clustering 
approach described here provides a solution that is 
not only scalable and adaptable, but also reliable 
enough for complex applications such as large-scale 
biometric cataloging and forensic research, where 
accuracy and reliability are important. 
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Abstract. This study presents a methodology for the automated detection and quantification of 

pulmonary emphysema from low-dose chest computed tomography (CT) scans. As a morphological subtype 
of chronic obstructive pulmonary disease (COPD), emphysema can be accurately assessed on CT imaging. 
Our approach utilizes a pre-trained ResNet152 model to extract high-dimensional feature embeddings (2048 
dimensions) from mid-lung patches. Patients were automatically categorized based on the percentage of low 
attenuation areas (LAA%) below –950 Hounsfield units (HU), a standard measure for emphysema severity. 
The extracted feature embeddings were subsequently analyzed using statistical methods and logistic 
regression to identify key discriminative and interpretable features. A logistic regression model, trained on 
the top 20 most salient features, achieved a high level of performance, with an Area Under the Curve (AUC) 
of 0.94 and an Average Precision (AP) of 0.87 on a balanced dataset of 90 subjects. Furthermore, the selected 
features exhibited a strong correlation with LAA%, demonstrating their utility for regression-based severity 
assessment. 

The findings confirm the viability of using pre-trained deep embeddings for transparent and reproducible 
emphysema screening. This method avoids the need for extensive end-to-end model retraining, making it 
highly adaptable for integration into existing clinical CT analysis workflows. 
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1. Introduction 
 
Chronic Obstructive Pulmonary Disease 

(COPD) remains one of the leading causes of death 
and disability worldwide. Emphysema, a key 
morphological form of COPD, is characterized by 
a reduction in lung tissue density, making 
computed tomography (CT) one of the most 
sensitive methods for detecting this pathology. 
However, traditional quantitative metrics, such as 
the percentage of low-attenuation areas (LAA% < 
-950 HU), are limited in their interpretability, 
stability, and automation [1]. 

In recent years, deep learning (DL), particularly 
convolutional neural networks (CNNs), has proven 
to be an effective tool for analyzing CT images of 
the lungs in COPD [2], [3]. Wu et al. [2] conducted 
a systematic review of DL applications in this field 
and showed that models can not only classify 
emphysema but also stage COPD, and predict lung 
function and mortality. Humphries et al. [4] 
demonstrated that DL can automate the Fleischner 
scale-a visual assessment of emphysema severity-

with a high degree of agreement with experts. 
Similarly, Fuhrman et al. [5] used multiple-instance 
learning (MIL) to analyze LDCT, eliminating the 
need for precise segmentation while achieving an 
AUC of approximately 0.94. 

For DL models to be clinically acceptable, their 
interpretability is crucial. Studies by Callı et al. [6] 
and Almeida et al. [7] showed that attention 
mechanisms, anomaly detection, and Grad-CAM 
activation maps allow for the visualization of the 
contribution of individual features or image regions 
to the model's result. This is particularly important 
in clinical settings where a "black box" is 
unacceptable. 

Ash et al. [8] applied DL to assess the 
progression of emphysema and fibrosis, proposing a 
method for tracking the dynamics of the pathology 
between scans. Wysoczanski et al. [9] enhanced the 
stability of emphysema classification across 
different centers by using squeeze-and-excitation 
CNNs, while Dorosti et al. [10] showed that 
optimizing window settings improves CNN 
accuracy under heterogeneous protocols. 
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Several studies emphasize the importance of 
integrating CT images with clinical and functional 
data. For example, Zhu et al. [11] and Wang et al. 
[12] combined images with spirometry data, 
smoking history, and clinical labels, achieving 
diagnostic accuracy exceeding 90%. 

Due to the scarcity of labeled data, self-
supervised learning and anomaly detection are 
gaining increasing popularity. Using such an 
approach, Almeida et al. [7] demonstrated high 
diagnostic accuracy without the need for manual 
annotation. Yeom et al. [13] and Ferri et al. [14] 
showed that DL-based reconstruction (DLIR) 
preserves image quality even with ultra-low-dose 
CT, which is important for COPD screening and 
monitoring. 

The application of explainable AI (XAI) is 
described in detail in the works of Tjoa and Guan 
[15], as well as Zhou et al. [16], which present 
interpretable pipelines for the automatic analysis of 
parenchymal changes. Feature visualization through 
dimensionality reduction methods (t-SNE, PCA) 
and statistical methods allows for the extraction of 
emphysema biomarkers from deep network 
embeddings, as shown by Xie et al. [17]. 

Additionally, as noted by Sourlos et al. [18], the 
presence of severe emphysema can reduce the 
accuracy of other AI systems, such as those for 
nodule detection, highlighting the importance of 
building robust models adapted to background 
pathologies. Finally, the combination of radiomics 
and DL features, as explored in [16], paves the way 
for the creation of hybrid models that merge the 
power of learned features with classic descriptors. 

Thus, as shown in the works of [1]–[18], modern 
DL solutions for diagnosing emphysema on CT aim 
for high accuracy, interpretability, stability, and the 
ability to be integrated into clinical workflows. 

 
2. Materials and Methods 
 
2.1 Automated Generation of Emphysema 

Labels Based on LAA% 
The study used the publicly available LIDC-

IDRI (TCIA) dataset [1], which contains over 1,000 
chest CT scans. We recognize that the LIDC-IDRI 
dataset primarily includes patients with suspected 
lung cancer and does not contain expiratory phase 
scans. Since this dataset mainly consists of patients 

with a history of cancer and lacks explicit clinical 
labels for COPD or emphysema, we implemented an 
automated annotation strategy based on quantitative 
CT criteria. 

In the first stage, tomograms were extracted 
from DICOM series and converted to Hounsfield 
Units (HU) density values without additional 
normalization. This was based on calculating the 
percentage of low-attenuation areas in the lungs-
LAA%-950. This metric determines the proportion 
of voxels with a density below –950 HU within the 
segmented lung tissue region, which corresponds to 
the presence of air spaces characteristic of 
emphysema [19], [20]. 

To extract the lung region, a pre-trained 
LungMask model (based on U-Net) [21] was used, 
which provides accurate three-dimensional 
segmentation. The LAA% was then calculated 
based on the resulting mask (1):  

 
%𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 =

𝑁𝑁𝑁𝑁𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣(𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻<−950)

𝑁𝑁𝑁𝑁𝑡𝑡𝑡𝑡𝑣𝑣𝑣𝑣𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑣𝑣𝑣𝑣 𝑣𝑣𝑣𝑣𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣
× 100%          (1) 

 
Patients with a LAA% ≥ 6% were classified as 

having signs of emphysema, in accordance with 
clinical guidelines [22], [4]. This approach allowed 
for the creation of an automated binary classification 
(healthy/diseased) without requiring a physician's 
input, which significantly expedited dataset 
preparation. The logical structure of the study is 
shown in Figure 1. 

For each patient, we implemented the following 
processing pipeline: 

1. Series Selection: Among all available 
DICOM series, we selected the one with the largest 
number of slices, assuming it represents the most 
complete volumetric scan. 

2. Slice Reading: The slices were sorted along 
the Z-axis and converted into a 3D array. Intensities 
were transformed into Hounsfield Units  

3. HU-Based Filtering: 
o Volumes with maximum HU > 1600 were 

excluded due to suspected reconstruction artifacts or 
metallic implants. 

o Highly inhomogeneous scans with standard 
deviation HU > 600 were also discarded. 

o Intensity clipping to the range [–1000, 400] 
HU was applied, following recommendations from 
prior studies on emphysema imaging. 
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Several studies emphasize the importance of 
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o Intensity clipping to the range [–1000, 400] 
HU was applied, following recommendations from 
prior studies on emphysema imaging. 

 

 
 

Figure 1. Logical Structure of the Study 
 
 
These filters were based on heuristics and 

domain knowledge rather than manual validation. 
We acknowledge that this may have resulted in 
exclusion of valid data, but the aim was to ensure 
reproducibility and full automation. 

Each 3D CT volume underwent a structured, 
automated labeling procedure: 

1. Resampling: All scans were resampled to an 
isotropic voxel spacing of 1×1×1 mm³ to ensure 
cross-subject comparability. 

2. Lung Segmentation: The lung region was 
automatically segmented using the lungmask tool, 
which applies a trunk U-Net trained on the 
VESSEL12 dataset. 

3. Low Attenuation Area (LAA%) 
Calculation: 

o Voxels with HU < –950 were considered 
indicative of emphysematous regions. 

o LAA% was defined as the proportion of such 
voxels within the lung mask. 

o A binary label was assigned: patients with 
LAA% ≥ 6% and mean lung density < –850 HU 
were labeled as emphysema-positive (label = 1), all 
others as negative (label = 0). 

We also preserved: 
• Segmentation masks, 
• Slice-level visualizations with overlayed lung 

masks, 
• LAA% distributions across axial slices. 
In total, 497 chest CT volumes were processed: 
• 45 volumes (9%) were labeled as 

emphysema-positive, 
• 452 volumes (91%) were labeled as negative. 
Such class imbalance is typical in screening 

cohorts. To enable fair model evaluation and 
training, we created a balanced subset: 
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• A random sample of 45 negative cases was 
drawn to match the 45 positive cases. 

• All associated .npy and .json (spacing) files 
were copied into a dedicated directory. 

• A filtered label file was retained for 
reproducibility. 

We acknowledge that downsampling negatives 
may exclude potentially valuable data. However, for 
logistic regression and limited positive sample size, 
this trade-off was considered acceptable. 

As a result, the final dataset included: 
• 90 patients (45 positive / 45 negative) with 

annotated and normalized CT lung volumes, 
• Associated quantitative markers and visual 

outputs for further analysis. 
To better understand the severity distribution of 

emphysema, we computed descriptive statistics of 
LAA% for all 497 scans. The mean LAA% was 
3.31%, with a standard deviation of 6.22%. The 
median value was 0.73%, indicating that most 

subjects had minimal emphysematous changes, 
while the most severe case reached 41.49%. 

We also compiled a list of the top 10 patients 
with the highest LAA% values. As expected, most 
of these were labeled positive according to our 
threshold-based criteria (LAA% ≥ 6%, mean HU < 
–850), validating the robustness of the automatic 
labeling method. 
 
Table 1. Summary statistics of LAA% across the dataset 
(N=497) 
 

count 497.000000 
mean 3.311285 
std 6.220265 
min 0.000000 
25% 0.103029 
50% 0.726426 
75% 3.380258 
max 41.493362 

 
 

Table 2. Top 10 CT scans with the highest LAA% in the dataset 
 

patient_id laa_percent mean_lung_hu label 
307 LIDC-IDRI-0309 41.493362 -904.99630 1 
139 LIDC-IDRI-0140 40.604675 -887.96454 1 
104 LIDC-IDRI-0105 39.663574 -889.00730 1 
418 LIDC-IDRI-0422 33.973350 -867.26750 1 
195 LIDC-IDRI-0196 33.402438 -864.96190 1 
462 LIDC-IDRI-0467 29.670417 -800.05005 0 
40 LIDC-IDRI-0041 29.059437 -878.72930 1 
295 LIDC-IDRI-0297 27.884453 -879.75543 1 
452 LIDC-IDRI-0457 26.868231 -882.45020 1 
446 LIDC-IDRI-0450 26.434079 -867.33417 1 
 
 
Of the 497 CT scans processed from the LIDC-

IDRI dataset, 45 cases (approximately 9%) were 
labeled as positive for emphysema (label = 1). 

 
2.2 Deep Feature Representation via ResNet152 
To numerically represent the visual content of 

chest CT scans, we utilized a deep convolutional 
neural network – specifically, the ResNet152 
architecture – pre-trained and subsequently adapted 
for the medical imaging domain [23]. A schematic 
of the modified model is provided in Figure 2. The 
network processes individual CT slices, and from its 

global average-pooling layer (avg_pool), we extract 
high-dimensional embeddings of size 2048. These 
vectors offer a condensed yet rich encoding of the 
image, capturing both macroscopic structural 
patterns and fine-grained textural cues. 

Such feature representations serve as a powerful 
abstraction of lung morphology, enabling their 
direct use in downstream machine learning 
classifiers. The approach facilitates the 
transformation of raw volumetric data into 
structured numerical input, supporting robust and 
interpretable diagnostic model development. 
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Figure 2. Pre-trained ResNet152 architecture [23]  
 
 
In addition, statistical analysis was performed 

using the t-test to determine the most significant 
features between the groups with and without 
emphysema. The 20 features with the greatest 
differences out of 2048 were selected and the 

model was retrained. Despite the reduction in 
dimensionality, the classification accuracy 
remained high (AUC ≈ 0.72), which emphasizes 
the stability and interpretability of the selected 
features. 

 
 

 
Figure 3. Top 20 features by impact on LAA% 
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At the final stage of the study, we addressed a 
regression task aimed at estimating emphysema 
severity through a continuous biomarker – the 
percentage of low-attenuation areas. Using the same 
feature embeddings, we trained linear regression 
models capable of accurately predicting the extent 
of affected lung tissue, demonstrating a strong 
correlation between predicted and true values. 

Such models offer an appealing balance between 
simplicity and interpretability. Their linear nature 
allows integration into explainable AI frameworks, 
where the contribution of each input feature to the 
final prediction can be visualized and quantified. 
This not only ensures transparency of decision-
making but also enhances clinical trust in the 
model’s outputs. 

Moreover, beyond binary classification, this 
quantitative approach enables dynamic disease 

tracking over time, making it especially relevant for 
longitudinal monitoring and personalized treatment 
planning in clinical practice. 

 
2.3 Architecture of an Interpretable Emphysema 

Diagnosis System Based on CT Imaging 
Figure 4 illustrates a comprehensive, multi-

stage processing pipeline designed for the 
diagnosis of pulmonary emphysema using CT 
data, with a focus on explainability. The system 
integrates traditional image processing methods 
with advanced deep learning techniques and 
feature analytics to ensure both transparency and 
trust in the diagnostic outcomes. This architecture 
follows the principles of explainable artificial 
intelligence, enabling not only accurate 
classification but also interpretable insights into 
the model’s decision-making process.

 
 

 
 

Figure 4. Architectural Overview 
 
 
The processing pipeline begins with volume 

extraction and intensity normalization. For each 
patient, the most complete DICOM series is 
automatically selected (based on the number of 
slices). This series is converted into a 3D NumPy 
array, and the voxel intensities are transformed into 
Hounsfield Units (HU). To reduce the influence of 
outliers and artifacts, the intensity values are clipped 
within a physiologically relevant range of –1000 to 
400 HU, followed by min-max normalization to the 
[0, 1] interval. 

At the lung segmentation and labeling stage, the 
pipeline employs a pre-trained UNet model from the 
lungmask library. The CT volume is first resampled 
to an isotropic resolution of 1×1×1 mm³. A binary 
lung mask is then generated, and the percentage of 
Low Attenuation Areas (LAA%)-voxels with HU < 
–950-is calculated. If this value exceeds 6%, the 
case is classified as emphysema-positive. The 

resulting masks and labels are saved as NumPy 
arrays and CSV files, respectively. 

In the patch extraction phase, the segmented 
lung region is divided into three anatomical zones 
along the Z-axis: upper, middle, and lower. Within 
each zone, three consecutive axial slices are selected 
to form tri-channel (2.5D) image patches. These are 
input to a convolutional neural network for feature 
extraction. 

For this purpose, we utilize a pre-trained 
ResNet-152 model. Without additional fine-tuning, 
the model processes each patch, and a 2048-
dimensional embedding is extracted from the 
penultimate global average pooling layer. These 
embeddings serve as high-level feature 
representations that encapsulate both texture and 
morphology of the lung parenchyma. 

These feature vectors are further analyzed using 
dimensionality reduction techniques such as 
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lung mask is then generated, and the percentage of 
Low Attenuation Areas (LAA%)-voxels with HU < 
–950-is calculated. If this value exceeds 6%, the 
case is classified as emphysema-positive. The 

resulting masks and labels are saved as NumPy 
arrays and CSV files, respectively. 

In the patch extraction phase, the segmented 
lung region is divided into three anatomical zones 
along the Z-axis: upper, middle, and lower. Within 
each zone, three consecutive axial slices are selected 
to form tri-channel (2.5D) image patches. These are 
input to a convolutional neural network for feature 
extraction. 

For this purpose, we utilize a pre-trained 
ResNet-152 model. Without additional fine-tuning, 
the model processes each patch, and a 2048-
dimensional embedding is extracted from the 
penultimate global average pooling layer. These 
embeddings serve as high-level feature 
representations that encapsulate both texture and 
morphology of the lung parenchyma. 

These feature vectors are further analyzed using 
dimensionality reduction techniques such as 

Principal Component Analysis (PCA) and t-
Distributed Stochastic Neighbor Embedding (t-
SNE), enabling visualization of the feature space. 
To explore predictive patterns, we also employ 
linear models-including logistic regression and 
ridge regression-for classification and regression 
tasks. Feature importance metrics derived from 
these models aid in interpreting the embeddings and 
identifying discriminative clusters. 

Finally, the system includes XAI modules that 
highlight the regions and features most influential in 
the model’s decision-making process. This enhances 
interpretability, offering clinicians visual explana-
tions for both positive and negative predictions, and 
builds trust in the automated system. 

Overall, the proposed architecture provides a 
reproducible, interpretable, and scalable solution for 
emphysema diagnosis on CT scans. Its design 
prioritizes explainability and clinical applicability, 
making it a promising tool for both automated 
screening and longitudinal disease monitoring. 

 
3. Results 
 
This study presents a comprehensive evaluation 

of an interpretable machine learning system for the 
diagnosis of pulmonary emphysema based on low-
dose chest CT and automatically extracted image 
features.

 
 

 
 

Figure 5. LAA Analysis Reports part 
 
 
An analysis of the distribution of LAA% 

revealed that the majority of patients exhibited 
values below the commonly accepted threshold of 
6%, which is considered within the normal range. 
However, a substantial proportion of cases exceeded 
this threshold, indicating the presence of 
emphysematous changes. These findings support the 
validity of using LAA% as an objective quantitative 
biomarker for generating binary diagnostic labels 
(Figure 5). 

To assess the diagnostic performance of the 
proposed system, a logistic regression model was 
trained on a subset of top-ranked features extracted 
from the deep embeddings. The Receiver Operating 

Characteristic (ROC) curve demonstrated strong 
separability between the two diagnostic groups, with 
an Area under the Curve (AUC) of 0.92, indicating 
high classification accuracy (Figure 6). 

The final performance metrics were as follows: 
Accuracy: 0.91 
ROC-AUC: 0.939 
PR-AUC: 0.935 
These results demonstrate the model’s robust 

generalization capabilities and its potential for 
deployment in real-world clinical screening settings. 
Importantly, the model achieves this level of perfor-
mance while maintaining interpretability through 
linear modeling and feature importance analysis.

 



22

Resnet embedding-based pipeline for transparent diagnosis of pulmonary emphysema on low-dose CT

 
 

Figure 6. Receiver Operating Characteristic curve 
 
 
To assess the structure of the feature space 

extracted by the deep neural network ResNet-152 
(prior to the fully connected layer), we applied 
dimensionality reduction techniques to project the 
high-dimensional embeddings into a two-
dimensional space. Specifically, t-distributed 
Stochastic Neighbor Embedding and Principal 
Component Analysis were employed to visualize the 
separability of patients with emphysema  
(LAA% ≥ 6%) and without emphysema (LAA% < 
6%). 

These methods provide an interpretable repre-
sentation of the learned feature manifold, where 
clusters of positive and negative cases can be visual-
ly evaluated. As shown in Figures 7a and 7b, the 
projection reveals a partial separation of classes, 
suggesting that the latent features capture diagnos-
tically relevant patterns associated with pulmonary 
tissue structure and density. Such visualizations not 
only support the discriminative capacity of the mo-
del’s internal representations but also reinforce its 
potential applicability in explainable AI pipelines.

 
 

 
a 

 
b 

 
Figure 7. Dimensionality reduction methods: a-t-SNE, b-PCA 

 
 
To gain insight into the learned representations, 

we performed dimensionality reduction on the deep 
features obtained from the avg_pool layer of the 

pretrained ResNet-152 network. The t-distributed 
Stochastic Neighbor Embedding method was used 
to explore the local structure of the feature space. 
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To gain insight into the learned representations, 

we performed dimensionality reduction on the deep 
features obtained from the avg_pool layer of the 

pretrained ResNet-152 network. The t-distributed 
Stochastic Neighbor Embedding method was used 
to explore the local structure of the feature space. 

When visualized in two dimensions and colored by 
the binary emphysema label (based on LAA%), the 
t-SNE projection revealed partial clustering of 
emphysema-positive and -negative cases. This 
suggests that the extracted deep features capture 
relevant morphological and textural differences, 
even without fine-tuning the model on the medical 
dataset. 

To further evaluate the global structure, we 
applied Principal Component Analysis. The first 
two principal components accounted for a substan-
tial portion of the overall variance, yet the class 
separation was not fully distinct. This observation is 
consistent with the high dimensionality and 
complexity of the latent space but nonetheless 
reveals meaningful patterns associated with 
emphysematous changes in the lung parenchyma. 
Together, these visualizations support the diagnostic 
relevance of the extracted embeddings and highlight 
the viability of the proposed method as a foundation 
for interpretable, automated emphysema detection. 

 
4. Discussion 
 
This study presents an interpretable machine-

learning pipeline for the diagnosis of pulmonary 
emphysema from CT scans, combining weak 
supervision with LAA%, ResNet152 embeddings, 
and explainability techniques. 

Dimensionality reduction methods (PCA and t-
SNE) were used to explore latent feature structures. 
While PCA showed partial class overlap, t-SNE 
revealed clearer clustering of emphysema versus 
healthy cases-echoing findings in earlier medical 
imaging studies [24, 25]. 

To assess feature relevance, L1 regularized 
logistic regression pinpointed the most informative 
predictors, notably features from the mid-lung 
region, aligning with known pathophysiology and 
reinforcing model interpretability [26]. 

Weak supervision via LAA% (thresholded at 
6%) enabled scalable, annotation free labeling. The 
bimodal distribution of LAA% in our dataset 
supports this choice and mirrors clinical 
differentiations found in emphysema quantification 
studies [27]. 

Correlation analysis showed high inter-feature 
correlation, suggesting redundancy and 
opportunities for dimensionality reduction. 
Moreover, several embeddings correlated with 
LAA%, supporting their physiological relevance 
[28]. 

By combining performance with transparency-
embeddings visualization, feature importances, and 
clinical biomarker alignment-our pipeline strikes a 
balance between predictive accuracy and 
explainability, addressing a critical need in AI 
driven healthcare [29]. 

Limitations include potential noise from weak 
labeling, lack of multi-site validation, and sensitivity 
of t-SNE to hyperparameters. Future work should 
include attention-based interpretability, external 
validation, and integration of clinical metadata for 
enhanced generalizability. 

 
5. Conclusion 
 
This study introduced an interpretable 

methodology for the diagnosis of pulmonary 
emphysema using low-dose chest CT scans and 
feature embeddings extracted from a pretrained deep 
convolutional neural network, ResNet-152. Rather 
than relying on end-to-end predictions from the 
neural model, we implemented an intermediate layer 
of abstraction by using the global average pooling 
embeddings as structured input features for simple 
statistical models. 

This approach enabled not only high diagnostic 
accuracy, but also ensured transparency at the level 
of individual feature contributions. Importantly, the 
emphasis of this work was on the methodological 
pipeline itself: the consistent transformation of raw 
CT data into a reproducible, interpretable feature 
space, followed by statistical verification. 

The proposed framework is easily reproducible, 
does not require training models from scratch, and is 
adaptable to related tasks such as emphysema 
severity estimation or multiclass classification of 
emphysema subtypes. 

Scientific and Practical Contributions: 
-We present a reproducible pipeline for building 

interpretable diagnostic models based on pretrained 
convolutional networks. 

-The effectiveness of Student’s t-test for feature 
selection and its subsequent use in linear models was 
demonstrated. 

-Coefficients from logistic regression models 
were shown to be interpretable as indicators of 
individual feature contribution-crucial in medical AI 
systems. 

-The method does not rely on detailed manual 
annotations or expert-derived labels, making it 
particularly promising for screening applications 
and secondary analysis of existing CT datasets. 
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1. Introduction 
 
Taking into account the dynamic development 

of the global economy and the influence of external 
factors, achieving sustainable growth is of particular 
importance for open economic systems. However, 
external factors such as fluctuations in the global 
market, trade restrictions and dependence on 
imports of investment goods significantly affect the 
economic stability of the country, creating 
additional risks to economic stability. These issues 
highlight the need to develop economic and 
mathematical models that can optimize resource 
allocation, taking into account external constraints 
and enabling the forecasting of economic dynamics 
to support long-term stability and growth.  

Another important challenge in this area is the 
difficulty of obtaining analytical solutions for 
optimal control problems in nonlinear economic 
systems. This stimulates the development of 
numerical methods, computational algorithms, and 
specialized software environments for solving such 
problems [1], [2]. A significant line of research 
therefore focuses on creating efficient 
computational procedures and decision-support 
tools for dynamic controlled systems. 

One of the key tools for analyzing economic 
dynamics is the Cobb-Douglas production function, 
which allows us to model the interaction of factors 
of production and assess their impact on economic 
growth. A wide range of economic–mathematical 
models describing the dynamics of economic 
systems based on the Cobb–Douglas production 
function has been presented in the literature. For 
example, the study published on [3] examines a 
balanced growth model of an open three-sector 
economy and analyzes the conditions for sustainable 
development [4] develop a three-factor model of 
enterprise dynamics with internal and external 
investments, described by a system of nonlinear 
differential equations. In [5], a two-sector economic 
growth model with time delays is investigated, and 
bifurcation effects are analyzed. 

In the modern literature, a variety of numerical 
approaches have been developed for solving 
constrained optimal control problems, including 
projection techniques and sequential convex 
programming methods [6]–[8]. These approaches 
are primarily aimed at computational efficiency and 
at the treatment of general dynamic systems. In 
contrast, the present study focuses on linking the 
control synthesis procedure with the structure of 
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1. Introduction 
 
Taking into account the dynamic development 

of the global economy and the influence of external 
factors, achieving sustainable growth is of particular 
importance for open economic systems. However, 
external factors such as fluctuations in the global 
market, trade restrictions and dependence on 
imports of investment goods significantly affect the 
economic stability of the country, creating 
additional risks to economic stability. These issues 
highlight the need to develop economic and 
mathematical models that can optimize resource 
allocation, taking into account external constraints 
and enabling the forecasting of economic dynamics 
to support long-term stability and growth.  

Another important challenge in this area is the 
difficulty of obtaining analytical solutions for 
optimal control problems in nonlinear economic 
systems. This stimulates the development of 
numerical methods, computational algorithms, and 
specialized software environments for solving such 
problems [1], [2]. A significant line of research 
therefore focuses on creating efficient 
computational procedures and decision-support 
tools for dynamic controlled systems. 

One of the key tools for analyzing economic 
dynamics is the Cobb-Douglas production function, 
which allows us to model the interaction of factors 
of production and assess their impact on economic 
growth. A wide range of economic–mathematical 
models describing the dynamics of economic 
systems based on the Cobb–Douglas production 
function has been presented in the literature. For 
example, the study published on [3] examines a 
balanced growth model of an open three-sector 
economy and analyzes the conditions for sustainable 
development [4] develop a three-factor model of 
enterprise dynamics with internal and external 
investments, described by a system of nonlinear 
differential equations. In [5], a two-sector economic 
growth model with time delays is investigated, and 
bifurcation effects are analyzed. 

In the modern literature, a variety of numerical 
approaches have been developed for solving 
constrained optimal control problems, including 
projection techniques and sequential convex 
programming methods [6]–[8]. These approaches 
are primarily aimed at computational efficiency and 
at the treatment of general dynamic systems. In 
contrast, the present study focuses on linking the 
control synthesis procedure with the structure of 

macroeconomic balance relations of an open 
economy.  

In contrast to previously studied closed-
economy models [9]–[13], the present work extends 
the optimal control framework to an open economic 
system with explicit consideration of foreign trade 
flows and industrial security constraints. The 
proposed approach links the control synthesis 
procedure with the structure of macroeconomic 
balance relations, enabling the computed control 
variables to be translated into investment, labor, and 
foreign trade proportions. 

 
2. Materials and Methods 
 
2.1. Mathematical Model of an Open Economic 

System  
Let us consider the mathematical model of an 

open economy and denote the subsystems of the 
model as follows: 𝑖𝑖𝑖𝑖 = 0 – production subsystem, 
𝑖𝑖𝑖𝑖 = 1 – investment subsystem, 𝑖𝑖𝑖𝑖 = 2 – consumer 
subsystem. According to this model, the output 
volume in each 𝑖𝑖𝑖𝑖 -th subsystem is determined by the 
Cobb–Douglas production function: 

 
𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖 = 𝐹𝐹𝐹𝐹𝑖𝑖𝑖𝑖(𝐾𝐾𝐾𝐾𝑖𝑖𝑖𝑖 , 𝐿𝐿𝐿𝐿𝑖𝑖𝑖𝑖) = 𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖𝐾𝐾𝐾𝐾𝑖𝑖𝑖𝑖

𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖𝐿𝐿𝐿𝐿𝑖𝑖𝑖𝑖
1−𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖 , 

 (𝑖𝑖𝑖𝑖 = 0,  1,  2) 
(1) 

 
where 𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖– output volume, 𝐾𝐾𝐾𝐾𝑖𝑖𝑖𝑖– volume of fixed 
productive assets, 𝐿𝐿𝐿𝐿𝑖𝑖𝑖𝑖– volume of labor resources, 𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖 
– coefficient of neutral technological progress, 𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖– 
capital elasticity coefficient, (1 − 𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖)–labor 
elasticity coefficient.  

Let us introduce the following notations: 
𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖 = 𝐿𝐿𝐿𝐿𝑖𝑖𝑖𝑖

𝐿𝐿𝐿𝐿
− shares in labor resource distribution 

across subsystems; 
𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖 = 𝐼𝐼𝐼𝐼𝑖𝑖𝑖𝑖

𝑋𝑋𝑋𝑋1
− shares in investment resource 

distribution across subsystems; 
𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖(𝑘𝑘𝑘𝑘𝑖𝑖𝑖𝑖) = 𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖

𝐿𝐿𝐿𝐿𝑖𝑖𝑖𝑖
− labor productivity in the 𝑖𝑖𝑖𝑖-th 

subsystem. 
𝑘𝑘𝑘𝑘𝑖𝑖𝑖𝑖 = 𝐾𝐾𝐾𝐾𝑖𝑖𝑖𝑖

𝐿𝐿𝐿𝐿𝑖𝑖𝑖𝑖
− capital-labor ratio of the subsystems; 

𝛿𝛿𝛿𝛿1 = 𝑌𝑌𝑌𝑌1
𝐿𝐿𝐿𝐿
− share of imported goods for 

investment; 
𝛿𝛿𝛿𝛿2 = 𝑌𝑌𝑌𝑌2

𝐿𝐿𝐿𝐿
 − share of imported goods for 

consumption; 
𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖 = 𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖(𝑘𝑘𝑘𝑘𝑖𝑖𝑖𝑖) − specific output of the 

subsystems. 

Then, the Equation (1) can be rewritten in the 
following form for the capital-labor ratio of the 
subsystems: 

 
𝑘̇𝑘𝑘𝑘𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) = −𝜌𝜌𝜌𝜌𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) + 

+�
𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡)
𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡)

� (𝑥𝑥𝑥𝑥1 + 𝛿𝛿𝛿𝛿1), 

 𝑘𝑘𝑘𝑘𝑖𝑖𝑖𝑖(0) = 𝑘𝑘𝑘𝑘𝑖𝑖𝑖𝑖0,  𝜌𝜌𝜌𝜌𝑖𝑖𝑖𝑖 > 0, 

(2) 

 
𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖 = 𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡)𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡)𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖 , 

 𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖 > 0,  0 < 𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖 < 1. 
(3) 

𝑖𝑖𝑖𝑖 = 0,  1,  2.  
 
with balance equations: 

Investment balance: 
 

𝑠𝑠𝑠𝑠0(𝑡𝑡𝑡𝑡) + 𝑠𝑠𝑠𝑠1(𝑡𝑡𝑡𝑡) + 𝑠𝑠𝑠𝑠2(𝑡𝑡𝑡𝑡) = 1, 
𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) > 0, 𝑖𝑖𝑖𝑖 = 0,  1,  2  (4) 

 
Labor balance: 
 

𝜃𝜃𝜃𝜃0(𝑡𝑡𝑡𝑡) + 𝜃𝜃𝜃𝜃1(𝑡𝑡𝑡𝑡) + 𝜃𝜃𝜃𝜃2(𝑡𝑡𝑡𝑡) = 1, 
 𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) > 0, 𝑖𝑖𝑖𝑖 = 0,  1,  2 (5) 

 
Material balance: 
 

(1 − 𝛽𝛽𝛽𝛽0)𝑥𝑥𝑥𝑥0 = 𝛽𝛽𝛽𝛽1𝑥𝑥𝑥𝑥1 + 𝛽𝛽𝛽𝛽2𝑥𝑥𝑥𝑥2 + 𝛿𝛿𝛿𝛿0, 
 0 < 𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖 < 1, 𝑖𝑖𝑖𝑖 = 0,  1,  2  (6) 

 
Foreign trade balance: 
 

𝜇𝜇𝜇𝜇0𝛿𝛿𝛿𝛿0 = 𝜇𝜇𝜇𝜇1𝛿𝛿𝛿𝛿1 + 𝜇𝜇𝜇𝜇2𝛿𝛿𝛿𝛿2 (7) 
 
Industrial security:  
 

𝛿𝛿𝛿𝛿1 ≤ 𝛾𝛾𝛾𝛾1𝑥𝑥𝑥𝑥1, 𝛿𝛿𝛿𝛿2 ≤ 𝛾𝛾𝛾𝛾2𝑥𝑥𝑥𝑥2  (8) 
 
Where 𝛾𝛾𝛾𝛾1 − import quota coefficient for 

investment goods, 𝛿𝛿𝛿𝛿0 − share of material exports, 
𝜇𝜇𝜇𝜇0 − world price of exported materials, 𝜇𝜇𝜇𝜇1, 𝜇𝜇𝜇𝜇2 − 
world prices of imported investment and consumer 
goods, 𝜌𝜌𝜌𝜌𝑖𝑖𝑖𝑖 − coefficient of capital-labor ratio 
reduction due to capital depreciation and 
employment growth, 𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖 − direct material costs per 
unit of output in the 𝑖𝑖𝑖𝑖-th subsystem. 

A numerical algorithm for finding the stable 
state of an open economic system, based on the 
Lagrange multipliers method and the golden section 
principle, was proposed in [14]. 
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2.2. Formulation of the Problem for Optimal 
Resource Allocation 

In this study, industrial security is interpreted as 
ensuring conditions that maintain equilibrium and 
stability within the system: 

 
𝛿𝛿𝛿𝛿1 = 𝛾𝛾𝛾𝛾1𝑥𝑥𝑥𝑥1, 𝛿𝛿𝛿𝛿2 = 𝛾𝛾𝛾𝛾2𝑥𝑥𝑥𝑥2. (9) 

 
Then, the equation for the foreign trade balance 

Equation (7) can be rewritten as follows: 
 

𝛿𝛿𝛿𝛿0 =
𝜇𝜇𝜇𝜇1
𝜇𝜇𝜇𝜇0
𝛾𝛾𝛾𝛾1𝑥𝑥𝑥𝑥1 +

𝜇𝜇𝜇𝜇2
𝜇𝜇𝜇𝜇0
𝛾𝛾𝛾𝛾2𝑥𝑥𝑥𝑥2. (10) 

 
The initial problem (2)–(8), consisting of six 

controls, can be transformed into a problem with 
three controls using the balance equations. To 
achieve this, we rewrite the deviations from the 
equilibrium state of the system of differential 
equations (2), introducing the following notations: 

 
𝑦𝑦𝑦𝑦0(𝑡𝑡𝑡𝑡) = 𝑘𝑘𝑘𝑘0(𝑡𝑡𝑡𝑡) − 𝑘𝑘𝑘𝑘0𝑠𝑠𝑠𝑠,𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) = 

= 𝑘𝑘𝑘𝑘1(𝑡𝑡𝑡𝑡) − 𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠, 𝑦𝑦𝑦𝑦2(𝑡𝑡𝑡𝑡) = 𝑘𝑘𝑘𝑘2(𝑡𝑡𝑡𝑡) − 𝑘𝑘𝑘𝑘2𝑠𝑠𝑠𝑠.  (11) 

 

𝑢𝑢𝑢𝑢0(𝑡𝑡𝑡𝑡) =
𝑠𝑠𝑠𝑠0(𝑡𝑡𝑡𝑡)𝜃𝜃𝜃𝜃1(𝑡𝑡𝑡𝑡)
𝜃𝜃𝜃𝜃0(𝑡𝑡𝑡𝑡)

−
𝑠𝑠𝑠𝑠0𝑠𝑠𝑠𝑠𝜃𝜃𝜃𝜃1𝑠𝑠𝑠𝑠

𝜃𝜃𝜃𝜃0𝑠𝑠𝑠𝑠
,  

 
𝑢𝑢𝑢𝑢1(𝑡𝑡𝑡𝑡) = 𝑠𝑠𝑠𝑠1(𝑡𝑡𝑡𝑡) − 𝑠𝑠𝑠𝑠1𝑠𝑠𝑠𝑠,𝑢𝑢𝑢𝑢2(𝑡𝑡𝑡𝑡) = 

=
𝑠𝑠𝑠𝑠2(𝑡𝑡𝑡𝑡)𝜃𝜃𝜃𝜃1(𝑡𝑡𝑡𝑡)
𝜃𝜃𝜃𝜃2(𝑡𝑡𝑡𝑡)

−
𝑠𝑠𝑠𝑠2𝑠𝑠𝑠𝑠𝜃𝜃𝜃𝜃1𝑠𝑠𝑠𝑠

𝜃𝜃𝜃𝜃2𝑠𝑠𝑠𝑠
. 

(12) 

 
As a result of the transformations performed, 

system (2) takes the following form: 
 

𝑦̇𝑦𝑦𝑦0(𝑡𝑡𝑡𝑡) = −𝜌𝜌𝜌𝜌0(𝑦𝑦𝑦𝑦0(𝑡𝑡𝑡𝑡) + 𝑘𝑘𝑘𝑘0𝑠𝑠𝑠𝑠) + 

+�𝑢𝑢𝑢𝑢0(𝑡𝑡𝑡𝑡) +
𝑠𝑠𝑠𝑠0(𝑡𝑡𝑡𝑡)𝜃𝜃𝜃𝜃1(𝑡𝑡𝑡𝑡)
𝜃𝜃𝜃𝜃0(𝑡𝑡𝑡𝑡)

� × 

(1 + 𝛾𝛾𝛾𝛾1)𝐴𝐴𝐴𝐴1(𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) + 𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠)𝛼𝛼𝛼𝛼1 ,  
𝑦𝑦𝑦𝑦0(𝑡𝑡𝑡𝑡0) = 𝑦𝑦𝑦𝑦00,𝑦𝑦𝑦𝑦0(𝑇𝑇𝑇𝑇) = 0, 

(13) 

 
𝑦𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) = −𝜌𝜌𝜌𝜌1(𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) + 𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠) + 

+(𝑢𝑢𝑢𝑢1(𝑡𝑡𝑡𝑡) + 𝑠𝑠𝑠𝑠1𝑠𝑠𝑠𝑠) × 
(1 + 𝛾𝛾𝛾𝛾1)𝐴𝐴𝐴𝐴1(𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) + 𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠)𝛼𝛼𝛼𝛼1 ,  

 𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡0) = 𝑦𝑦𝑦𝑦10,𝑦𝑦𝑦𝑦1(𝑇𝑇𝑇𝑇) = 0, 

(14) 

 
𝑦𝑦𝑦𝑦𝑦2(𝑡𝑡𝑡𝑡) = −𝜌𝜌𝜌𝜌2(𝑦𝑦𝑦𝑦2(𝑡𝑡𝑡𝑡) + 𝑘𝑘𝑘𝑘2𝑠𝑠𝑠𝑠) + 

+�𝑢𝑢𝑢𝑢2(𝑡𝑡𝑡𝑡) +
𝑠𝑠𝑠𝑠2(𝑡𝑡𝑡𝑡)𝜃𝜃𝜃𝜃1(𝑡𝑡𝑡𝑡)
𝜃𝜃𝜃𝜃2(𝑡𝑡𝑡𝑡)

� × 

(1 + 𝛾𝛾𝛾𝛾1)𝐴𝐴𝐴𝐴1(𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) + 𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠)𝛼𝛼𝛼𝛼1 ,  

(15) 

𝑦𝑦𝑦𝑦2(𝑡𝑡𝑡𝑡0) = 𝑦𝑦𝑦𝑦20,𝑦𝑦𝑦𝑦2(𝑇𝑇𝑇𝑇) = 0. 
In the system, let 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) = (𝑦𝑦𝑦𝑦0(𝑡𝑡𝑡𝑡), 𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡),  

𝑦𝑦𝑦𝑦2(𝑡𝑡𝑡𝑡))∗ – denote the state vector, and 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) =
(𝑢𝑢𝑢𝑢0(𝑡𝑡𝑡𝑡), 𝑢𝑢𝑢𝑢1(𝑡𝑡𝑡𝑡), 𝑢𝑢𝑢𝑢2(𝑡𝑡𝑡𝑡))∗ – denote the control vector.  

To obtain a numerical solution of the nonlinear 
system (13)–(15), we employ the iterative 
quasilinearization method proposed by Bellman and 
Kalaba. At each iteration, the right-hand side of the 
differential equations (13)–(15) is approximated by 
linear forms derived from a Taylor expansion in a 
neighborhood of the solution obtained at the 
previous iteration. 

As a result, after a sufficient number of 
iterations, a sequence of linear–quadratic (LQ) 
problems is generated, whose solutions approximate 
the optimal control of the original nonlinear 
problem. The iterative process is continued until the 
stopping condition ∥ 𝑢𝑢𝑢𝑢(𝑛𝑛𝑛𝑛) − 𝑢𝑢𝑢𝑢�𝑛𝑛𝑛𝑛−1� ∥≤ 𝜀𝜀𝜀𝜀 is 
satisfied, where 𝜀𝜀𝜀𝜀 is a prescribed tolerance. 

At the 𝑛𝑛𝑛𝑛-th iteration, the control 𝑢𝑢𝑢𝑢(𝑛𝑛𝑛𝑛)(𝑡𝑡𝑡𝑡) and the 
corresponding state trajectory 𝑦𝑦𝑦𝑦(𝑛𝑛𝑛𝑛)(𝑡𝑡𝑡𝑡) are 
determined as the solution of the LQ problem 
constructed in a neighborhood of the previous 
approximation �𝑦𝑦𝑦𝑦�𝑛𝑛𝑛𝑛−1�(𝑡𝑡𝑡𝑡),𝑢𝑢𝑢𝑢�𝑛𝑛𝑛𝑛−1�(𝑡𝑡𝑡𝑡)�[15]. 

Linearize the system of equations (13)–(15) and 
obtain the following system of differential 
equations:  

 
𝑦̇𝑦𝑦𝑦0(𝑡𝑡𝑡𝑡) = 

= (1 + 𝛾𝛾𝛾𝛾1)𝐴𝐴𝐴𝐴1
𝑠𝑠𝑠𝑠0(𝑡𝑡𝑡𝑡)𝜃𝜃𝜃𝜃1(𝑡𝑡𝑡𝑡)
𝜃𝜃𝜃𝜃0(𝑡𝑡𝑡𝑡)

𝛼𝛼𝛼𝛼1𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠
𝛼𝛼𝛼𝛼1−1𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) − 

−𝜌𝜌𝜌𝜌0𝑦𝑦𝑦𝑦0(𝑡𝑡𝑡𝑡) + (1 + 𝛾𝛾𝛾𝛾1)𝐴𝐴𝐴𝐴1𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠
𝛼𝛼𝛼𝛼1𝑢𝑢𝑢𝑢0(𝑡𝑡𝑡𝑡) + 

+𝑓𝑓𝑓𝑓(𝑦𝑦𝑦𝑦1,𝑢𝑢𝑢𝑢0), 𝑦𝑦𝑦𝑦0(𝑡𝑡𝑡𝑡0) = 𝑦𝑦𝑦𝑦00. 

(16) 

 
𝑦̇𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) − 

= �−𝜌𝜌𝜌𝜌1 + (1 + 𝛾𝛾𝛾𝛾1)𝐴𝐴𝐴𝐴1𝛼𝛼𝛼𝛼1𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠
𝛼𝛼𝛼𝛼1−1𝑠𝑠𝑠𝑠1𝑠𝑠𝑠𝑠�𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) + 

+(1 + 𝛾𝛾𝛾𝛾1)𝐴𝐴𝐴𝐴1𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠
𝛼𝛼𝛼𝛼1𝑢𝑢𝑢𝑢1(𝑡𝑡𝑡𝑡) + 

+𝑓𝑓𝑓𝑓(𝑦𝑦𝑦𝑦1,𝑢𝑢𝑢𝑢1),𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡0) = 𝑦𝑦𝑦𝑦10, 

(17) 

 
𝑦̇𝑦𝑦𝑦2(𝑡𝑡𝑡𝑡) = 

= (1 + 𝛾𝛾𝛾𝛾1)𝐴𝐴𝐴𝐴1
𝑠𝑠𝑠𝑠2(𝑡𝑡𝑡𝑡)𝜃𝜃𝜃𝜃1(𝑡𝑡𝑡𝑡)
𝜃𝜃𝜃𝜃2(𝑡𝑡𝑡𝑡)

𝛼𝛼𝛼𝛼1𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠
𝛼𝛼𝛼𝛼1−1𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) − 

−𝜌𝜌𝜌𝜌2𝑦𝑦𝑦𝑦2(𝑡𝑡𝑡𝑡) + (1 + 𝛾𝛾𝛾𝛾1)𝐴𝐴𝐴𝐴1𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠
𝛼𝛼𝛼𝛼1𝑢𝑢𝑢𝑢2(𝑡𝑡𝑡𝑡) + 

+𝑓𝑓𝑓𝑓(𝑦𝑦𝑦𝑦1,𝑢𝑢𝑢𝑢2), 𝑦𝑦𝑦𝑦2(𝑡𝑡𝑡𝑡0) = 𝑦𝑦𝑦𝑦20, 

(18) 

 
where the function 𝑓𝑓𝑓𝑓(𝑦𝑦𝑦𝑦1,𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖), 𝑖𝑖𝑖𝑖 = 0, 1, 2, is defined 
as follows: 
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2.2. Formulation of the Problem for Optimal 
Resource Allocation 

In this study, industrial security is interpreted as 
ensuring conditions that maintain equilibrium and 
stability within the system: 

 
𝛿𝛿𝛿𝛿1 = 𝛾𝛾𝛾𝛾1𝑥𝑥𝑥𝑥1, 𝛿𝛿𝛿𝛿2 = 𝛾𝛾𝛾𝛾2𝑥𝑥𝑥𝑥2. (9) 

 
Then, the equation for the foreign trade balance 

Equation (7) can be rewritten as follows: 
 

𝛿𝛿𝛿𝛿0 =
𝜇𝜇𝜇𝜇1
𝜇𝜇𝜇𝜇0
𝛾𝛾𝛾𝛾1𝑥𝑥𝑥𝑥1 +

𝜇𝜇𝜇𝜇2
𝜇𝜇𝜇𝜇0
𝛾𝛾𝛾𝛾2𝑥𝑥𝑥𝑥2. (10) 

 
The initial problem (2)–(8), consisting of six 

controls, can be transformed into a problem with 
three controls using the balance equations. To 
achieve this, we rewrite the deviations from the 
equilibrium state of the system of differential 
equations (2), introducing the following notations: 

 
𝑦𝑦𝑦𝑦0(𝑡𝑡𝑡𝑡) = 𝑘𝑘𝑘𝑘0(𝑡𝑡𝑡𝑡) − 𝑘𝑘𝑘𝑘0𝑠𝑠𝑠𝑠,𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) = 

= 𝑘𝑘𝑘𝑘1(𝑡𝑡𝑡𝑡) − 𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠, 𝑦𝑦𝑦𝑦2(𝑡𝑡𝑡𝑡) = 𝑘𝑘𝑘𝑘2(𝑡𝑡𝑡𝑡) − 𝑘𝑘𝑘𝑘2𝑠𝑠𝑠𝑠.  (11) 

 

𝑢𝑢𝑢𝑢0(𝑡𝑡𝑡𝑡) =
𝑠𝑠𝑠𝑠0(𝑡𝑡𝑡𝑡)𝜃𝜃𝜃𝜃1(𝑡𝑡𝑡𝑡)
𝜃𝜃𝜃𝜃0(𝑡𝑡𝑡𝑡)

−
𝑠𝑠𝑠𝑠0𝑠𝑠𝑠𝑠𝜃𝜃𝜃𝜃1𝑠𝑠𝑠𝑠

𝜃𝜃𝜃𝜃0𝑠𝑠𝑠𝑠
,  

 
𝑢𝑢𝑢𝑢1(𝑡𝑡𝑡𝑡) = 𝑠𝑠𝑠𝑠1(𝑡𝑡𝑡𝑡) − 𝑠𝑠𝑠𝑠1𝑠𝑠𝑠𝑠,𝑢𝑢𝑢𝑢2(𝑡𝑡𝑡𝑡) = 

=
𝑠𝑠𝑠𝑠2(𝑡𝑡𝑡𝑡)𝜃𝜃𝜃𝜃1(𝑡𝑡𝑡𝑡)
𝜃𝜃𝜃𝜃2(𝑡𝑡𝑡𝑡)

−
𝑠𝑠𝑠𝑠2𝑠𝑠𝑠𝑠𝜃𝜃𝜃𝜃1𝑠𝑠𝑠𝑠

𝜃𝜃𝜃𝜃2𝑠𝑠𝑠𝑠
. 

(12) 

 
As a result of the transformations performed, 

system (2) takes the following form: 
 

𝑦̇𝑦𝑦𝑦0(𝑡𝑡𝑡𝑡) = −𝜌𝜌𝜌𝜌0(𝑦𝑦𝑦𝑦0(𝑡𝑡𝑡𝑡) + 𝑘𝑘𝑘𝑘0𝑠𝑠𝑠𝑠) + 

+�𝑢𝑢𝑢𝑢0(𝑡𝑡𝑡𝑡) +
𝑠𝑠𝑠𝑠0(𝑡𝑡𝑡𝑡)𝜃𝜃𝜃𝜃1(𝑡𝑡𝑡𝑡)
𝜃𝜃𝜃𝜃0(𝑡𝑡𝑡𝑡)

� × 

(1 + 𝛾𝛾𝛾𝛾1)𝐴𝐴𝐴𝐴1(𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) + 𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠)𝛼𝛼𝛼𝛼1 ,  
𝑦𝑦𝑦𝑦0(𝑡𝑡𝑡𝑡0) = 𝑦𝑦𝑦𝑦00,𝑦𝑦𝑦𝑦0(𝑇𝑇𝑇𝑇) = 0, 

(13) 

 
𝑦𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) = −𝜌𝜌𝜌𝜌1(𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) + 𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠) + 

+(𝑢𝑢𝑢𝑢1(𝑡𝑡𝑡𝑡) + 𝑠𝑠𝑠𝑠1𝑠𝑠𝑠𝑠) × 
(1 + 𝛾𝛾𝛾𝛾1)𝐴𝐴𝐴𝐴1(𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) + 𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠)𝛼𝛼𝛼𝛼1 ,  

 𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡0) = 𝑦𝑦𝑦𝑦10,𝑦𝑦𝑦𝑦1(𝑇𝑇𝑇𝑇) = 0, 

(14) 

 
𝑦𝑦𝑦𝑦𝑦2(𝑡𝑡𝑡𝑡) = −𝜌𝜌𝜌𝜌2(𝑦𝑦𝑦𝑦2(𝑡𝑡𝑡𝑡) + 𝑘𝑘𝑘𝑘2𝑠𝑠𝑠𝑠) + 

+�𝑢𝑢𝑢𝑢2(𝑡𝑡𝑡𝑡) +
𝑠𝑠𝑠𝑠2(𝑡𝑡𝑡𝑡)𝜃𝜃𝜃𝜃1(𝑡𝑡𝑡𝑡)
𝜃𝜃𝜃𝜃2(𝑡𝑡𝑡𝑡)

� × 

(1 + 𝛾𝛾𝛾𝛾1)𝐴𝐴𝐴𝐴1(𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) + 𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠)𝛼𝛼𝛼𝛼1 ,  

(15) 

𝑦𝑦𝑦𝑦2(𝑡𝑡𝑡𝑡0) = 𝑦𝑦𝑦𝑦20,𝑦𝑦𝑦𝑦2(𝑇𝑇𝑇𝑇) = 0. 
In the system, let 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) = (𝑦𝑦𝑦𝑦0(𝑡𝑡𝑡𝑡), 𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡),  

𝑦𝑦𝑦𝑦2(𝑡𝑡𝑡𝑡))∗ – denote the state vector, and 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) =
(𝑢𝑢𝑢𝑢0(𝑡𝑡𝑡𝑡), 𝑢𝑢𝑢𝑢1(𝑡𝑡𝑡𝑡), 𝑢𝑢𝑢𝑢2(𝑡𝑡𝑡𝑡))∗ – denote the control vector.  

To obtain a numerical solution of the nonlinear 
system (13)–(15), we employ the iterative 
quasilinearization method proposed by Bellman and 
Kalaba. At each iteration, the right-hand side of the 
differential equations (13)–(15) is approximated by 
linear forms derived from a Taylor expansion in a 
neighborhood of the solution obtained at the 
previous iteration. 

As a result, after a sufficient number of 
iterations, a sequence of linear–quadratic (LQ) 
problems is generated, whose solutions approximate 
the optimal control of the original nonlinear 
problem. The iterative process is continued until the 
stopping condition ∥ 𝑢𝑢𝑢𝑢(𝑛𝑛𝑛𝑛) − 𝑢𝑢𝑢𝑢�𝑛𝑛𝑛𝑛−1� ∥≤ 𝜀𝜀𝜀𝜀 is 
satisfied, where 𝜀𝜀𝜀𝜀 is a prescribed tolerance. 

At the 𝑛𝑛𝑛𝑛-th iteration, the control 𝑢𝑢𝑢𝑢(𝑛𝑛𝑛𝑛)(𝑡𝑡𝑡𝑡) and the 
corresponding state trajectory 𝑦𝑦𝑦𝑦(𝑛𝑛𝑛𝑛)(𝑡𝑡𝑡𝑡) are 
determined as the solution of the LQ problem 
constructed in a neighborhood of the previous 
approximation �𝑦𝑦𝑦𝑦�𝑛𝑛𝑛𝑛−1�(𝑡𝑡𝑡𝑡),𝑢𝑢𝑢𝑢�𝑛𝑛𝑛𝑛−1�(𝑡𝑡𝑡𝑡)�[15]. 

Linearize the system of equations (13)–(15) and 
obtain the following system of differential 
equations:  

 
𝑦̇𝑦𝑦𝑦0(𝑡𝑡𝑡𝑡) = 

= (1 + 𝛾𝛾𝛾𝛾1)𝐴𝐴𝐴𝐴1
𝑠𝑠𝑠𝑠0(𝑡𝑡𝑡𝑡)𝜃𝜃𝜃𝜃1(𝑡𝑡𝑡𝑡)
𝜃𝜃𝜃𝜃0(𝑡𝑡𝑡𝑡)

𝛼𝛼𝛼𝛼1𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠
𝛼𝛼𝛼𝛼1−1𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) − 

−𝜌𝜌𝜌𝜌0𝑦𝑦𝑦𝑦0(𝑡𝑡𝑡𝑡) + (1 + 𝛾𝛾𝛾𝛾1)𝐴𝐴𝐴𝐴1𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠
𝛼𝛼𝛼𝛼1𝑢𝑢𝑢𝑢0(𝑡𝑡𝑡𝑡) + 

+𝑓𝑓𝑓𝑓(𝑦𝑦𝑦𝑦1,𝑢𝑢𝑢𝑢0), 𝑦𝑦𝑦𝑦0(𝑡𝑡𝑡𝑡0) = 𝑦𝑦𝑦𝑦00. 

(16) 

 
𝑦̇𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) − 

= �−𝜌𝜌𝜌𝜌1 + (1 + 𝛾𝛾𝛾𝛾1)𝐴𝐴𝐴𝐴1𝛼𝛼𝛼𝛼1𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠
𝛼𝛼𝛼𝛼1−1𝑠𝑠𝑠𝑠1𝑠𝑠𝑠𝑠�𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) + 

+(1 + 𝛾𝛾𝛾𝛾1)𝐴𝐴𝐴𝐴1𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠
𝛼𝛼𝛼𝛼1𝑢𝑢𝑢𝑢1(𝑡𝑡𝑡𝑡) + 

+𝑓𝑓𝑓𝑓(𝑦𝑦𝑦𝑦1,𝑢𝑢𝑢𝑢1),𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡0) = 𝑦𝑦𝑦𝑦10, 

(17) 

 
𝑦̇𝑦𝑦𝑦2(𝑡𝑡𝑡𝑡) = 

= (1 + 𝛾𝛾𝛾𝛾1)𝐴𝐴𝐴𝐴1
𝑠𝑠𝑠𝑠2(𝑡𝑡𝑡𝑡)𝜃𝜃𝜃𝜃1(𝑡𝑡𝑡𝑡)
𝜃𝜃𝜃𝜃2(𝑡𝑡𝑡𝑡)

𝛼𝛼𝛼𝛼1𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠
𝛼𝛼𝛼𝛼1−1𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) − 

−𝜌𝜌𝜌𝜌2𝑦𝑦𝑦𝑦2(𝑡𝑡𝑡𝑡) + (1 + 𝛾𝛾𝛾𝛾1)𝐴𝐴𝐴𝐴1𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠
𝛼𝛼𝛼𝛼1𝑢𝑢𝑢𝑢2(𝑡𝑡𝑡𝑡) + 

+𝑓𝑓𝑓𝑓(𝑦𝑦𝑦𝑦1,𝑢𝑢𝑢𝑢2), 𝑦𝑦𝑦𝑦2(𝑡𝑡𝑡𝑡0) = 𝑦𝑦𝑦𝑦20, 

(18) 

 
where the function 𝑓𝑓𝑓𝑓(𝑦𝑦𝑦𝑦1,𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖), 𝑖𝑖𝑖𝑖 = 0, 1, 2, is defined 
as follows: 

 

 

𝑓𝑓𝑓𝑓(𝑦𝑦𝑦𝑦1,𝑢𝑢𝑢𝑢0) = 

= (1 + 𝛾𝛾𝛾𝛾1)𝐴𝐴𝐴𝐴1 �𝑢𝑢𝑢𝑢0(𝑡𝑡𝑡𝑡)�(𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) + +𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠)𝛼𝛼𝛼𝛼1 − 𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠
𝛼𝛼𝛼𝛼1� +

𝑠𝑠𝑠𝑠0𝑠𝑠𝑠𝑠𝜃𝜃𝜃𝜃1𝑠𝑠𝑠𝑠

𝜃𝜃𝜃𝜃0𝑠𝑠𝑠𝑠
�(𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) + 𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠)𝛼𝛼𝛼𝛼1 − 𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠

𝛼𝛼𝛼𝛼1 − 𝛼𝛼𝛼𝛼1𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠
𝛼𝛼𝛼𝛼1−1𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡)��, 

𝑓𝑓𝑓𝑓(𝑦𝑦𝑦𝑦1,𝑢𝑢𝑢𝑢1) = (1 + 𝛾𝛾𝛾𝛾1)𝐴𝐴𝐴𝐴1�𝑢𝑢𝑢𝑢1(𝑡𝑡𝑡𝑡)�(𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) + 𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠)𝛼𝛼𝛼𝛼1 − 𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠
𝛼𝛼𝛼𝛼1� + 𝑠𝑠𝑠𝑠1𝑠𝑠𝑠𝑠�(𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) + 𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠)𝛼𝛼𝛼𝛼1 − 𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠

𝛼𝛼𝛼𝛼1 − 𝛼𝛼𝛼𝛼1𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠
𝛼𝛼𝛼𝛼1−1𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡)��, 

𝑓𝑓𝑓𝑓(𝑦𝑦𝑦𝑦1,𝑢𝑢𝑢𝑢2) == 

(1 + 𝛾𝛾𝛾𝛾1)𝐴𝐴𝐴𝐴1 �𝑢𝑢𝑢𝑢2(𝑡𝑡𝑡𝑡)�(𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) + 𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠)𝛼𝛼𝛼𝛼1 − 𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠
𝛼𝛼𝛼𝛼1� +

𝑠𝑠𝑠𝑠2𝑠𝑠𝑠𝑠𝜃𝜃𝜃𝜃1𝑠𝑠𝑠𝑠

𝜃𝜃𝜃𝜃2𝑠𝑠𝑠𝑠
�(𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) + 𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠)𝛼𝛼𝛼𝛼1 − 𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠

𝛼𝛼𝛼𝛼1 − 𝛼𝛼𝛼𝛼1𝑘𝑘𝑘𝑘1𝑠𝑠𝑠𝑠
𝛼𝛼𝛼𝛼1−1𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡)��, 

 
When 𝑦𝑦𝑦𝑦1(𝑡𝑡𝑡𝑡) = 0 and 𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) = 0, the function 

𝑓𝑓𝑓𝑓(𝑦𝑦𝑦𝑦1,𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖), 𝑖𝑖𝑖𝑖 = 0, 1, 2, is equal to zero. 
Next, we rewrite the given system (16)–(18) in 

vector–matrix form and consider the optimal control 
problem for a class of nonlinear controlled systems 
defined as follows: 

 
𝑦̇𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) = 𝐴𝐴𝐴𝐴(𝑡𝑡𝑡𝑡)𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) + 𝐵𝐵𝐵𝐵(𝑡𝑡𝑡𝑡)𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) + 

+𝑓𝑓𝑓𝑓(𝑦𝑦𝑦𝑦,𝑢𝑢𝑢𝑢),  𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡0) = 𝑦𝑦𝑦𝑦0,𝑦𝑦𝑦𝑦(𝑇𝑇𝑇𝑇) = 0, (19) 

 
𝑢𝑢𝑢𝑢 𝑢 𝑢𝑢𝑢𝑢 = {𝑢𝑢𝑢𝑢𝑢𝑢|  𝜎𝜎𝜎𝜎1 ≤ 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) ≤ 𝜎𝜎𝜎𝜎2},  

𝜎𝜎𝜎𝜎1 < 0,𝜎𝜎𝜎𝜎2 > 0,𝜎𝜎𝜎𝜎1, 
𝜎𝜎𝜎𝜎2 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛, 𝑡𝑡𝑡𝑡 ∈ [𝑡𝑡𝑡𝑡0,𝑇𝑇𝑇𝑇].  

(20) 

 
Let 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) denote the (𝑛𝑛𝑛𝑛 × 1) state vector of the 

controlled object and 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) the (𝑚𝑚𝑚𝑚 × 1) control 
vector. Let 𝑓𝑓𝑓𝑓(𝑦𝑦𝑦𝑦,𝑢𝑢𝑢𝑢) be an (𝑛𝑛𝑛𝑛 × 1) vector of bounded 
continuous functions on the time interval 𝑡𝑡𝑡𝑡 𝑡 [𝑡𝑡𝑡𝑡0,𝑇𝑇𝑇𝑇]. 
𝜎𝜎𝜎𝜎1,𝜎𝜎𝜎𝜎2 are vectors of dimension (𝑚𝑚𝑚𝑚 × 1). The 
matrices 𝐴𝐴𝐴𝐴(𝑡𝑡𝑡𝑡),𝐵𝐵𝐵𝐵(𝑡𝑡𝑡𝑡) are given time-dependent 
matrices of dimensions (𝑛𝑛𝑛𝑛 × 𝑛𝑛𝑛𝑛) and (𝑛𝑛𝑛𝑛 × 𝑚𝑚𝑚𝑚), 
respectively. While 𝑡𝑡𝑡𝑡0 and 𝑇𝑇𝑇𝑇 are the prescribed 
initial and terminal times, respectively. It is assumed 
that system (19) is controllable at time 𝑡𝑡𝑡𝑡0. 

We define the control quality by the functional: 
 

𝐽𝐽𝐽𝐽(𝑦𝑦𝑦𝑦,𝑢𝑢𝑢𝑢) = 

=
1
2
� [𝑦𝑦𝑦𝑦∗(𝑡𝑡𝑡𝑡)𝑄𝑄𝑄𝑄(𝑡𝑡𝑡𝑡)𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) + 𝑢𝑢𝑢𝑢∗(𝑡𝑡𝑡𝑡)𝑅𝑅𝑅𝑅(𝑡𝑡𝑡𝑡)𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡)]𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
𝑇𝑇𝑇𝑇

𝑡𝑡𝑡𝑡0
 (21) 

 
where 𝑄𝑄𝑄𝑄(𝑡𝑡𝑡𝑡) positive definite symmetric matrix and 
matrix 𝑅𝑅𝑅𝑅(𝑡𝑡𝑡𝑡) is diagonal and positive-definite. 𝑄𝑄𝑄𝑄(𝑡𝑡𝑡𝑡) 
represents the “penalty” for deviations of the 
economic state from equilibrium, while 𝑅𝑅𝑅𝑅(𝑡𝑡𝑡𝑡) 

reflects the costs associated with resource 
reallocation. 

Problem Statement. It is required to construct 
a control 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) that transfers the economic system 
(19) from the initial state 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡0) = 𝑦𝑦𝑦𝑦0 to the desired 
final state 𝑦𝑦𝑦𝑦(𝑇𝑇𝑇𝑇) = 0. At the same time, the control 
must satisfy the bilateral constraints (20) and ensure 
the minimization of the performance functional 
(21). 

 
2.3. Solution to the Problem for Optimal 

Resource Allocation  
To solve the stated problem, a modified 

Lagrange multipliers method is applied. The main 
idea of this method is to transform the original 
constrained problem into an equivalent 
unconstrained problem, the solution of which 
automatically satisfies the initial constraints. 

For the implementation of the method, the 
system of differential equations (19) is multiplied by 
the following multiplier 𝜆𝜆𝜆𝜆0(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) and use to the 
functional the terms enforcing the constraints:  

 
𝜆𝜆𝜆𝜆1

∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)�𝜎𝜎𝜎𝜎1 − 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡)� + 

+𝜆𝜆𝜆𝜆2
∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)(𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) − 𝜎𝜎𝜎𝜎2) + 

+𝜆𝜆𝜆𝜆3
∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)(𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) −𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡,𝑇𝑇𝑇𝑇)−1𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡)), 

𝜆𝜆𝜆𝜆𝑖𝑖𝑖𝑖(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) ≥ 0, (𝑖𝑖𝑖𝑖 = 1, 2, 3). 

As a result, we obtain a modified functional that 
enables the problem to be studied in an 
unconstrained form while still enforcing the original 
constraints: 
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𝐿𝐿𝐿𝐿(𝑢𝑢𝑢𝑢,𝑦𝑦𝑦𝑦) = 

= � �
1
2
𝑦𝑦𝑦𝑦∗(𝑡𝑡𝑡𝑡)𝑄𝑄𝑄𝑄(𝑡𝑡𝑡𝑡)𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) +

1
2
𝑢𝑢𝑢𝑢∗(𝑡𝑡𝑡𝑡)𝑅𝑅𝑅𝑅(𝑡𝑡𝑡𝑡)𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) + 𝜆𝜆𝜆𝜆0

∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)�𝐴𝐴𝐴𝐴(𝑡𝑡𝑡𝑡)𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) + 𝐵𝐵𝐵𝐵(𝑡𝑡𝑡𝑡)𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) + 𝑓𝑓𝑓𝑓(𝑦𝑦𝑦𝑦,𝑢𝑢𝑢𝑢) − 𝑦̇𝑦𝑦𝑦(𝑡𝑡𝑡𝑡)�
𝑇𝑇𝑇𝑇

𝑡𝑡𝑡𝑡0
+ 𝜆𝜆𝜆𝜆1

∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)�𝜎𝜎𝜎𝜎1 − 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡)� + 𝜆𝜆𝜆𝜆2
∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)(𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) − 𝜎𝜎𝜎𝜎2)

+ 𝜆𝜆𝜆𝜆3
∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)(𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) −𝑊𝑊𝑊𝑊−1(𝑡𝑡𝑡𝑡,𝑇𝑇𝑇𝑇)𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡))� 𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 

(22) 

Let us consider the integrand of the functional (22) in the form of the following functions: 
 

𝑣𝑣𝑣𝑣(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) =
1
2
𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡)∗𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡)𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) + 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡)∗𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡),

𝜕𝜕𝜕𝜕𝑣𝑣𝑣𝑣
𝜕𝜕𝜕𝜕𝑦𝑦𝑦𝑦

= 𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡)𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) + 𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡), (23) 

 

𝑀𝑀𝑀𝑀(𝑢𝑢𝑢𝑢,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) =
1
2
𝑦𝑦𝑦𝑦∗(𝑡𝑡𝑡𝑡) �𝑄𝑄𝑄𝑄(𝑡𝑡𝑡𝑡) + 𝐾̇𝐾𝐾𝐾(𝑡𝑡𝑡𝑡)� 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) +

1
2
𝑢𝑢𝑢𝑢∗(𝑡𝑡𝑡𝑡)𝑅𝑅𝑅𝑅(𝑡𝑡𝑡𝑡)𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) + 

+(𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡)𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) + 𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡))∗(𝐴𝐴𝐴𝐴(𝑡𝑡𝑡𝑡)𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) + 𝐵𝐵𝐵𝐵(𝑡𝑡𝑡𝑡)𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) + 𝑓𝑓𝑓𝑓(𝑦𝑦𝑦𝑦,𝑢𝑢𝑢𝑢)) + 𝑦𝑦𝑦𝑦∗(𝑡𝑡𝑡𝑡)𝑞𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡) + 𝜆𝜆𝜆𝜆1
∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)(𝜎𝜎𝜎𝜎1 − 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡))

+ 𝜆𝜆𝜆𝜆2
∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)(𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) − 𝜎𝜎𝜎𝜎2) + 𝜆𝜆𝜆𝜆3

∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)(𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) −𝑊𝑊𝑊𝑊−1(𝑡𝑡𝑡𝑡,𝑇𝑇𝑇𝑇)𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡)) 

(24) 

 
 
Thus, the Lagrangian functional (22) can be 

written in the expanded form as follows: 
 
𝐿𝐿𝐿𝐿(𝑢𝑢𝑢𝑢,𝑦𝑦𝑦𝑦) = 𝑣𝑣𝑣𝑣(𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡0), 𝑡𝑡𝑡𝑡0) − 𝑣𝑣𝑣𝑣(𝑦𝑦𝑦𝑦(𝑇𝑇𝑇𝑇),𝑇𝑇𝑇𝑇) + 

+� 𝑀𝑀𝑀𝑀(𝑢𝑢𝑢𝑢, 𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)
𝑇𝑇𝑇𝑇

𝑡𝑡𝑡𝑡0
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡. (25) 

 
To solve the formulated problem, we first apply 

the first-order necessary condition for an extremum 
and derive the expression for the optimal control in 
the following form: 

 
𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) == 

−𝑅𝑅𝑅𝑅−1(𝑡𝑡𝑡𝑡)𝐵𝐵𝐵𝐵∗(𝑡𝑡𝑡𝑡)�𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡)𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) + 𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡)� + 
+𝑅𝑅𝑅𝑅−1(𝑡𝑡𝑡𝑡)(𝜆𝜆𝜆𝜆1

∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) − 𝜆𝜆𝜆𝜆2
∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)). 

(26) 

 
Here, 𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡) is an 𝑛𝑛𝑛𝑛 × 𝑛𝑛𝑛𝑛 matrix satisfying a matrix 

Riccati differential equation. The matrices 
𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡),𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡), and the vector 𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡) on the interval 𝑡𝑡𝑡𝑡 𝑡
[𝑡𝑡𝑡𝑡0,𝑇𝑇𝑇𝑇] satisfy the following system of differential 
equations: 

 
𝐾̇𝐾𝐾𝐾(𝑡𝑡𝑡𝑡) + 𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡)𝐴𝐴𝐴𝐴(𝑡𝑡𝑡𝑡) + 𝐴𝐴𝐴𝐴∗(𝑡𝑡𝑡𝑡)𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡) − 
−𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡)𝐵𝐵𝐵𝐵1(𝑡𝑡𝑡𝑡)𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡) + 𝑄𝑄𝑄𝑄(𝑡𝑡𝑡𝑡) = 

= 0,𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡0) = 𝐾𝐾𝐾𝐾0, 
(27) 

 
𝑊̇𝑊𝑊𝑊(𝑡𝑡𝑡𝑡,𝑇𝑇𝑇𝑇) = 𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡,𝑇𝑇𝑇𝑇)𝐴𝐴𝐴𝐴1∗(𝑡𝑡𝑡𝑡) + 

+𝐴𝐴𝐴𝐴1(𝑡𝑡𝑡𝑡)𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡,𝑇𝑇𝑇𝑇) − 𝐵𝐵𝐵𝐵1(𝑡𝑡𝑡𝑡),  𝑊𝑊𝑊𝑊(𝑇𝑇𝑇𝑇,𝑇𝑇𝑇𝑇) = 0, 
(28) 

 
𝑞̇𝑞𝑞𝑞(𝑡𝑡𝑡𝑡) = −𝐴𝐴𝐴𝐴1∗(𝑡𝑡𝑡𝑡)𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡) + 

+𝑊𝑊𝑊𝑊−1(𝑡𝑡𝑡𝑡,𝑇𝑇𝑇𝑇)𝐵𝐵𝐵𝐵(𝑡𝑡𝑡𝑡)𝜑𝜑𝜑𝜑(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) + 
+𝑊𝑊𝑊𝑊−1(𝑡𝑡𝑡𝑡,𝑇𝑇𝑇𝑇)𝑓𝑓𝑓𝑓(𝑦𝑦𝑦𝑦,𝜑𝜑𝜑𝜑), 

(29) 

𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡0) = 𝑊𝑊𝑊𝑊−1(𝑡𝑡𝑡𝑡0,𝑇𝑇𝑇𝑇)𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡0)  

where: 
 

𝐴𝐴𝐴𝐴1(𝑡𝑡𝑡𝑡) = 𝐴𝐴𝐴𝐴(𝑡𝑡𝑡𝑡) − 𝐵𝐵𝐵𝐵(𝑡𝑡𝑡𝑡)𝑅𝑅𝑅𝑅−1(𝑡𝑡𝑡𝑡)𝐵𝐵𝐵𝐵∗(𝑡𝑡𝑡𝑡)𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡), 

𝐵𝐵𝐵𝐵1(𝑡𝑡𝑡𝑡) = 𝐵𝐵𝐵𝐵(𝑡𝑡𝑡𝑡)𝑅𝑅𝑅𝑅−1(𝑡𝑡𝑡𝑡)𝐵𝐵𝐵𝐵∗(𝑡𝑡𝑡𝑡), 

𝜑𝜑𝜑𝜑(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) = 𝑅𝑅𝑅𝑅−1(𝑡𝑡𝑡𝑡)�𝜆𝜆𝜆𝜆1
∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) − 𝜆𝜆𝜆𝜆2

∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)�. 

 
The inverse of 𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡,𝑇𝑇𝑇𝑇) is required only for 𝑡𝑡𝑡𝑡 <

𝑇𝑇𝑇𝑇, whereas at the terminal time the boundary 
conditions are imposed directly and no inversion is 
performed. 

The solvability of the Riccati-type equations is 
considered under the standard assumptions of 
controllability and stabilizability of the pair 
(𝐴𝐴𝐴𝐴(𝑡𝑡𝑡𝑡),𝐵𝐵𝐵𝐵(𝑡𝑡𝑡𝑡)). The weighting matrices 𝑄𝑄𝑄𝑄(𝑡𝑡𝑡𝑡)and 𝑅𝑅𝑅𝑅(𝑡𝑡𝑡𝑡) 
are assumed to be symmetric and positive definite. 
Under these assumptions, the Riccati equation 
admits a bounded solution, and the resulting 
feedback control ensures convergence of the system 
to the desired terminal state. If these conditions are 
violated, numerical instability or loss of 
convergence may occur. 

For the multipliers 𝜆𝜆𝜆𝜆1(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) ≥ 0, 𝜆𝜆𝜆𝜆2(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) ≥ 0, 
which are nonnegative by definition, the 
complementarity condition holds, expressed as 
follows: 

 
𝜆𝜆𝜆𝜆1

∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)�𝜎𝜎𝜎𝜎1 − 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡)� = 

= 0, 𝜆𝜆𝜆𝜆2
∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)(𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) − 𝜎𝜎𝜎𝜎2) = 0. 

 
For this purpose, they are chosen as follows:  
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𝐿𝐿𝐿𝐿(𝑢𝑢𝑢𝑢,𝑦𝑦𝑦𝑦) = 

= � �
1
2
𝑦𝑦𝑦𝑦∗(𝑡𝑡𝑡𝑡)𝑄𝑄𝑄𝑄(𝑡𝑡𝑡𝑡)𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) +

1
2
𝑢𝑢𝑢𝑢∗(𝑡𝑡𝑡𝑡)𝑅𝑅𝑅𝑅(𝑡𝑡𝑡𝑡)𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) + 𝜆𝜆𝜆𝜆0

∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)�𝐴𝐴𝐴𝐴(𝑡𝑡𝑡𝑡)𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) + 𝐵𝐵𝐵𝐵(𝑡𝑡𝑡𝑡)𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) + 𝑓𝑓𝑓𝑓(𝑦𝑦𝑦𝑦,𝑢𝑢𝑢𝑢) − 𝑦̇𝑦𝑦𝑦(𝑡𝑡𝑡𝑡)�
𝑇𝑇𝑇𝑇

𝑡𝑡𝑡𝑡0
+ 𝜆𝜆𝜆𝜆1

∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)�𝜎𝜎𝜎𝜎1 − 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡)� + 𝜆𝜆𝜆𝜆2
∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)(𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) − 𝜎𝜎𝜎𝜎2)

+ 𝜆𝜆𝜆𝜆3
∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)(𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) −𝑊𝑊𝑊𝑊−1(𝑡𝑡𝑡𝑡,𝑇𝑇𝑇𝑇)𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡))� 𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 

(22) 

Let us consider the integrand of the functional (22) in the form of the following functions: 
 

𝑣𝑣𝑣𝑣(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) =
1
2
𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡)∗𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡)𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) + 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡)∗𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡),

𝜕𝜕𝜕𝜕𝑣𝑣𝑣𝑣
𝜕𝜕𝜕𝜕𝑦𝑦𝑦𝑦

= 𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡)𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) + 𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡), (23) 

 

𝑀𝑀𝑀𝑀(𝑢𝑢𝑢𝑢,𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) =
1
2
𝑦𝑦𝑦𝑦∗(𝑡𝑡𝑡𝑡) �𝑄𝑄𝑄𝑄(𝑡𝑡𝑡𝑡) + 𝐾̇𝐾𝐾𝐾(𝑡𝑡𝑡𝑡)� 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) +

1
2
𝑢𝑢𝑢𝑢∗(𝑡𝑡𝑡𝑡)𝑅𝑅𝑅𝑅(𝑡𝑡𝑡𝑡)𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) + 

+(𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡)𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) + 𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡))∗(𝐴𝐴𝐴𝐴(𝑡𝑡𝑡𝑡)𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) + 𝐵𝐵𝐵𝐵(𝑡𝑡𝑡𝑡)𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) + 𝑓𝑓𝑓𝑓(𝑦𝑦𝑦𝑦,𝑢𝑢𝑢𝑢)) + 𝑦𝑦𝑦𝑦∗(𝑡𝑡𝑡𝑡)𝑞𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡) + 𝜆𝜆𝜆𝜆1
∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)(𝜎𝜎𝜎𝜎1 − 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡))

+ 𝜆𝜆𝜆𝜆2
∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)(𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) − 𝜎𝜎𝜎𝜎2) + 𝜆𝜆𝜆𝜆3

∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)(𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) −𝑊𝑊𝑊𝑊−1(𝑡𝑡𝑡𝑡,𝑇𝑇𝑇𝑇)𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡)) 

(24) 

 
 
Thus, the Lagrangian functional (22) can be 

written in the expanded form as follows: 
 
𝐿𝐿𝐿𝐿(𝑢𝑢𝑢𝑢,𝑦𝑦𝑦𝑦) = 𝑣𝑣𝑣𝑣(𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡0), 𝑡𝑡𝑡𝑡0) − 𝑣𝑣𝑣𝑣(𝑦𝑦𝑦𝑦(𝑇𝑇𝑇𝑇),𝑇𝑇𝑇𝑇) + 

+� 𝑀𝑀𝑀𝑀(𝑢𝑢𝑢𝑢, 𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)
𝑇𝑇𝑇𝑇

𝑡𝑡𝑡𝑡0
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡. (25) 

 
To solve the formulated problem, we first apply 

the first-order necessary condition for an extremum 
and derive the expression for the optimal control in 
the following form: 

 
𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) == 

−𝑅𝑅𝑅𝑅−1(𝑡𝑡𝑡𝑡)𝐵𝐵𝐵𝐵∗(𝑡𝑡𝑡𝑡)�𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡)𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) + 𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡)� + 
+𝑅𝑅𝑅𝑅−1(𝑡𝑡𝑡𝑡)(𝜆𝜆𝜆𝜆1

∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) − 𝜆𝜆𝜆𝜆2
∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)). 

(26) 

 
Here, 𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡) is an 𝑛𝑛𝑛𝑛 × 𝑛𝑛𝑛𝑛 matrix satisfying a matrix 

Riccati differential equation. The matrices 
𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡),𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡), and the vector 𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡) on the interval 𝑡𝑡𝑡𝑡 𝑡
[𝑡𝑡𝑡𝑡0,𝑇𝑇𝑇𝑇] satisfy the following system of differential 
equations: 

 
𝐾̇𝐾𝐾𝐾(𝑡𝑡𝑡𝑡) + 𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡)𝐴𝐴𝐴𝐴(𝑡𝑡𝑡𝑡) + 𝐴𝐴𝐴𝐴∗(𝑡𝑡𝑡𝑡)𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡) − 
−𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡)𝐵𝐵𝐵𝐵1(𝑡𝑡𝑡𝑡)𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡) + 𝑄𝑄𝑄𝑄(𝑡𝑡𝑡𝑡) = 

= 0,𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡0) = 𝐾𝐾𝐾𝐾0, 
(27) 

 
𝑊̇𝑊𝑊𝑊(𝑡𝑡𝑡𝑡,𝑇𝑇𝑇𝑇) = 𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡,𝑇𝑇𝑇𝑇)𝐴𝐴𝐴𝐴1∗(𝑡𝑡𝑡𝑡) + 

+𝐴𝐴𝐴𝐴1(𝑡𝑡𝑡𝑡)𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡,𝑇𝑇𝑇𝑇) − 𝐵𝐵𝐵𝐵1(𝑡𝑡𝑡𝑡),  𝑊𝑊𝑊𝑊(𝑇𝑇𝑇𝑇,𝑇𝑇𝑇𝑇) = 0, 
(28) 

 
𝑞̇𝑞𝑞𝑞(𝑡𝑡𝑡𝑡) = −𝐴𝐴𝐴𝐴1∗(𝑡𝑡𝑡𝑡)𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡) + 

+𝑊𝑊𝑊𝑊−1(𝑡𝑡𝑡𝑡,𝑇𝑇𝑇𝑇)𝐵𝐵𝐵𝐵(𝑡𝑡𝑡𝑡)𝜑𝜑𝜑𝜑(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) + 
+𝑊𝑊𝑊𝑊−1(𝑡𝑡𝑡𝑡,𝑇𝑇𝑇𝑇)𝑓𝑓𝑓𝑓(𝑦𝑦𝑦𝑦,𝜑𝜑𝜑𝜑), 

(29) 

𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡0) = 𝑊𝑊𝑊𝑊−1(𝑡𝑡𝑡𝑡0,𝑇𝑇𝑇𝑇)𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡0)  

where: 
 

𝐴𝐴𝐴𝐴1(𝑡𝑡𝑡𝑡) = 𝐴𝐴𝐴𝐴(𝑡𝑡𝑡𝑡) − 𝐵𝐵𝐵𝐵(𝑡𝑡𝑡𝑡)𝑅𝑅𝑅𝑅−1(𝑡𝑡𝑡𝑡)𝐵𝐵𝐵𝐵∗(𝑡𝑡𝑡𝑡)𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡), 

𝐵𝐵𝐵𝐵1(𝑡𝑡𝑡𝑡) = 𝐵𝐵𝐵𝐵(𝑡𝑡𝑡𝑡)𝑅𝑅𝑅𝑅−1(𝑡𝑡𝑡𝑡)𝐵𝐵𝐵𝐵∗(𝑡𝑡𝑡𝑡), 

𝜑𝜑𝜑𝜑(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) = 𝑅𝑅𝑅𝑅−1(𝑡𝑡𝑡𝑡)�𝜆𝜆𝜆𝜆1
∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) − 𝜆𝜆𝜆𝜆2

∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)�. 

 
The inverse of 𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡,𝑇𝑇𝑇𝑇) is required only for 𝑡𝑡𝑡𝑡 <

𝑇𝑇𝑇𝑇, whereas at the terminal time the boundary 
conditions are imposed directly and no inversion is 
performed. 

The solvability of the Riccati-type equations is 
considered under the standard assumptions of 
controllability and stabilizability of the pair 
(𝐴𝐴𝐴𝐴(𝑡𝑡𝑡𝑡),𝐵𝐵𝐵𝐵(𝑡𝑡𝑡𝑡)). The weighting matrices 𝑄𝑄𝑄𝑄(𝑡𝑡𝑡𝑡)and 𝑅𝑅𝑅𝑅(𝑡𝑡𝑡𝑡) 
are assumed to be symmetric and positive definite. 
Under these assumptions, the Riccati equation 
admits a bounded solution, and the resulting 
feedback control ensures convergence of the system 
to the desired terminal state. If these conditions are 
violated, numerical instability or loss of 
convergence may occur. 

For the multipliers 𝜆𝜆𝜆𝜆1(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) ≥ 0, 𝜆𝜆𝜆𝜆2(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) ≥ 0, 
which are nonnegative by definition, the 
complementarity condition holds, expressed as 
follows: 

 
𝜆𝜆𝜆𝜆1

∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)�𝜎𝜎𝜎𝜎1 − 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡)� = 

= 0, 𝜆𝜆𝜆𝜆2
∗(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡)(𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) − 𝜎𝜎𝜎𝜎2) = 0. 

 
For this purpose, they are chosen as follows:  

𝜆𝜆𝜆𝜆1(𝑦𝑦𝑦𝑦,  𝑡𝑡𝑡𝑡) = 
= 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑥𝑥𝑥𝑥   {0; 𝜎𝜎𝜎𝜎1 − 𝜔𝜔𝜔𝜔(𝑦𝑦𝑦𝑦,  𝑡𝑡𝑡𝑡)} ≥ 0, 𝜆𝜆𝜆𝜆2(𝑦𝑦𝑦𝑦,  𝑡𝑡𝑡𝑡) 

= 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑥𝑥𝑥𝑥   {0;  𝜔𝜔𝜔𝜔(𝑦𝑦𝑦𝑦,  𝑡𝑡𝑡𝑡) − 𝜎𝜎𝜎𝜎2} ≥ 0, 
(30) 

𝜔𝜔𝜔𝜔(𝑦𝑦𝑦𝑦,  𝑡𝑡𝑡𝑡) = 
= −𝑅𝑅𝑅𝑅−1(𝑡𝑡𝑡𝑡)𝐵𝐵𝐵𝐵∗(𝑡𝑡𝑡𝑡)(𝐾𝐾𝐾𝐾(𝑡𝑡𝑡𝑡)𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) + 𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡)).  

 
Because the matrix 𝑅𝑅𝑅𝑅(𝑡𝑡𝑡𝑡) is diagonal, the 

minimization problem with respect to the control 
becomes separable by components.  

Hence, the complementarity-based construction 
of the multipliers leads to the componentwise 
projection of the nominal control 𝜔𝜔𝜔𝜔(𝑦𝑦𝑦𝑦,  𝑡𝑡𝑡𝑡) onto the 
admissible interval [𝛼𝛼𝛼𝛼,𝛽𝛽𝛽𝛽]. As a consequence, the 
control constraints are satisfied at every time instant. 

Suppose that solutions to equations (27) and (28) 
exist and that the conditions (30) are satisfied. Then, 
under the control law of the form (26), the dynamics 
of system (19) are described as follows: 

 
𝑦̇𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) = 𝐴𝐴𝐴𝐴1(𝑡𝑡𝑡𝑡)𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) − 𝐵𝐵𝐵𝐵1(𝑡𝑡𝑡𝑡)𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡) + 

+𝐵𝐵𝐵𝐵(𝑡𝑡𝑡𝑡)𝜑𝜑𝜑𝜑(𝑦𝑦𝑦𝑦, 𝑡𝑡𝑡𝑡) + 𝑓𝑓𝑓𝑓(𝑦𝑦𝑦𝑦,𝜑𝜑𝜑𝜑, 𝑡𝑡𝑡𝑡),𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡0) = 𝑦𝑦𝑦𝑦0. (31) 

 
Thus, the use of solutions of differential 

equations (31) and (29) shows that the dynamics of 

system (31), corresponding to control law (26), at 
the final moment of time reaches the state  
𝑦𝑦𝑦𝑦(𝑇𝑇𝑇𝑇) = 0. 

To verify compliance with the balance 
constraints, the following expressions are computed. 
Since 𝑠𝑠𝑠𝑠1(𝑡𝑡𝑡𝑡) = 𝑢𝑢𝑢𝑢1(𝑡𝑡𝑡𝑡) + 𝑠𝑠𝑠𝑠1𝑠𝑠𝑠𝑠, the remaining portion of 
investment resources allocated to the production and 
consumer subsystems is equal to 1 − 𝑠𝑠𝑠𝑠1(𝑡𝑡𝑡𝑡). Let 𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) 
denote the share of the consumer subsystem in this 
remainder of investment resources. Then, in order to 
ensure the fulfillment of the investment balance 
condition (4), the following allocation rule is 
applied: 

 
𝑠𝑠𝑠𝑠1(𝑡𝑡𝑡𝑡) = 𝑢𝑢𝑢𝑢1(𝑡𝑡𝑡𝑡) + 𝑠𝑠𝑠𝑠1𝑠𝑠𝑠𝑠, 

 𝑠𝑠𝑠𝑠0(𝑡𝑡𝑡𝑡) = 𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡)�1 − 𝑠𝑠𝑠𝑠1(𝑡𝑡𝑡𝑡)�, 
 𝑠𝑠𝑠𝑠2(𝑡𝑡𝑡𝑡) = �1 − 𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡)��1 − 𝑠𝑠𝑠𝑠1(𝑡𝑡𝑡𝑡)�. 

(32) 

 
To ensure the fulfillment of the labor balance 

condition (5), using the notations introduced in (12) 
we obtain the expressions for 𝜃𝜃𝜃𝜃0(𝑡𝑡𝑡𝑡) and 𝜃𝜃𝜃𝜃2(𝑡𝑡𝑡𝑡), while 
the expression for 𝜃𝜃𝜃𝜃1(𝑡𝑡𝑡𝑡) is derived from (5) in the 
following form: 

 

𝜃𝜃𝜃𝜃1(𝑡𝑡𝑡𝑡) =
1

1 + 𝑠𝑠𝑠𝑠0(𝑡𝑡𝑡𝑡)
𝑢𝑢𝑢𝑢0(𝑡𝑡𝑡𝑡) + (𝑠𝑠𝑠𝑠0𝑠𝑠𝑠𝑠𝜃𝜃𝜃𝜃1𝑠𝑠𝑠𝑠/𝜃𝜃𝜃𝜃0𝑠𝑠𝑠𝑠) + 𝑠𝑠𝑠𝑠2(𝑡𝑡𝑡𝑡)

𝑢𝑢𝑢𝑢2(𝑡𝑡𝑡𝑡) + (𝑠𝑠𝑠𝑠2𝑠𝑠𝑠𝑠𝜃𝜃𝜃𝜃1𝑠𝑠𝑠𝑠/𝜃𝜃𝜃𝜃2𝑠𝑠𝑠𝑠)

,  

 

𝜃𝜃𝜃𝜃0(𝑡𝑡𝑡𝑡) =
𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡)(1 − 𝑠𝑠𝑠𝑠1(𝑡𝑡𝑡𝑡))𝜃𝜃𝜃𝜃1(𝑡𝑡𝑡𝑡)
𝑢𝑢𝑢𝑢0(𝑡𝑡𝑡𝑡) + (𝑠𝑠𝑠𝑠0𝑠𝑠𝑠𝑠𝜃𝜃𝜃𝜃1𝑠𝑠𝑠𝑠/𝜃𝜃𝜃𝜃0𝑠𝑠𝑠𝑠) , (33) 

 

𝜃𝜃𝜃𝜃2(𝑡𝑡𝑡𝑡) =
�1 − 𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡)��1 − 𝑠𝑠𝑠𝑠1(𝑡𝑡𝑡𝑡)�𝜃𝜃𝜃𝜃1(𝑡𝑡𝑡𝑡)

𝑢𝑢𝑢𝑢2(𝑡𝑡𝑡𝑡) + �𝑠𝑠𝑠𝑠2
𝑠𝑠𝑠𝑠𝜃𝜃𝜃𝜃1𝑠𝑠𝑠𝑠
𝜃𝜃𝜃𝜃2𝑠𝑠𝑠𝑠

�
.  

Next, taking into account equation (10) and the 
obtained values of 𝜃𝜃𝜃𝜃0(𝑡𝑡𝑡𝑡) and 𝜃𝜃𝜃𝜃2(𝑡𝑡𝑡𝑡) from equation 

(33), the material balance equation (6) yields the 
following expression for 𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡):

 
 

𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) =

�𝛽𝛽𝛽𝛽1 + 𝜇𝜇𝜇𝜇1
𝜇𝜇𝜇𝜇0
𝛾𝛾𝛾𝛾1� 𝐴𝐴𝐴𝐴1𝑘𝑘𝑘𝑘1(𝑡𝑡𝑡𝑡)𝛼𝛼𝛼𝛼1 + �𝛽𝛽𝛽𝛽2 + 𝜇𝜇𝜇𝜇2

𝜇𝜇𝜇𝜇0
𝛾𝛾𝛾𝛾2�𝐴𝐴𝐴𝐴2𝑘𝑘𝑘𝑘2(𝑡𝑡𝑡𝑡)𝛼𝛼𝛼𝛼2 1 − 𝑢𝑢𝑢𝑢1(𝑡𝑡𝑡𝑡) − 𝑠𝑠𝑠𝑠1𝑠𝑠𝑠𝑠

𝑢𝑢𝑢𝑢2(𝑡𝑡𝑡𝑡) + �𝑠𝑠𝑠𝑠1
𝑠𝑠𝑠𝑠𝜃𝜃𝜃𝜃1𝑠𝑠𝑠𝑠
𝜃𝜃𝜃𝜃2𝑠𝑠𝑠𝑠

�

(1 − 𝛽𝛽𝛽𝛽0)𝐴𝐴𝐴𝐴0�𝑘𝑘𝑘𝑘0(𝑡𝑡𝑡𝑡)�𝛼𝛼𝛼𝛼0 1 − 𝑢𝑢𝑢𝑢1(𝑡𝑡𝑡𝑡) − 𝑠𝑠𝑠𝑠1𝑠𝑠𝑠𝑠

𝑢𝑢𝑢𝑢0(𝑡𝑡𝑡𝑡) + �𝑠𝑠𝑠𝑠0
𝑠𝑠𝑠𝑠𝜃𝜃𝜃𝜃1𝑠𝑠𝑠𝑠
𝜃𝜃𝜃𝜃0𝑠𝑠𝑠𝑠

�
+ �𝛽𝛽𝛽𝛽2 + 𝜇𝜇𝜇𝜇2

𝜇𝜇𝜇𝜇0
𝛾𝛾𝛾𝛾2� 𝐴𝐴𝐴𝐴2�𝑘𝑘𝑘𝑘2(𝑡𝑡𝑡𝑡)�𝛼𝛼𝛼𝛼2 1 − 𝑢𝑢𝑢𝑢1(𝑡𝑡𝑡𝑡) − 𝑠𝑠𝑠𝑠1𝑠𝑠𝑠𝑠

𝑢𝑢𝑢𝑢2(𝑡𝑡𝑡𝑡) + �𝑠𝑠𝑠𝑠2
𝑠𝑠𝑠𝑠𝜃𝜃𝜃𝜃1𝑠𝑠𝑠𝑠
𝜃𝜃𝜃𝜃2𝑠𝑠𝑠𝑠

�

. (34) 
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Algorithmic approach to optimal resource control in an open economy model

Algorithm 1: Algorithm for Solving the Problem of Optimal Resource Allocation 
1: 
 
2: 
 
3: 
 
 
4: 

Using the Runge–Kutta method on the interval 𝑡𝑡𝑡𝑡 ∈ [𝑡𝑡𝑡𝑡0,𝑇𝑇𝑇𝑇] integrate the systems of differential equations (27) and (28) 
subject to the boundary conditions.  
For the given initial state 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡0) = 𝑦𝑦𝑦𝑦0 we determine the vector 𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡0) according to the relation: 𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡0) = 𝑊𝑊𝑊𝑊−1(𝑡𝑡𝑡𝑡0,𝑇𝑇𝑇𝑇)𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡0). 
We integrate the system of equations (31) and (29) over the interval [𝑡𝑡𝑡𝑡0,𝑇𝑇𝑇𝑇] using the Runge–Kutta method under the 
initial conditions 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡0) = 𝑦𝑦𝑦𝑦0, 𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡0) = 𝑞𝑞𝑞𝑞0. During the integration process, the trajectory 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) and the control u(𝑡𝑡𝑡𝑡) are 
constructed. 
Using the values of the effective trajectory 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) and the effective control u(𝑡𝑡𝑡𝑡), obtained during the integration process, 
we compute the following expressions: 
To verify the fulfillment of the material balance (6), expression (34) is evaluated. 
To verify the fulfillment of the investment balance (4), expression (32) is evaluated. 
To verify the fulfillment of the labor balance (5), expression (33) is evaluated. 
 
 
If, in the course of computations, the initial and 

terminal conditions of the problem are modified and 
new numerical experiments are required, the 
calculations should be repeated starting from the 
second and third steps of the algorithm. 

 
3. Results 
 
To obtain a numerical solution to the formulated 

optimal control problem, a series of computational 
experiments was carried out. When constructing the 
plots of the effective trajectory 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) and the optimal 
control 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡), the model parameter values were taken 
according to the data presented in Tables 1 and 2. 

 
Table 1. Model coefficients 
 

i 0 1 2 
𝜶𝜶𝜶𝜶𝒊𝒊𝒊𝒊 0,7 0,62 0,45 
𝜷𝜷𝜷𝜷𝒊𝒊𝒊𝒊 0,39 0,49 0,52 
𝝀𝝀𝝀𝝀𝒊𝒊𝒊𝒊 0,05 0,05 0,05 
𝑨𝑨𝑨𝑨𝒊𝒊𝒊𝒊 3,19 6 3,71 

 
The values of the coefficients 𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖 ,𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖 ,𝜌𝜌𝜌𝜌𝑖𝑖𝑖𝑖  and 𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖 

are chosen within the permissible intervals 
corresponding to the logic of the model. The 
parameters are not based on specific empirical 
measurements but serve for the numerical analysis 
of the system behavior under various configurations 
[14]. 

In the numerical experiment, the planning 
horizon was set to 𝑇𝑇𝑇𝑇 = 12. The initial state of the 

system and the control constraints were specified as 
follows:  

 
𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡0) = (4000,−5500, 4500)∗, (35) 

 
Table 2. Stationary state of an open economic system 
 

i 0 1 2 
𝜽𝜽𝜽𝜽𝒊𝒊𝒊𝒊 0.233 0.270 0.296 

𝒔𝒔𝒔𝒔𝒊𝒊𝒊𝒊 0.391 0.316 0.292 

𝒌𝒌𝒌𝒌𝒊𝒊𝒊𝒊 59433.45 41525.48 20840.3 

𝒙𝒙𝒙𝒙𝒊𝒊𝒊𝒊 1638.1 1181.31 161.75 
𝒚𝒚𝒚𝒚𝒊𝒊𝒊𝒊 335.77 590.66 80.88 

 
To avoid possible singularities in the 

expressions for 𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) and 𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡), the admissible 
control set is implemented numerically using a 
projection procedure. 

 
0.1 − 𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠 ≤ 𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) ≤ 0.9 − 𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠. (36) 

 
−0.3531 ≤ 𝑢𝑢𝑢𝑢0 ≤ 0.4469,−0.216 ≤ 𝑢𝑢𝑢𝑢1

≤ 0.584,−0.108 ≤ 𝑢𝑢𝑢𝑢2
≤ 0.741. 

(37) 

 
The computed values of the deviations of the 

system state at the final time are as follows  
(Figure 1): 

 
𝑦𝑦𝑦𝑦0(𝑇𝑇𝑇𝑇) = 5.0475 ⋅ 10−9, 
𝑦𝑦𝑦𝑦1(𝑇𝑇𝑇𝑇) = −1.0885 ⋅ 10−8,  
𝑦𝑦𝑦𝑦2(𝑇𝑇𝑇𝑇) = −7.1596 ⋅ 10−9. 
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Algorithm 1: Algorithm for Solving the Problem of Optimal Resource Allocation 
1: 
 
2: 
 
3: 
 
 
4: 

Using the Runge–Kutta method on the interval 𝑡𝑡𝑡𝑡 ∈ [𝑡𝑡𝑡𝑡0,𝑇𝑇𝑇𝑇] integrate the systems of differential equations (27) and (28) 
subject to the boundary conditions.  
For the given initial state 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡0) = 𝑦𝑦𝑦𝑦0 we determine the vector 𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡0) according to the relation: 𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡0) = 𝑊𝑊𝑊𝑊−1(𝑡𝑡𝑡𝑡0,𝑇𝑇𝑇𝑇)𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡0). 
We integrate the system of equations (31) and (29) over the interval [𝑡𝑡𝑡𝑡0,𝑇𝑇𝑇𝑇] using the Runge–Kutta method under the 
initial conditions 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡0) = 𝑦𝑦𝑦𝑦0, 𝑞𝑞𝑞𝑞(𝑡𝑡𝑡𝑡0) = 𝑞𝑞𝑞𝑞0. During the integration process, the trajectory 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) and the control u(𝑡𝑡𝑡𝑡) are 
constructed. 
Using the values of the effective trajectory 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) and the effective control u(𝑡𝑡𝑡𝑡), obtained during the integration process, 
we compute the following expressions: 
To verify the fulfillment of the material balance (6), expression (34) is evaluated. 
To verify the fulfillment of the investment balance (4), expression (32) is evaluated. 
To verify the fulfillment of the labor balance (5), expression (33) is evaluated. 
 
 
If, in the course of computations, the initial and 

terminal conditions of the problem are modified and 
new numerical experiments are required, the 
calculations should be repeated starting from the 
second and third steps of the algorithm. 

 
3. Results 
 
To obtain a numerical solution to the formulated 

optimal control problem, a series of computational 
experiments was carried out. When constructing the 
plots of the effective trajectory 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) and the optimal 
control 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡), the model parameter values were taken 
according to the data presented in Tables 1 and 2. 

 
Table 1. Model coefficients 
 

i 0 1 2 
𝜶𝜶𝜶𝜶𝒊𝒊𝒊𝒊 0,7 0,62 0,45 
𝜷𝜷𝜷𝜷𝒊𝒊𝒊𝒊 0,39 0,49 0,52 
𝝀𝝀𝝀𝝀𝒊𝒊𝒊𝒊 0,05 0,05 0,05 
𝑨𝑨𝑨𝑨𝒊𝒊𝒊𝒊 3,19 6 3,71 

 
The values of the coefficients 𝛼𝛼𝛼𝛼𝑖𝑖𝑖𝑖 ,𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖 ,𝜌𝜌𝜌𝜌𝑖𝑖𝑖𝑖  and 𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖 

are chosen within the permissible intervals 
corresponding to the logic of the model. The 
parameters are not based on specific empirical 
measurements but serve for the numerical analysis 
of the system behavior under various configurations 
[14]. 

In the numerical experiment, the planning 
horizon was set to 𝑇𝑇𝑇𝑇 = 12. The initial state of the 

system and the control constraints were specified as 
follows:  

 
𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡0) = (4000,−5500, 4500)∗, (35) 

 
Table 2. Stationary state of an open economic system 
 

i 0 1 2 
𝜽𝜽𝜽𝜽𝒊𝒊𝒊𝒊 0.233 0.270 0.296 

𝒔𝒔𝒔𝒔𝒊𝒊𝒊𝒊 0.391 0.316 0.292 

𝒌𝒌𝒌𝒌𝒊𝒊𝒊𝒊 59433.45 41525.48 20840.3 

𝒙𝒙𝒙𝒙𝒊𝒊𝒊𝒊 1638.1 1181.31 161.75 
𝒚𝒚𝒚𝒚𝒊𝒊𝒊𝒊 335.77 590.66 80.88 

 
To avoid possible singularities in the 

expressions for 𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) and 𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡), the admissible 
control set is implemented numerically using a 
projection procedure. 

 
0.1 − 𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠 ≤ 𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) ≤ 0.9 − 𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠. (36) 

 
−0.3531 ≤ 𝑢𝑢𝑢𝑢0 ≤ 0.4469,−0.216 ≤ 𝑢𝑢𝑢𝑢1

≤ 0.584,−0.108 ≤ 𝑢𝑢𝑢𝑢2
≤ 0.741. 

(37) 

 
The computed values of the deviations of the 

system state at the final time are as follows  
(Figure 1): 

 
𝑦𝑦𝑦𝑦0(𝑇𝑇𝑇𝑇) = 5.0475 ⋅ 10−9, 
𝑦𝑦𝑦𝑦1(𝑇𝑇𝑇𝑇) = −1.0885 ⋅ 10−8,  
𝑦𝑦𝑦𝑦2(𝑇𝑇𝑇𝑇) = −7.1596 ⋅ 10−9. 

 
Figure 1. Effective trajectories 𝑦𝑦𝑦𝑦𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) of the system under optimal control 

 
 
Figure 2 presents the graph of the optimal 

control. The graph shows that the constructed 
control trajectory remains within the admissible 
region 𝑈𝑈𝑈𝑈, defined by the constraints (37). 
 

 
Figure 2. Dynamics of optimal control functions 𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) satisfying bilateral constraints 

 
 

  
                                                          (а)                                                                                          (b) 

 
Figure 3. Optimal distribution of: (a) labor resources; (b) investment resources 
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In addition, during the computations, the values 
were obtained that determine the optimal allocation 
of labor resources (𝜃𝜃𝜃𝜃0(𝑡𝑡𝑡𝑡),𝜃𝜃𝜃𝜃1(𝑡𝑡𝑡𝑡),𝜃𝜃𝜃𝜃2(𝑡𝑡𝑡𝑡)) and 
investment resources (𝑠𝑠𝑠𝑠0(𝑡𝑡𝑡𝑡), 𝑠𝑠𝑠𝑠1(𝑡𝑡𝑡𝑡), 𝑠𝑠𝑠𝑠2(𝑡𝑡𝑡𝑡)) among 
the production, investment, and consumer 
subsystems, satisfying the balance relations (4)–(5). 
The corresponding results are presented in Figures 3 
(a) and (b). 

Figure 4 (a) illustrates the solutions of the 
differential equations for capital intensity 𝑘𝑘𝑘𝑘(𝑡𝑡𝑡𝑡) 
under given initial conditions. 

 
𝑘𝑘𝑘𝑘(𝑡𝑡𝑡𝑡0) = (63400, 35500, 15500)∗. 

And Figure 4 (b) illustrates dynamics of 
subsystem output in an open economy.

 

  
                                                          (а)                                                                                                 (b) 

 
Figure 4. (a) capital intensity dynamics in the subsystems of an open economy; 

 (b) dynamics of subsystem output in an open economy 
 
 
All simulations were performed using a Runge–

Kutta-type implicit integrator. The integration step 
was limited by a maximum step size of 0,02. 
Relative and absolute tolerances were set to 10−8 
and 10−10, respectively. Matrix equations were 
solved numerically at each time step. 

In the numerical implementation the matrix 
𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡,𝑇𝑇𝑇𝑇) was integrated backward in time starting 
from a small regularized terminal value 𝑊𝑊𝑊𝑊(𝑇𝑇𝑇𝑇,𝑇𝑇𝑇𝑇) =
𝜀𝜀𝜀𝜀𝜀𝜀𝜀𝜀 with 𝜀𝜀𝜀𝜀 = 10−5, preventing singular inversion of 

𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡,𝑇𝑇𝑇𝑇) near the terminal time. The full set of 
parameters used in the experiments is reported in 
Tables 1–2. 

To assess the robustness of the proposed 
numerical procedure, additional experiments were 
performed under variations of model parameters and 
initial conditions. In particular, the elasticity 
coefficient of the investment subsystem 𝛼𝛼𝛼𝛼1 was 
varied within the interval [0.4,0.6] with 
discretization step 0.05. (Figures 5 and 6).

  

  
                                                              (а)                                                                                          (b) 

 
Figure 5. System behavior under variation of the elasticity coefficient 𝛼𝛼𝛼𝛼1:  

(a) state trajectories 𝑦𝑦𝑦𝑦𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡); (b) control actions 𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) 
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In addition, during the computations, the values 
were obtained that determine the optimal allocation 
of labor resources (𝜃𝜃𝜃𝜃0(𝑡𝑡𝑡𝑡),𝜃𝜃𝜃𝜃1(𝑡𝑡𝑡𝑡),𝜃𝜃𝜃𝜃2(𝑡𝑡𝑡𝑡)) and 
investment resources (𝑠𝑠𝑠𝑠0(𝑡𝑡𝑡𝑡), 𝑠𝑠𝑠𝑠1(𝑡𝑡𝑡𝑡), 𝑠𝑠𝑠𝑠2(𝑡𝑡𝑡𝑡)) among 
the production, investment, and consumer 
subsystems, satisfying the balance relations (4)–(5). 
The corresponding results are presented in Figures 3 
(a) and (b). 

Figure 4 (a) illustrates the solutions of the 
differential equations for capital intensity 𝑘𝑘𝑘𝑘(𝑡𝑡𝑡𝑡) 
under given initial conditions. 

 
𝑘𝑘𝑘𝑘(𝑡𝑡𝑡𝑡0) = (63400, 35500, 15500)∗. 

And Figure 4 (b) illustrates dynamics of 
subsystem output in an open economy.

 

  
                                                          (а)                                                                                                 (b) 

 
Figure 4. (a) capital intensity dynamics in the subsystems of an open economy; 

 (b) dynamics of subsystem output in an open economy 
 
 
All simulations were performed using a Runge–

Kutta-type implicit integrator. The integration step 
was limited by a maximum step size of 0,02. 
Relative and absolute tolerances were set to 10−8 
and 10−10, respectively. Matrix equations were 
solved numerically at each time step. 

In the numerical implementation the matrix 
𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡,𝑇𝑇𝑇𝑇) was integrated backward in time starting 
from a small regularized terminal value 𝑊𝑊𝑊𝑊(𝑇𝑇𝑇𝑇,𝑇𝑇𝑇𝑇) =
𝜀𝜀𝜀𝜀𝜀𝜀𝜀𝜀 with 𝜀𝜀𝜀𝜀 = 10−5, preventing singular inversion of 

𝑊𝑊𝑊𝑊(𝑡𝑡𝑡𝑡,𝑇𝑇𝑇𝑇) near the terminal time. The full set of 
parameters used in the experiments is reported in 
Tables 1–2. 

To assess the robustness of the proposed 
numerical procedure, additional experiments were 
performed under variations of model parameters and 
initial conditions. In particular, the elasticity 
coefficient of the investment subsystem 𝛼𝛼𝛼𝛼1 was 
varied within the interval [0.4,0.6] with 
discretization step 0.05. (Figures 5 and 6).

  

  
                                                              (а)                                                                                          (b) 

 
Figure 5. System behavior under variation of the elasticity coefficient 𝛼𝛼𝛼𝛼1:  

(a) state trajectories 𝑦𝑦𝑦𝑦𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡); (b) control actions 𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) 

  
                                                            (а)                                                                                            (b) 

 
Figure 6. Resource allocation dynamics under variation of 𝛼𝛼𝛼𝛼1:  

(a) labor distribution 𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡); (b) investment shares 𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) 
 
 
Furthermore, several initial deviations from the 

stable state were considered, including both large-
scale and moderate perturbations: 

 
𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡0) = (10000,−10000, 8000)∗, 

𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡0) = (500,−500,−500)∗, 
 
The obtained trajectories of states and controls 

are presented in Figures 7 and 8. 

 

  
(а)  (b) 

 
Figure 7. Robustness of the algorithm with respect to initial conditions:  

(a) state trajectories 𝑦𝑦𝑦𝑦𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡); (b) control actions 𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) 
 
 

  
                                                           (а)                                                                                         (b) 

 
Figure 8. Resource allocation under different initial states: 

 (a) labor distribution 𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡); (b) investment shares 𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) 
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For all tested configurations, the synthesized 
controls remained inside the admissible bounds. The 
system consistently approached the equilibrium 
neighborhood, and the qualitative structure of labor 
and investment allocation was preserved. 

 
4. Discussion 
 
The developed algorithm has demonstrated 

efficiency in the numerical implementation of the 
optimal control problem under multiple constraints. 
Its main advantage lies in transforming the original 
constrained formulation into an equivalent problem 
that is more convenient for computation. As a result, 
stable solutions were obtained that reflect the 

patterns of resource allocation among the economic 
subsystems. 

Unlike general-purpose optimization methods, 
which require solving high-dimensional nonlinear 
programming problems, the proposed algorithm 
constructs admissible controls through the 
integration of matrix differential equations 
combined with projection formulas, which 
simplifies the numerical implementation. The 
computational performance of the approach was 
evaluated by comparing it with standard nonlinear 
programming solvers (Table 3).  

As shown, the proposed method achieves 
comparable values of the objective functional while 
requiring significantly less computational time. 

 
 

Table 3. Stationary state of an open economic system 
 

Method Runtime (s) Objective value 𝐽𝐽𝐽𝐽(𝑦𝑦𝑦𝑦,𝑢𝑢𝑢𝑢) 
Proposed algorithm 0.11 3.51 × 107 

NLP (SLSQP) 3.32 3.52 × 107 
NLP (L-BFGS-B) 3.17 3.52 × 107 

 
Numerical experiments showed that labor 
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consistent with economic logic and confirm the 
validity of the proposed algorithm. 

From an economic perspective, the obtained 
allocation structure reflects the functional roles of 
the subsystems within an open economy. The 
concentration of labor in the consumer subsystem 
indicates that final demand formation relies 
primarily on human resources, while capital 
accumulation mechanisms dominate in the 
production and investment subsystems. The 
redistribution pattern generated by the algorithm 
demonstrates that sustainable dynamics require 
continuous support of sectors responsible for 
capacity expansion and technological renewal. A 
reduction of investments in these subsystems would 
immediately slow down the growth of capital 
intensity and, consequently, limit future output 
levels. 

Therefore, the computed trajectories can be 
interpreted not only as a mathematical solution but 
also as an indicator of structurally necessary 
proportions between consumption and 

accumulation. They provide quantitative guidance 
for policy design aimed at maintaining long-term 
stability while avoiding excessive resource 
diversion toward short-term consumption. The 
algorithm not only makes it possible to determine 
the stable state of the system but also to investigate 
the influence of model parameters on the structure 
of the optimal allocation. This capability makes it a 
valuable tool for analyzing alternative scenarios and 
strategies of economic development. 

During the numerical simulations, additional 
verification of the admissibility conditions was 
performed at each integration step. In particular, the 
positivity of the state variables, boundedness of 
trajectories, and feasibility of the share parameters 
within the interval (0,1) were monitored. The 
balance relations were also checked numerically and 
were satisfied up to machine precision along the 
computed trajectories. No violations of admissibility 
were detected in the reported experiments. 
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This paper presents an algorithm for the 

numerical implementation of the optimal resource 
control problem in an open economy model. The 
algorithm is based on the Lagrange multipliers 
framework and is intended to obtain solutions under 
labor, investment, and foreign trade constraints. 
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For all tested configurations, the synthesized 
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and investment allocation was preserved. 
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As shown, the proposed method achieves 
comparable values of the objective functional while 
requiring significantly less computational time. 
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5. Conclusions 
 
This paper presents an algorithm for the 

numerical implementation of the optimal resource 
control problem in an open economy model. The 
algorithm is based on the Lagrange multipliers 
framework and is intended to obtain solutions under 
labor, investment, and foreign trade constraints. 

The computational experiments demonstrate 
that the system converges to a stable regime that 
ensures coordinated resource allocation and 
sustainable development dynamics. The practical 
significance of the study lies in extending classical 
optimal control techniques to an open-economy 
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the proposed algorithm can be used for quantitative 
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sphere, as it causes a range of harmful effects worldwide. Due to the uneven nature of climate data, fore-
casting climate change is a challenging task today. Many previous studies in climate and machine learn-
ing have used recurrent neural networks (RNNs) and long short-term memory (LSTM) models to predict 
climate trends. Although these models are effective at identifying long-term trends in data, they often 
fail to satisfy physical laws such as energy conservation, mass balance, and thermodynamic principles. 
In this research, the aim was to develop oscillation-constrained RNN and LSTM models, in which an an-
nual harmonic prior is incorporated into the loss function, and compare their performance with standard 
RNN and LSTM models. The study utilized data on air temperature at 2 meters above the surface for 
the cities of Astana, Almaty, and Shymkent for model training, validation, and testing. According to the 
results, physics-informed models achieved the lowest root mean square errors in Almaty (3.52 °C) and 
Shymkent (3.80 °C). RNN and LSTM models performed better in Astana (RMSE = 5.44 and 5.47 °C), 
where seasonal changes are relatively abrupt. These findings demonstrate that PINNs constrained by the 
annual harmonic oscillation provide more physically consistent forecasts for moderate climates, while 
conventional recurrent models perform better in locales with highly variable conditions.
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Abstract. Climate change is one of the most serious modern problems affecting the Earth's atmosphere, 

as it causes a range of harmful effects worldwide. Due to the uneven nature of climate data, forecasting 
climate change is a challenging task today. Many previous studies in climate and machine learning have used 
recurrent neural networks (RNNs) and long short-term memory (LSTM) models to predict climate trends. 
Although these models are effective at identifying long-term trends in data, they often fail to satisfy physical 
laws such as energy conservation, mass balance, and thermodynamic principles. In this research, the aim 
was to develop oscillation-constrained RNN and LSTM models, in which an annual harmonic prior is 
incorporated into the loss function, and compare their performance with standard RNN and LSTM models. 
The study utilized data on air temperature at 2 meters above the surface for the cities of Astana, Almaty, and 
Shymkent for model training, validation, and testing. According to the results, physics-informed models 
achieved the lowest root mean square errors in Almaty (3.52 °C) and Shymkent (3.80 °C). RNN and LSTM 
models performed better in Astana (RMSE = 5.44 and 5.47 °C), where seasonal changes are relatively abrupt. 
These findings demonstrate that PINNs constrained by the annual harmonic oscillation provide more 
physically consistent forecasts for moderate climates, while conventional recurrent models perform better in 
locales with highly variable conditions. 
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1. Introduction 
 
The problem of climate change remains one of 

the greatest and most challenging issues in modern 
Earth system science, due to the chaotic and non-
intuitive nature of the Earth’s atmosphere. It is 
chaotic to an extent, where even the smallest change 
can yield an unexpected outcome over time. 
According to [1], global warming as a result of 
climate change can take place suddenly in a few 
decades, or even in a few years, in the form of a 
climate shock. As a result, weather prediction beco-
mes highly unreliable, especially when events last 
more than a few days. The problem is exacerbated 
even further when the scale of the entire climate 
system is taken into account. Some events may 
happen in the span of a few minutes, while other 
events may take as long as a few decades to unfold. 
For instance, earlier research indicates a permanent 
shift of the Intertropical Convergence Zone towards 
the warmer hemisphere as a result of disturbances in 

the interhemispheric asymmetry [2]. Climatic events 
work in harmony, and disturbances at local scales 
can trigger responses at the global level. 

Another problem encountered by researchers 
worldwide is data scarcity. Highly accessible locales 
account for the majority of the data, while less 
accessible locales, such as the Arctic, deep-ocean 
basins, and areas in developing countries, account 
for just a minuscule amount of data. For example, 
although Polar regions have an impact on global 
temperatures, they are not well studied because of 
their extreme conditions [3]. This leads to an 
incomplete picture of the global climate. As a result, 
a systematic bias is introduced into AI models and 
algorithms trained on these datasets. 

Some weather prediction methods that were 
established in the past are outdated in the current 
meteorological scenario. While these traditional 
approaches have contributed greatly to humanity’s 
progress in climatology, they are now incompatible 
with the scales of current climatic events. For  
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instance, global climate models possess horizontal 
limits of 70 to 250 kilometers [4], which could be 
insufficient in encompassing numerous individual 
clouds, urban heat islands, and local topographic 
effects.  

Hardware limitations of past methods have 
forced researchers to extrapolate data to a larger 
area, a process that can introduce statistical errors. 
Data extrapolation using AI and neural network 
approaches can lead to results that are not compa-
tible with fundamental physical principles such as 
energy conservation, mass balance, or thermody-
namics [5]. Therefore, predictive models that go 
beyond fundamental physics are prone to produce 
implausible and unreliable results. The following 
observation is crucial in the onset of PINN or 
Physics-Informed Neural Networks, which are 
especially practical in their compatibility with pre-
defined physical datasets [6]. As introduced by 
Raissi, PINNs are neural networks designed to learn 
while adhering to physical laws governed by general 
nonlinear partial differential equations [7]. This 
study compares PINN efficiency in the prediction of 
air temperature with traditional Long Short-Term 
Memory and Recurrent Neural Network models. We 
hypothesize that incorporating physical laws via 
PINNs will result in more reliable and physically 
plausible forecasts of weather events compared to 
conventional approaches. 

The use of PINNs in long-term climate 
frameworks to increase weather forecast accuracy 
over long time horizons is what makes this research 
novel. Modern literature on climate prediction focu-
ses mainly on short-term or localized frameworks, 
with little effort in applying PINN models. The 
study uses the ERA5 reanalysis dataset to validate 
this approach.  

It is expected that PINNs will improve 
interpretability and forecast reliability for city-level 
climate datasets. Other climatic variables, such as 
precipitation, humidity, and wind speed, can also be 
predicted later, if this approach proves effective. 
This would help establish a unified system for long-
term climate forecasting and environmental 
monitoring. 

 
2. Literature Review 
 
Numerical weather prediction (NWP) is a 

widely used concept in atmospheric studies. NWP 
models simulate future meteorological events by 
solving primitive equations of motion numerically 
[8]. The main advantage of NWP models is their 

physically based representations of fluid dynamics, 
thermodynamics, and radiative transfer. As a result, 
numerical models generate high-quality short-term 
weather prognoses for up to about one week [9]. 
Nevertheless, such models have high computational 
costs and limited resolution. Moreover, they 
overdepend on sub-grid processes such as 
convection and cloud microphysics, and accumulate 
errors rapidly due to chaotic dynamics [10]. 
Therefore, it is difficult to apply this model for long-
term climate forecasts. Researchers employ 
Regional Climate Models (RCMs) along with 
dynamical downscaling to tackle this problem. This 
technique provides better spatial detail by using 
finer grids inside global models. While RCMs are 
effective, they require greater computational 
resources than global NWP methods and are 
impractical for frequent or long-term use [11]. 

To overcome these challenges, researchers 
developed statistical downscaling techniques. These 
methods can find relationships between large-scale 
and local climate variables [12]. Compared to dyna-
mical downscaling, statistical downscaling provides 
more global detail and better computational 
efficiency. However, it depends on reliable and 
consistent observational records, which may 
become problematic as the climate changes [13,14].  

The advent of machine learning (ML) 
algorithms has supplied the scientific world with 
another approach for climate prediction. 1998 
marked the development of the first neural network 
models working with short-term precipitation 
prediction. In later years, non-deep learning 
methods were also introduced to enhance medium 
and long-term precipitation predictions. Models 
such as CGF, CycleGANs, DeepESD, and NNCAM 
have achieved superior accuracy compared to 
conventional physical models. They excelled in 
capturing temporal and spatial climate patterns, 
refining resolution, and ultimately reducing 
computational time [15]. Machine learning has also 
found its use in climate science in miscellaneous 
tasks such as tropical cyclone tracking, cloud 
classification, and air quality predictions [16 – 18]. 

The gradual growth of computational power and 
increasing scalability of climate datasets have led 
scientists to focus on more innovative models for 
capturing spatial and temporal dependencies in 
climate processes. Several deep learning models, 
such as Convolutional Neural Networks (CNN) 
have been employed to perform image super-
resolution for enhancing coarse-resolution climate 
model outputs [19], while learning models such as 
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weather prognoses for up to about one week [9]. 
Nevertheless, such models have high computational 
costs and limited resolution. Moreover, they 
overdepend on sub-grid processes such as 
convection and cloud microphysics, and accumulate 
errors rapidly due to chaotic dynamics [10]. 
Therefore, it is difficult to apply this model for long-
term climate forecasts. Researchers employ 
Regional Climate Models (RCMs) along with 
dynamical downscaling to tackle this problem. This 
technique provides better spatial detail by using 
finer grids inside global models. While RCMs are 
effective, they require greater computational 
resources than global NWP methods and are 
impractical for frequent or long-term use [11]. 

To overcome these challenges, researchers 
developed statistical downscaling techniques. These 
methods can find relationships between large-scale 
and local climate variables [12]. Compared to dyna-
mical downscaling, statistical downscaling provides 
more global detail and better computational 
efficiency. However, it depends on reliable and 
consistent observational records, which may 
become problematic as the climate changes [13,14].  

The advent of machine learning (ML) 
algorithms has supplied the scientific world with 
another approach for climate prediction. 1998 
marked the development of the first neural network 
models working with short-term precipitation 
prediction. In later years, non-deep learning 
methods were also introduced to enhance medium 
and long-term precipitation predictions. Models 
such as CGF, CycleGANs, DeepESD, and NNCAM 
have achieved superior accuracy compared to 
conventional physical models. They excelled in 
capturing temporal and spatial climate patterns, 
refining resolution, and ultimately reducing 
computational time [15]. Machine learning has also 
found its use in climate science in miscellaneous 
tasks such as tropical cyclone tracking, cloud 
classification, and air quality predictions [16 – 18]. 

The gradual growth of computational power and 
increasing scalability of climate datasets have led 
scientists to focus on more innovative models for 
capturing spatial and temporal dependencies in 
climate processes. Several deep learning models, 
such as Convolutional Neural Networks (CNN) 
have been employed to perform image super-
resolution for enhancing coarse-resolution climate 
model outputs [19], while learning models such as 

Recurrent Neural Networks (RNNs) and Long 
Short-Term Memory networks (LSTMs) were used 
in capture of temporal dependencies in climate and 
hydrological time series, as demonstrated by [20]. 
LSTM models effectively capture temporal trends 
and patterns, which enable accurate long-term 
predictions of noisy climate datasets. Transformer-
based architectures have also proven to be useful in 
modeling long-range spatiotemporal interactions. 
For instance, Ramu et al. (2022) proposed a 
Transformer-based model for daily temperature 
forecasting, integrating a Spatial-Temporal Fusion 
Module, Hierarchical Graph Representation, and a 
Dynamic Temporal Graph Attention Mechanism to 
capture spatiotemporal dependencies and improve 
temporal feature extraction [21]. 

Although deep-learning algorithms offer many 
benefits, they often struggle to be physically 
consistent [22]. Slater et al. (2023) observe that data-
driven models are usually not very good at 
forecasting extreme or novel events that have never 
occurred before and were not contained in historical 
data [23]. Besides, these models face the difficulty 
of optimizing high-dimensional multivariate 
outputs. These issues of deep learning algorithms 
have led to the development of Physics-Informed 
Neural Networks. PINNs use physical laws together 
with training data, which helps them make accurate 
predictions even when data is limited or sparse. 
PINNs help identify the main dynamics of a system 
and ensure the equations used remain consistent. 
This gives them an advantage over models that rely 
only on data, such as RNNs or LSTMs [6]. 

According to Feng et al. (2023), predictions in 
the data-sparse areas can be made more robust by 
imposing physical constraints [24]. Other studies 
show that combining physical models with LSTM 
improved accuracy in the validation period and 
reduced uncertainty in future flood forecasts [25]. 
PGnet, a physics-based deep learning model, 
improves tropospheric temperature predictions by 
using physical principles with generative neural 
networks and a guiding mask to enhance low-quality 
prediction areas [26]. However, most studies still 
focus on specific fields or small-scale cases, often 
looking at isolated physical processes rather than 
complex systems. Moreover, the ability of models to 
generalize data under the influence of changing 
climate conditions and scarce data is still 
insufficiently examined. Few studies discuss the 
scalability of PINNs for large-scale climatic 
conditions and high-dimensional datasets, as well as 

their integration into long-term monitoring 
frameworks. Such research gaps reflect the need for 
further studies on the application of PINNs in large-
scale, data-driven climate prediction and 
environmental monitoring. 

 
3. Materials and Methods 
 
3.1 Dataset Selection and Preprocessing  
ERA5 reanalysis dataset from the European 

Centre for Medium-Range Weather Forecasts 
(ECMWF) was used in this study to train the 
models. The dataset integrates information from 
satellites, ground stations, and other observation 
systems. It was chosen for this research because it 
offers high spatial and temporal resolution. ERA5 
also provides long-term, globally consistent, and 
reliable data. 

In detail, we adopted the post-processed ERA5 
daily statistics at single levels for 2008-2022. Air 
temperature at 2m above the land and sea surfaces 
was selected as the predicted variable. The dataset 
was divided into three parts: 2008–2018 for training, 
2019–2020 for validation, and 2021–2022 for tes-
ting. All input variables were normalized to zero 
mean and unit variance using statistics computed 
from the training set, and these values were subse-
quently applied to the validation and test subsets. 

Overlapping sliding windows with a stride of 
one day were then formed independently within 
each subset, ensuring that no input sequence or 
forecast horizon contained information from future 
periods. Using these sequences, a direct multi-step 
forecasting strategy was employed, where each 
input sequence of 365 consecutive daily temperature 
observations was used to predict the subsequent 90 
daily temperature values in a single forward pass. 
This approach avoids recursive error accumulation 
associated with autoregressive inference and is well 
suited for seasonal and sub-seasonal temperature 
forecasting tasks. 

Regional comparison was performed using 
climatic data from Astana, Almaty, and Shymkent, 
three major cities in Kazakhstan. The choice is also 
justified by uniquely distinct thermal footprints each 
city possesses, with continental sharp cold and 
seasonal contrasts in Astana, moderate and humid 
mountainous climate in Almaty, and warm semi-
arid climate with relatively mild winters in 
Shymkent. Diversity of climates makes it possible to 
thoroughly evaluate how models perform in 
different climate conditions within one country.
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Table 1. Summary of 2m temperature statistics by city 
 

City Coordinates Mean (°C) Std (°C) 

Astana latitude = 51.1694, 
longitude = 71.4491 3.37 14.60 

Almaty latitude = 43.238949, 
longitude = 76.889709 5.55 10.60 

Shymkent latitude = 42.3417 
longitude = 69.5901 13.56 10.98 

 
 
3.2. Models 
3.2.1. LSTM 
For this study, a Long Short-Term Memory 

(LSTM) neural network was employed to model and 
predict temporal variations in 2-meter air 
temperature. LSTM networks are a type of recurrent 
neural network (RNN) that can learn long-term 
patterns in sequential data. Hence, they are suitable 
for time-series forecasting tasks, such as climate and 
weather prediction. 

Mean squared error (MSE) as the loss function 
and the Adam optimizer with a learning rate of 0.001 
and 200 epochs were used in the model training 
process. To avoid overfitting and enhance 
generalization, we used early stopping and dropout 
regularization.  

 
 
Table 2. Hyperparameters of the LSTM model 
 

Hyperparameter Value 
Optimizer  Adam 

Learning rate 0.001 
Number of layers 2 
Neurons per layer 64 

Dropout 0.1 
Number of epochs 200 

Early stopping Yes 
 
 
3.2.2. RNN 
Unlike the LSTM, which uses memory cells and 

gates, the vanilla RNN employs simple recurrent 
connections to capture short-term temporal 
dependencies in sequential data. Though more prone 
to vanishing gradients and worse at capturing long-
term dependencies, the RNN is a lighter and simpler 
baseline computationally for time series forecasting 
applications such as weather and climate prediction. 

The RNN model was also optimized with the 
Adam optimizer, using a learning rate of 0.001. 

There were 150 epochs of training. The RNN 
architecture offers a simpler approach to tempera-
ture forecasting than the LSTM architecture. Other 
model training parameters are listed in Table 3. 

 
 

Table 3. Hyperparameters of the RNN model 
 

Hyperparameter Value 
Optimizer  Adam 

Weight initialization Random 
Learning rate 0.001 

Number of layers 2 
Neurons per layer 64 

Dropout 0.1 
Number of epochs 150 

Early stopping Yes 

 
 
3.2.3. Physics-Informed models 
While inspired by physics-informed approaches, 

the oscillation-constrained models do not encode 
full thermodynamic principles or conservation laws. 
The physics term used here reflects only the regular 
annual oscillation of temperature. 

The architecture of the PINN models mirrors the 
baseline structures, consisting of two hidden layers 
with 64 neurons each, followed by a fully connected 
dense output layer. The tanh activation function was 
used for hidden units to capture nonlinear 
temperature dynamics, and a dropout rate of 0.1 was 
applied to reduce overfitting. The total loss function 
combines a data-driven loss with a physics-based 
loss term: 

 
𝐿𝐿𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝜆𝜆𝜆𝜆𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝐿𝐿𝐿𝐿𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 + 𝜆𝜆𝜆𝜆𝑝𝑝𝑝𝑝ℎ𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝐿𝐿𝐿𝐿𝑝𝑝𝑝𝑝ℎ𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦       (1) 

 
where 𝐿𝐿𝐿𝐿𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡is the mean squared error between 
observed and predicted temperatures, and 𝐿𝐿𝐿𝐿𝑝𝑝𝑝𝑝ℎ𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 can 
be defined as [27]: 
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full thermodynamic principles or conservation laws. 
The physics term used here reflects only the regular 
annual oscillation of temperature. 

The architecture of the PINN models mirrors the 
baseline structures, consisting of two hidden layers 
with 64 neurons each, followed by a fully connected 
dense output layer. The tanh activation function was 
used for hidden units to capture nonlinear 
temperature dynamics, and a dropout rate of 0.1 was 
applied to reduce overfitting. The total loss function 
combines a data-driven loss with a physics-based 
loss term: 
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where 𝐿𝐿𝐿𝐿𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡is the mean squared error between 
observed and predicted temperatures, and 𝐿𝐿𝐿𝐿𝑝𝑝𝑝𝑝ℎ𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 can 
be defined as [27]: 

 𝐿𝐿𝐿𝐿𝑝𝑝𝑝𝑝ℎ𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 = 1
𝑁𝑁𝑁𝑁
∑ ⬚𝑁𝑁𝑁𝑁
𝑖𝑖𝑖𝑖=1 (𝑢𝑢𝑢𝑢′′(𝑡𝑡𝑡𝑡𝑖𝑖𝑖𝑖) + 𝜔𝜔𝜔𝜔2𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡𝑖𝑖𝑖𝑖))2       (2) 

 
where 𝜔𝜔𝜔𝜔 = 2𝜋𝜋𝜋𝜋

𝑇𝑇𝑇𝑇
 is the angular frequency and 𝑇𝑇𝑇𝑇 is the 

period. In this study, 𝑇𝑇𝑇𝑇 corresponds to one year, 

giving 𝜔𝜔𝜔𝜔 = 2𝜋𝜋𝜋𝜋
365

. This formulation captures annual 

periodicity but does not explicitly model subannual 
variability, phase shifts between locations, or 
thermodynamic energy exchanges.

 
 

 
 

Figure 1. Architecture of the Physics-Informed Neural Network models 
 
 
To control the loss balance, weighting 

coefficients (𝜆𝜆𝜆𝜆𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 1, 𝜆𝜆𝜆𝜆𝑝𝑝𝑝𝑝ℎ𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 = 0.0001) were 
applied. The model was trained using the Adam 
optimizer with a learning rate of 0.001. The training 
process was conducted over 500 epochs. 

 
 
Table 4. Hyperparameters of the PINN models 

 
Hyperparameter Value 
Optimizer Adam 
Weight initialization Random 
Learning rate 0.001 
Hidden layers 2 
Neurons per layer 64 
Dropout 0.1 
Number of epochs 500 
Early stopping Yes 
Physics loss weight 0.0001 

 

4. Results and Discussion 
 
To compare the temperature dynamics of the 

three cities, a spectral analysis was performed. The 
power spectral density (PSD) is plotted on a log-log 
scale to visualize the relationship between frequency 
and temperature variance. The analysis was 
conducted on temperature residuals, which represent 
the fluctuations that remain after the predictable 
seasonal cycles have been removed. Temperature 
cycles for Astana, Almaty, and Shymkent are shown 
in blue, orange, and green, respectively, on the 
graph. 

Two performance metrics were used to evaluate 
the models. Root Mean Square Error (RMSE) is the 
square root of the average of squared differences 
between predicted and actual values; it gives greater 
weight to larger errors. Mean Absolute Error (MAE) 
measures the average absolute difference between 
predictions and actual values. Table 5 reports the 
values of these metrics. 
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Figure 2. Power Spectral Density of temperature variations by city  
 
 
Table 5. RNN, LSTM, and PINNs Performance Comparison 
 

City Model RMSE (°C) MAE(°C) 
Astana LSTM 5.4708 4.3581 

Physics-Informed LSTM 5.6639 4.5192 
RNN 5.4449 4.3247 

Physics-Informed RNN 5.5432  4.4241 
Almaty LSTM 3.6076  2.8777 

Physics-Informed LSTM 3.5230 2.8194 
RNN 3.8271 3.0705 

Physics-Informed RNN 3.7238 2.9830 
Shymkent LSTM 3.9618 3.1057 

Physics-Informed LSTM 3.7976 2.9931 
RNN 3.8853 3.0313 

Physics-Informed RNN 4.1836 3.2728 
 
 
4.1. Astana 
Table 1 demonstrates that Astana's standard 

deviation (14.60 °C) is the highest among all the 
cities presented. According to Figure 2, Astana 
consistently exhibits the highest spectral power. 
This indicates that Astana’s temperature residuals 
contain more variance. Astana has the largest RMSE 
and MAE across all trained models, with values of 
RMSE ranging from 5.44 °C (RNN) to 5.66 °C 
(Physics-Informed LSTM). 

It is noteworthy that pure data-driven time series 
models performed better in Astana than Physics- 
 

Informed Neural Networks (PINNs), contradicting 
our initial hypothesis. In fact, the vanilla RNN 
recorded the smallest RMSE and slightly better 
results than the LSTM and all PINN models. This 
can be attributed to the ability of conventional 
recurrent models to flexibly learn and adapt to rapid 
temporal fluctuations in historical data. The oscil-
lation-constrained models impose a regular seasonal 
pattern, which may limit their ability to capture ab-
rupt or extreme variations in Astana’s temperature. 
As a result, their performance on rapidly changing 
weather conditions appears more constrained. 
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our initial hypothesis. In fact, the vanilla RNN 
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can be attributed to the ability of conventional 
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As a result, their performance on rapidly changing 
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4.2. Almaty 
In the case of Almaty, the RMSE ranged from 

3.52 °C (Physics-Informed LSTM) to 3.83 °C 
(RNN), and both RMSE and MAE were lower than 
those observed in Astana. A relatively average and 
stable climate is reflected in the city's relatively low 
temperature standard deviation (10.6  °C), which is 
lower than in Astana and Shymkent. The log-log 
PSD analysis of residuals confirms this stability; 
Almaty’s curve generally sits lower than Astana’s, 
particularly at high frequencies. 

In this city, Physics-Informed LSTM achieved 
the best performance, having a slight edge over 
LSTM and RNN. The physical constraints enable 
the model to capture regular, predictable seasonal 
cycles and improve generalization. In contrast, the 
standard RNN exhibited lower accuracy. The 
Physics-Informed LSTM also outperformed its 
standard version. These observations imply that 
PINNs offer an advantage in areas where seasonal 
patterns are moderate because the physical 
knowledge allows the accurate replication of 
predictable variations in temperature. 

 
4.3. Shymkent 
Shymkent has mid-range results: RMSE values 

equal to 3.80 °C for the Physics-Informed LSTM 
and 4.18 °C for the Physics-Informed RNN. Its 
temperature standard deviation is 10.98 °C, showing 
less seasonal amplitude than Astana but more 
irregular short-term variability than Almaty. This is 
visually represented in the log-log PSD plot, where 
the green curve (Shymkent) rises above Almaty’s 
(orange) in the higher frequency range. 

The oscillation-constrained LSTM showed 
slightly lower RMSE than the conventional LSTM, 
while the oscillation-constrained RNN performed 
comparably to the standard RNN. These findings 
suggest that the effectiveness of oscillation-
constrained models may depend on local climatic 
conditions and the chosen network architecture, 
although the differences are small and should be 
interpreted cautiously. 

 
5. Conclusion 
 
This study evaluated the performance of 

Physics-Informed Neural Networks relative to 
standard LSTM and RNN models in forecasting 2-
meter air temperature for Astana, Almaty, and 
Shymkent. All the models were trained to capture 

temporal patterns in daily 2-meter air temperature 
using the ERA5 reanalysis dataset. The results 
suggest that local climate features strongly influence 
how well physical restrictions can be incorporated. 
Physics-informed recurrent models constrained by a 
simple harmonic prior perform better when the 
target temperature dynamics are dominated by 
smooth seasonal variability. In climates 
characterized by high-frequency and abrupt 
temperature changes, such constraints may limit 
model flexibility and reduce predictive accuracy. 

Future research will focus on including more 
meteorological parameters, such as wind speed and 
humidity, to support more comprehensive climate 
monitoring. It would also be useful to compare 
Physics-Informed models with other forecasting 
techniques, such as CNN-LSTM hybrids or Trans-
former-based models, to provide a broader context 
for model performance. Also, the examination of 
more cities and regions in the current study would 
test the models under various climate scenarios. 
Finally, future work will incorporate statistical 
significance testing and uncertainty quantification, 
such as bootstrap confidence intervals or year-wise 
performance variability, to evaluate the robustness 
of observed differences in model accuracy. 

 
Funding 
 
This research has been funded by the Committee 

of Science of the Ministry of Science and Higher 
Education of the Republic of Kazakhstan (Grant 
No.BR24992852 “Intelligent models and methods 
of Smart City digital ecosystem for sustainable 
development and the citizens’ quality of life 
improvement”). 

 
Author Contributions 
 
Conceptualization, Z.B., S.M. and D.O.; 

Methodology, Z.B. and D.O.; Software, D.O.; 
Validation, Z.B. and D.O.; Formal Analysis, D.O.; 
Investigation, D.O.; Resources, Z.B.; Data Curation, 
D.O.; Writing – Original Draft Preparation, D.O.; 
Writing – Review & Editing, Z.B. , S.M. and B.A.; 
Visualization, D.O.; Supervision, Z.B. and B.A.; 
Funding Acquisition, Z.B. and B.A. 

 
Conflicts of Interest 
 
The authors declare no conflict of interest.

 



46

Comparative analysis of physics-informed and conventional LSTM and RNN models for temperature forecasting...

References: 
 
1. L. Bornmann, R. Haunschild, K. Boyack, W. Marx, and J. C. Minx, “How relevant is climate change research for climate 

change policy? An empirical analysis based on Overton data,” PLoS ONE, vol. 17, no. 9, p. e0274693, Sep. 2022, 
https://doi.org/10.1371/journal.pone.0274693  

2. A. Mamalakis, J.T. Randerson, J. Yu, M.S. Pritchard, G. Magnusdottir, P. Smyth, P.A. Levine, S. Yu, and E. Foufoula-
Georgiou, “Zonally contrasting shifts of the tropical rain belt in response to climate change,” Nature Climate Change, vol. 11, no. 
2, pp. 143–151, Jan. 2021, https://doi.org/10.1038/s41558-020-00963-x  

3. G. C. Smith et al., “Polar Ocean observations: A critical gap in the observing system and its effect on environmental 
predictions from hours to a season,” Frontiers in Marine Science, vol. 6, Aug. 2019, https://doi.org/10.3389/fmars.2019.00429  

4. C. E. Iles, R. Vautard, J. Strachan, S. Joussaume, B. R. Eggen, and C. D. Hewitt, “The benefits of increasing resolution in 
global and regional climate simulations for European climate extremes,” Geoscientific Model Development, vol. 13, no. 11, pp. 
5583–5607, Nov. 2020, https://doi.org/10.5194/gmd-13-5583-2020  

5. T. Beucler, M. Pritchard, S. Rasp, J. Ott, P. Baldi, and P. Gentine, “Enforcing analytic constraints in neural networks 
emulating physical systems,” Physical Review Letters, vol. 126, no. 9, Mar. 2021, https://doi.org/10.1103/PhysRevLett.126.098302  

6. Z. K. Lawal, H. Yassin, D. T. C. Lai, and A. C. Idris, “Physics-Informed Neural Network (PINN) Evolution and Beyond: A 
systematic literature review and bibliometric analysis,” Big Data and Cognitive Computing, vol. 6, no. 4, p. 140, Nov. 2022, 
https://doi.org/10.3390/bdcc6040140  

7. M. Raissi, P. Perdikaris, and G. E. Karniadakis, “Physics-informed neural networks: A deep learning framework for solving 
forward and inverse problems involving nonlinear partial differential equations,” Journal of Computational Physics, vol. 378, pp. 
686–707, Nov. 2018, doi: 10.1016/j.jcp.2018.10.045. Available: https://doi.org/10.1016/j.jcp.2018.10.045  

8. F. Baer, “Numerical weather prediction,” in Advances in Computers, 2000, pp. 91–157. https://doi.org/10.1016/S0065-
2458(00)80017-0  

9. M. G. Schultz et al., “Can deep learning beat numerical weather prediction?,” Philosophical Transactions of the Royal 
Society a Mathematical Physical and Engineering Sciences, vol. 379, no. 2194, p. 20200097, Feb. 2021, 
https://doi.org/10.1098/rsta.2020.0097  

10. G. Flato, N. Gillett, V. Arora, A. Cannon, and J. Anstey, “Modelling future climate change,” Jan. 2019. 
https://doi.org/10.4095/327808  

11. C. Tebaldi and R. Knutti, “Evaluating the accuracy of climate change pattern emulation for low warming targets,” 
Environmental Research Letters, vol. 13, no. 5, p. 055006, Apr. 2018, https://doi.org/10.1088/1748-9326/aabef2  

12. F. Sun, A. Mejia, S. Sharma, P. Zeng, and Y. Che, “Evaluating the Credibility of Downscaling: Integrating Scale, Trend, 
Extreme, and Climate Event into a Diagnostic Framework,” Journal of Applied Meteorology and Climatology, vol. 59, no. 9, pp. 
1453–1467, Aug. 2020, https://doi.org/10.1175/JAMC-D-20-0078.1 

13. A. Doury, S. Somot, S. Gadat, A. Ribes, and L. Corre, “Regional climate model emulator based on deep learning: concept 
and first evaluation of a novel hybrid downscaling approach,” Climate Dynamics, vol. 60, no. 5–6, pp. 1751–1779, Jul. 2022, 
https://doi.org/10.1007/s00382-022-06343-9  

14. A. Hernanz, C. Correa, M. Domínguez, E. Rodríguez-Guisado, and E. Rodríguez-Camino, “Comparison of machine 
learning statistical downscaling and regional climate models for temperature, precipitation, wind speed, humidity and radiation over 
Europe under present conditions,” International Journal of Climatology, vol. 43, no. 13, pp. 6065–6082, Jul. 2023, 
https://doi.org/10.1002/joc.8190  

15. L. Chen, B. Han, X. Wang, J. Zhao, W. Yang, and Z. Yang, “Machine Learning Methods in Weather and Climate 
Applications: a survey,” Applied Sciences, vol. 13, no. 21, p. 12019, Nov. 2023, https://doi.org/10.3390/app132112019  

16. G. Accarino, D. Donno, F. Immorlano, D. Elia, and G. Aloisio, “An ensemble machine learning approach for tropical 
cyclone localization and tracking from ERA5 Reanalysis data,” Earth and Space Science, vol. 10, no. 11, Nov. 2023, 
https://doi.org/10.1029/2023EA003106  

17. B. Guo, F. Zhang, W. Li, and Z. Zhao, “Cloud classification by Machine learning for Geostationary Radiation ImageR,” 
IEEE Transactions on Geoscience and Remote Sensing, vol. 62, pp. 1–14, Jan. 2024, https://doi.org/10.1109/TGRS.2024.3353373  

18. A. Rowley and O. Karakuş, “Predicting air quality via multimodal AI and satellite imagery,” Remote Sensing of 
Environment, vol. 293, p. 113609, May 2023, https://doi.org/10.1016/j.rse.2023.113609  

19. Y. Yasuda, R. Onishi, and K. Matsuda, “Super-resolution of three-dimensional temperature and velocity for building-
resolving urban micrometeorology using physics-guided convolutional neural networks with image inpainting techniques,” Building 
and Environment, vol. 243, p. 110613, Jul. 2023, https://doi.org/10.1016/j.buildenv.2023.110613  

20. M. E. Makkaoui, A. Dalli, and K. Elbaamrani, “A Comparative Study of RNN and DNN for Climate Prediction,” 2024 
International Conference on Global Aeronautical Engineering and Satellite Technology (GAST), pp. 1–6, May 2024, 
https://doi.org/10.1109/GAST60528.2024.10520748  

21. T. B. Ramu, R. Kocherla, G.N.V.G. Sirisha, V.L. Chetana, P.V. Sagar, R. Balamurali, and N. Boddu, “Transformer based 
models with hierarchical graph representations for enhanced climate forecasting,” Scientific Reports, vol. 15, no. 1, Jul. 2025, 
https://doi.org/10.1038/s41598-025-07897-4  

22. K. Kashinath et al., “Physics-informed machine learning: case studies for weather and climate modelling,” Philosophical 
Transactions of the Royal Society a Mathematical Physical and Engineering Sciences, vol. 379, no. 2194, p. 20200093, Feb. 2021, 
https://doi.org/10.1098/rsta.2020.0093  

23. L. J. Slater et al., “Hybrid forecasting: blending climate predictions with AI models,” Hydrology and Earth System 
Sciences, vol. 27, no. 9, pp. 1865–1889, May 2023, https://doi.org/10.5194/hess-27-1865-2023  



47

Zh. Baishemirov et al.

References: 
 
1. L. Bornmann, R. Haunschild, K. Boyack, W. Marx, and J. C. Minx, “How relevant is climate change research for climate 

change policy? An empirical analysis based on Overton data,” PLoS ONE, vol. 17, no. 9, p. e0274693, Sep. 2022, 
https://doi.org/10.1371/journal.pone.0274693  

2. A. Mamalakis, J.T. Randerson, J. Yu, M.S. Pritchard, G. Magnusdottir, P. Smyth, P.A. Levine, S. Yu, and E. Foufoula-
Georgiou, “Zonally contrasting shifts of the tropical rain belt in response to climate change,” Nature Climate Change, vol. 11, no. 
2, pp. 143–151, Jan. 2021, https://doi.org/10.1038/s41558-020-00963-x  

3. G. C. Smith et al., “Polar Ocean observations: A critical gap in the observing system and its effect on environmental 
predictions from hours to a season,” Frontiers in Marine Science, vol. 6, Aug. 2019, https://doi.org/10.3389/fmars.2019.00429  

4. C. E. Iles, R. Vautard, J. Strachan, S. Joussaume, B. R. Eggen, and C. D. Hewitt, “The benefits of increasing resolution in 
global and regional climate simulations for European climate extremes,” Geoscientific Model Development, vol. 13, no. 11, pp. 
5583–5607, Nov. 2020, https://doi.org/10.5194/gmd-13-5583-2020  

5. T. Beucler, M. Pritchard, S. Rasp, J. Ott, P. Baldi, and P. Gentine, “Enforcing analytic constraints in neural networks 
emulating physical systems,” Physical Review Letters, vol. 126, no. 9, Mar. 2021, https://doi.org/10.1103/PhysRevLett.126.098302  

6. Z. K. Lawal, H. Yassin, D. T. C. Lai, and A. C. Idris, “Physics-Informed Neural Network (PINN) Evolution and Beyond: A 
systematic literature review and bibliometric analysis,” Big Data and Cognitive Computing, vol. 6, no. 4, p. 140, Nov. 2022, 
https://doi.org/10.3390/bdcc6040140  

7. M. Raissi, P. Perdikaris, and G. E. Karniadakis, “Physics-informed neural networks: A deep learning framework for solving 
forward and inverse problems involving nonlinear partial differential equations,” Journal of Computational Physics, vol. 378, pp. 
686–707, Nov. 2018, doi: 10.1016/j.jcp.2018.10.045. Available: https://doi.org/10.1016/j.jcp.2018.10.045  

8. F. Baer, “Numerical weather prediction,” in Advances in Computers, 2000, pp. 91–157. https://doi.org/10.1016/S0065-
2458(00)80017-0  

9. M. G. Schultz et al., “Can deep learning beat numerical weather prediction?,” Philosophical Transactions of the Royal 
Society a Mathematical Physical and Engineering Sciences, vol. 379, no. 2194, p. 20200097, Feb. 2021, 
https://doi.org/10.1098/rsta.2020.0097  

10. G. Flato, N. Gillett, V. Arora, A. Cannon, and J. Anstey, “Modelling future climate change,” Jan. 2019. 
https://doi.org/10.4095/327808  

11. C. Tebaldi and R. Knutti, “Evaluating the accuracy of climate change pattern emulation for low warming targets,” 
Environmental Research Letters, vol. 13, no. 5, p. 055006, Apr. 2018, https://doi.org/10.1088/1748-9326/aabef2  

12. F. Sun, A. Mejia, S. Sharma, P. Zeng, and Y. Che, “Evaluating the Credibility of Downscaling: Integrating Scale, Trend, 
Extreme, and Climate Event into a Diagnostic Framework,” Journal of Applied Meteorology and Climatology, vol. 59, no. 9, pp. 
1453–1467, Aug. 2020, https://doi.org/10.1175/JAMC-D-20-0078.1 

13. A. Doury, S. Somot, S. Gadat, A. Ribes, and L. Corre, “Regional climate model emulator based on deep learning: concept 
and first evaluation of a novel hybrid downscaling approach,” Climate Dynamics, vol. 60, no. 5–6, pp. 1751–1779, Jul. 2022, 
https://doi.org/10.1007/s00382-022-06343-9  

14. A. Hernanz, C. Correa, M. Domínguez, E. Rodríguez-Guisado, and E. Rodríguez-Camino, “Comparison of machine 
learning statistical downscaling and regional climate models for temperature, precipitation, wind speed, humidity and radiation over 
Europe under present conditions,” International Journal of Climatology, vol. 43, no. 13, pp. 6065–6082, Jul. 2023, 
https://doi.org/10.1002/joc.8190  

15. L. Chen, B. Han, X. Wang, J. Zhao, W. Yang, and Z. Yang, “Machine Learning Methods in Weather and Climate 
Applications: a survey,” Applied Sciences, vol. 13, no. 21, p. 12019, Nov. 2023, https://doi.org/10.3390/app132112019  

16. G. Accarino, D. Donno, F. Immorlano, D. Elia, and G. Aloisio, “An ensemble machine learning approach for tropical 
cyclone localization and tracking from ERA5 Reanalysis data,” Earth and Space Science, vol. 10, no. 11, Nov. 2023, 
https://doi.org/10.1029/2023EA003106  

17. B. Guo, F. Zhang, W. Li, and Z. Zhao, “Cloud classification by Machine learning for Geostationary Radiation ImageR,” 
IEEE Transactions on Geoscience and Remote Sensing, vol. 62, pp. 1–14, Jan. 2024, https://doi.org/10.1109/TGRS.2024.3353373  

18. A. Rowley and O. Karakuş, “Predicting air quality via multimodal AI and satellite imagery,” Remote Sensing of 
Environment, vol. 293, p. 113609, May 2023, https://doi.org/10.1016/j.rse.2023.113609  

19. Y. Yasuda, R. Onishi, and K. Matsuda, “Super-resolution of three-dimensional temperature and velocity for building-
resolving urban micrometeorology using physics-guided convolutional neural networks with image inpainting techniques,” Building 
and Environment, vol. 243, p. 110613, Jul. 2023, https://doi.org/10.1016/j.buildenv.2023.110613  

20. M. E. Makkaoui, A. Dalli, and K. Elbaamrani, “A Comparative Study of RNN and DNN for Climate Prediction,” 2024 
International Conference on Global Aeronautical Engineering and Satellite Technology (GAST), pp. 1–6, May 2024, 
https://doi.org/10.1109/GAST60528.2024.10520748  

21. T. B. Ramu, R. Kocherla, G.N.V.G. Sirisha, V.L. Chetana, P.V. Sagar, R. Balamurali, and N. Boddu, “Transformer based 
models with hierarchical graph representations for enhanced climate forecasting,” Scientific Reports, vol. 15, no. 1, Jul. 2025, 
https://doi.org/10.1038/s41598-025-07897-4  

22. K. Kashinath et al., “Physics-informed machine learning: case studies for weather and climate modelling,” Philosophical 
Transactions of the Royal Society a Mathematical Physical and Engineering Sciences, vol. 379, no. 2194, p. 20200093, Feb. 2021, 
https://doi.org/10.1098/rsta.2020.0093  

23. L. J. Slater et al., “Hybrid forecasting: blending climate predictions with AI models,” Hydrology and Earth System 
Sciences, vol. 27, no. 9, pp. 1865–1889, May 2023, https://doi.org/10.5194/hess-27-1865-2023  

24. D. Feng, H. Beck, K. Lawson, and C. Shen, “The suitability of differentiable, physics-informed machine learning 
hydrologic models for ungauged regions and climate change impact assessment,” Hydrology and Earth System Sciences, vol. 27, no. 
12, pp. 2357–2373, Jun. 2023, https://doi.org/10.5194/hess-27-2357-2023.  

25. W. Liu, T. Yang, F. Sun, H. Wang, Y. Feng, and M. Du, “Observation-Constrained projection of global flood magnitudes 
with anthropogenic warming,” Water Resources Research, vol. 57, no. 3, Jan. 2021, https://doi.org/10.1029/2020wr028830.  

26. Z. Chen, J. Gao, W. Wang, and Z. Yan, “Physics-informed generative neural network: an application to troposphere 
temperature prediction,” Environmental Research Letters, vol. 16, no. 6, p. 065003, May 2021, https://doi.org/10.1088/1748-
9326/abfde9  

27. K. V. Park, J. Kim, and J. Seo, “PINT: Physics-Informed Neural Time Series Models with Applications to Long-term 
Inference on WeatherBench 2m-Temperature Data,” arXiv (Cornell University), Feb. 2025, 
https://doi.org/10.48550/arXiv.2502.04018. 

 
Information about Authors: 
Zharasbek Baishemirov is a lead researcher at Kazakh British Technical University (Almaty, Kazakhstan, e-mail: 

z.baishemirov@kbtu.kz), Astana IT University and Narxoz University, recognized for his extensive experience in the fields of 
industry, research, and higher education. He has held key research positions at the above-mentioned universities, where his work 
has primarily focused on mathematical modeling, mathematics, machine learning, and artificial intelligence. Dr. Baishemirov has 
a strong academic foundation, having completed his studies at leading institutions such as the Abai Kazakh National Pedagogical 
University and other renowned universities.  

Dina Ospanova is a promising junior scientist and graduate student at Astana IT University (Astana, Kazakhstan, e-mail: 
242982@astanait.edu.kz), specializing in data science and machine learning. As a dedicated researcher, Dina Ospanova is actively 
involved in various projects that apply advanced technologies to solve real-world challenges. Her academic focus includes predictive 
modeling, intelligent routing systems, and data-driven decision-making for urban and environmental applications.  

Beibut Amirgaliyev is a distinguished researcher at Astana IT University (Astana, Kazakhstan, e-mail: 
beibut.amirgaliyev@astanait.edu.kz) and is recognized for his contributions to academia and industry. He holds a PhD in Computer 
Science and serves as a Professor at Astana IT University, focusing on research areas such as machine learning and computer 
vision. Dr. Amirgaliyev has published numerous papers on automatic number plate recognition and solar collector systems, with his 
work cited by over 200 researchers. 

Saltanbek Mukhambetzhanov is an assistant-professor at Al-Farabi Kazakh National University (Almaty, Kazakhstan, e-mail: 
saltanbek.kaznu@gmail.com). He has over 40 years of experience in applied mathematics field.  

 
Submission received: 11 November, 2025. 

Revised: 18 December, 2025. 
Accepted: 25 December, 2025. 

 



ISSN 2958-0846  eISSN 2958-0854            Journal of Problems in Computer Science and Information Technologies №1 (4) 2026           https://jpcsit.kaznu.kz

© 2026  Al-Farabi Kazakh National University 48 Licensed under CC BY-NC 4.0

IRSTI 28.23.37							       https://doi.org/10.26577/jpcsit4120265

N. Kalzhanov* , S. Artykbay , A. Kalzhan
Al-Farabi Kazakh National University, Almaty, Kazakhstan 

*e-mail: nurkal022@gmail.com 

DEVELOPMENT OF THE RETRIEVAL-AUGMENTED GENERATION (RAG) 
SYSTEM FOR THE KAZAKH LANGUAGE USING HYBRID  

RETRIEVAL METHODS

Abstract. This paper presents the creation and experimental evaluation of a Retrieval-Augmented 
Generation (RAG) system for the Kazakh language, with an emphasis on a comparative analysis of infor-
mation retrieval methods. The main goal was to test the hypothesis that a hybrid approach combining 
the BM25 statistical method and semantic vector search is superior to each of these approaches individu-
ally. Based on a corpus of legal documents from the Republic of Kazakhstan, 1,800 experiments were 
conducted covering three data retrieval methods in combination with six OpenAI large language model 
variants (LLMs). The results showed that the hybrid method provides the highest retrieval effectiveness 
(Recall@6 = 0.89) and the highest end-to-end answer accuracy (mean 82.0% across models), statisti-
cally significantly outperforming pure vector search (77.7%) and BM25 (71.7%) in answer accuracy 
(Cochran’s Q test with McNemar post-hoc comparisons, p < 0.01). A closed-book (no-RAG) baseline 
confirmed that parametric knowledge alone yields only 23–31% accuracy, demonstrating that retrieval 
augmentation is the primary driver of system performance. Additional experiments with open-weight 
models (Qwen-2.5-72B, Llama-3.1-70B) confirmed that the hybrid advantage generalizes beyond the 
OpenAI model family. This study makes a contribution to the development of RAG systems for resource-
limited languages by proposing an experiment-based methodology for improving the accuracy and reli-
ability of response generation.

Keywords: Retrieval-Augmented Generation, Kazakh language, hybrid search, BM25, natural lan-
guage processing.
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1. Introduction 
 
Retrieval-Augmented Generation (RAG) 

generation systems represent an advanced approach 
in the field of natural language processing (NLP), 
combining the strengths of large language models 
(LLM) and external knowledge bases [1]. Instead of 
relying solely on information learned during the pre-
training process, RAG systems dynamically extract 
relevant documents from the data corpus and use 
them as context to generate more accurate, relevant, 
and informed responses [2]. This mechanism is 
especially important for tasks requiring factual 
accuracy, such as answering questions in specialized 
fields (law, medicine) or dealing with rapidly 
changing information [3]. 

However, the effectiveness of a RAG system is 
largely determined by the quality of its retrieval 
component [4]. Traditionally, two main approaches 
to information extraction are used: 

The first approach is based on statistical 
methods, a prominent representative of which is the 
BM25 (Best Matching 25) algorithm [5]. It is based 
on the lexical matching of keywords and has proven 

itself well in tasks where the accuracy of 
formulations is crucial. 

The second approach uses semantic methods, or 
vector search, which use dense vector 
representations (embeddings) to encode the 
semantic meaning of the text [6]. This approach 
allows you to find documents that are close in 
meaning to the query, even in the absence of 
common keywords, which is effective for 
processing synonyms and paraphrases. 

Despite their advantages, both methods have 
limitations. BM25 is not able to detect semantic 
proximity, while vector search can lead to false 
positive results due to semantic ambiguity [7]. These 
problems become especially acute when working 
with languages with limited resources (low-resource 
languages), which include the Kazakh language [8]. 
Such languages are characterized by a limited 
amount of available text corpora and less developed 
NLP tools, which complicates the creation of high-
quality semantic models [9]. 

Recent research shows a growing interest in 
hybrid search methods that combine the advantages 
of different approaches within Retrieval-Augmented 
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1. Introduction 
 
Retrieval-Augmented Generation (RAG) 

generation systems represent an advanced approach 
in the field of natural language processing (NLP), 
combining the strengths of large language models 
(LLM) and external knowledge bases [1]. Instead of 
relying solely on information learned during the pre-
training process, RAG systems dynamically extract 
relevant documents from the data corpus and use 
them as context to generate more accurate, relevant, 
and informed responses [2]. This mechanism is 
especially important for tasks requiring factual 
accuracy, such as answering questions in specialized 
fields (law, medicine) or dealing with rapidly 
changing information [3]. 

However, the effectiveness of a RAG system is 
largely determined by the quality of its retrieval 
component [4]. Traditionally, two main approaches 
to information extraction are used: 

The first approach is based on statistical 
methods, a prominent representative of which is the 
BM25 (Best Matching 25) algorithm [5]. It is based 
on the lexical matching of keywords and has proven 

itself well in tasks where the accuracy of 
formulations is crucial. 

The second approach uses semantic methods, or 
vector search, which use dense vector 
representations (embeddings) to encode the 
semantic meaning of the text [6]. This approach 
allows you to find documents that are close in 
meaning to the query, even in the absence of 
common keywords, which is effective for 
processing synonyms and paraphrases. 

Despite their advantages, both methods have 
limitations. BM25 is not able to detect semantic 
proximity, while vector search can lead to false 
positive results due to semantic ambiguity [7]. These 
problems become especially acute when working 
with languages with limited resources (low-resource 
languages), which include the Kazakh language [8]. 
Such languages are characterized by a limited 
amount of available text corpora and less developed 
NLP tools, which complicates the creation of high-
quality semantic models [9]. 

Recent research shows a growing interest in 
hybrid search methods that combine the advantages 
of different approaches within Retrieval-Augmented 

Generation systems [10, 11]. Such hybrid strategies 
are particularly important for low-resource and 
agglutinative languages, where purely semantic 
retrieval models often suffer from morphological 
complexity and semantic space heterogeneity, 
limiting their robustness [12]. 

In this regard, this study hypothesizes that a 
hybrid information retrieval method combining 
statistical (BM25) and semantic (vector) approaches 
using RRF allows for higher and more stable 
accuracy in the RAG system for the Kazakh 
language. It is assumed that this approach will make 
it possible to compensate for the disadvantages of 
each of the methods, ensuring both lexical accuracy 
and semantic relevance of the extracted documents. 

This study presents the first systematic 
evaluation of hybrid retrieval within a Retrieval-
Augmented Generation (RAG) framework for the 
Kazakh language, addressing a gap in low-resource 
language research. We compare BM25, vector-
based, and hybrid search across six OpenAI 
language models and assess performance using 
statistical significance testing. A no-RAG baseline 
quantifies the effect of retrieval augmentation, while 
cross-provider experiments with open-weight 
models support the generalizability of the results. 
Based on these findings, we provide practical 
recommendations for building efficient RAG 
systems in low-resource settings. 

 
2. Materials and Methods 
 
To test this hypothesis, a series of experiments 

was developed and conducted to evaluate the 
performance of various search methods within the 
framework of the RAG system. The research 
methodology was based on the principles of 
reproducibility and statistical rigor. 

 
2.1. Dataset and preprocessing 
The “Textual Foundations of Justice: Kazakh 

Laws and Jurisprudence Dataset” [14] was used as 
the knowledge base. It includes all current laws of 
the Republic of Kazakhstan (as of April 1, 2024) in 
Kazakh and is publicly available under the CC BY 
4.0 license. 

The corpus comprises 12,886 legal documents 
segmented into 263,326 fragments, totaling 
approximately 41.6 million tokens across multiple 
legal domains (constitutional, administrative, civil, 
criminal, etc.). 

Documents were converted to plain text, cleaned 
(HTML removal, whitespace normalization, 
Unicode NFC), and segmented into 900-token 
passages with 150-token overlap to preserve 
context. Each segment was assigned a unique 
identifier and validated through automated and 
manual checks to ensure data integrity. 

This preprocessing produced a clean, structured 
corpus suitable for retrieval and RAG evaluation. 

 
2.2. System Architecture and Retrieval Methods 
The experimental setup included three RAG 

system configurations, differing only in the retrieval 
module. All components were implemented in 
Python using modern NLP libraries.  

 
2.2.1 BM25 Retriever (Statistical Baseline 

Method) 
To establish a statistical baseline for lexical 

document retrieval, we utilized the Okapi BM25 
(Best Matching 25) ranking function. BM25 is a 
probabilistic model for information retrieval that 
evaluates the relevance of a document 𝑑𝑑𝑑𝑑 in relation 
to a query q by incorporating term frequency and 
normalizing for document length, which contributes 
to its widespread acceptance and clarity in 
information retrieval research. 

The retriever was implemented in Python using 
the rank-bm25 library. We used standard BM25 
hyperparameters (k1=1.5, b=0.75) to balance the 
influence of term frequency saturation and length 
normalization. Due to the highly agglutinative 
nature of the Kazakh language, using naive 
whitespace tokenization can result in significant 
lexical sparsity and adversely affect BM25. 
Consequently, we utilized KazakhTokenizer for 
tokenization, following the character-level 
segmentation method outlined by Toleu et al. 
(TurkLang 2017) for both token and sentence 
segmentation. Furthermore, we implemented a 
Kazakh-specific normalization process that includes 
Unicode normalization, converting text to 
lowercase, and a lightweight morphological 
normalization (such as suffix normalization) to 
minimize surface-form variance while maintaining 
legal terminology. We consciously chose not to 
remove stop-words, as frequent function words and 
legal markers (like references to articles, clauses, 
and enumerations) may convey important signals in 
legal texts. Specifically, the normalization 
comprised three steps: (i) Unicode NFC  
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normalization to handle Kazakh-specific characters 
(ә, ғ, қ, ң, ө, ұ, ү, і, һ), (ii) lowercasing, and (iii) 
suffix stripping of common Kazakh inflectional 
endings (plural markers -лар/-лер/-дар/-дер, case 
suffixes -ның/-нің, -ға/-ге, -да/-де, -дан/-ден, and 

possessive markers). No full lemmatization or 
stemming was applied due to the absence of mature 
Kazakh morphological analyzers. The BM25 
scoring function used in this work is given in 
Equation (1):
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(1) 

 
where qi denotes a query term and dd represents a 
document from the collection. The term f(qi,d) 
corresponds to the frequency of the query qi within 
the document d, while ∣d∣∣d∣ indicates the length of 
the document. The parameter avgdl refers to the 
average document length across the entire corpus, 
providing normalization for varying document sizes. 
The component IDF (qi) stands for the inverse 
document frequency of the term qi, quantifying its 
importance within the collection by assigning higher 
weights to terms that occur less frequently across 
documents. By jointly considering term frequency, 
document length, and the discriminative capacity of 
individual terms, the BM25 algorithm achieves a 
balanced estimation of document relevance. This 
property makes BM25 a robust and interpretable 
baseline method for information retrieval, 
particularly effective in specialized domains such as 
legal text processing, where precise terminology 
plays a crucial role. 

 
2.2.2 Vector Retriever (Semantic Method) 
The Vector Retriever employs a dense semantic 

retrieval method, in which both search queries and 
sections of documents are positioned within a 
unified embedding space, allowing semantically 
related texts to be placed in proximity to one another 
despite minimal lexical overlap. For this research, 
we utilized the OpenAI text-embedding-3-small 
model to create dense representations consisting of 
1536 dimensions. All embeddings were generated 
through the OpenAI API and were saved for 
indexing and retrieval purposes. 

The retrieval process consisted of several key 
stages. First, all text segments in the corpus were 
encoded into dense vector representations within a 
shared semantic space. Then, a FAISS index was 

constructed to facilitate fast and scalable nearest-
neighbor search. We used FAISS IndexFlatIP with 
L2-normalized embeddings, so cosine similarity 
was computed as a normalized inner product. In 
downstream RAG prompting, we retrieved the Top-
K = 6 most similar chunks per query. The input 
query was encoded into a vector of the same 
dimensionality and compared against the indexed 
corpus vectors. The system then identified the most 
semantically similar vectors based on cosine 
similarity and ranked the retrieved documents in 
descending order of similarity scores. 

This approach enables the system to identify 
conceptually related documents even when lexical 
overlap between the query and the text is minimal. 
As a result, the Vector Retriever provides a more 
context-aware and semantically robust retrieval 
mechanism compared to traditional statistical 
methods such as BM25, particularly in domains like 
legal text analysis, where nuanced language and 
terminology play a crucial role. 

 
2.2.3 Hybrid Retriever (Proposed Weighted 

Hybrid Method) 
The Hybrid Retriever combines lexical and 

semantic retrieval signals using Weighted 
Reciprocal Rank Fusion [13]. RRF is effective for 
merging ranked lists from heterogeneous retrievers 
without requiring normalization of their raw 
similarity scores. We extend the standard RRF 
formulation with an explicit weighting parameter α 
(Weighted RRF) to control the relative contribution 
of lexical and semantic signals. In our hybrid design, 
we fuse the ranked outputs of BM25 and the Vector 
Retriever by assigning an explicit weight to the 
lexical component, allowing the method to adapt to 
domain-specific retrieval behavior in legal text.

 

score(𝑑𝑑𝑑𝑑) =
𝛼𝛼𝛼𝛼

𝑘𝑘𝑘𝑘rrf + rankbm25(𝑑𝑑𝑑𝑑) +
1 − 𝛼𝛼𝛼𝛼

𝑘𝑘𝑘𝑘rrf + rankvec(𝑑𝑑𝑑𝑑) (2) 
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normalization to handle Kazakh-specific characters 
(ә, ғ, қ, ң, ө, ұ, ү, і, һ), (ii) lowercasing, and (iii) 
suffix stripping of common Kazakh inflectional 
endings (plural markers -лар/-лер/-дар/-дер, case 
suffixes -ның/-нің, -ға/-ге, -да/-де, -дан/-ден, and 

possessive markers). No full lemmatization or 
stemming was applied due to the absence of mature 
Kazakh morphological analyzers. The BM25 
scoring function used in this work is given in 
Equation (1):
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where qi denotes a query term and dd represents a 
document from the collection. The term f(qi,d) 
corresponds to the frequency of the query qi within 
the document d, while ∣d∣∣d∣ indicates the length of 
the document. The parameter avgdl refers to the 
average document length across the entire corpus, 
providing normalization for varying document sizes. 
The component IDF (qi) stands for the inverse 
document frequency of the term qi, quantifying its 
importance within the collection by assigning higher 
weights to terms that occur less frequently across 
documents. By jointly considering term frequency, 
document length, and the discriminative capacity of 
individual terms, the BM25 algorithm achieves a 
balanced estimation of document relevance. This 
property makes BM25 a robust and interpretable 
baseline method for information retrieval, 
particularly effective in specialized domains such as 
legal text processing, where precise terminology 
plays a crucial role. 

 
2.2.2 Vector Retriever (Semantic Method) 
The Vector Retriever employs a dense semantic 

retrieval method, in which both search queries and 
sections of documents are positioned within a 
unified embedding space, allowing semantically 
related texts to be placed in proximity to one another 
despite minimal lexical overlap. For this research, 
we utilized the OpenAI text-embedding-3-small 
model to create dense representations consisting of 
1536 dimensions. All embeddings were generated 
through the OpenAI API and were saved for 
indexing and retrieval purposes. 

The retrieval process consisted of several key 
stages. First, all text segments in the corpus were 
encoded into dense vector representations within a 
shared semantic space. Then, a FAISS index was 

constructed to facilitate fast and scalable nearest-
neighbor search. We used FAISS IndexFlatIP with 
L2-normalized embeddings, so cosine similarity 
was computed as a normalized inner product. In 
downstream RAG prompting, we retrieved the Top-
K = 6 most similar chunks per query. The input 
query was encoded into a vector of the same 
dimensionality and compared against the indexed 
corpus vectors. The system then identified the most 
semantically similar vectors based on cosine 
similarity and ranked the retrieved documents in 
descending order of similarity scores. 

This approach enables the system to identify 
conceptually related documents even when lexical 
overlap between the query and the text is minimal. 
As a result, the Vector Retriever provides a more 
context-aware and semantically robust retrieval 
mechanism compared to traditional statistical 
methods such as BM25, particularly in domains like 
legal text analysis, where nuanced language and 
terminology play a crucial role. 

 
2.2.3 Hybrid Retriever (Proposed Weighted 

Hybrid Method) 
The Hybrid Retriever combines lexical and 

semantic retrieval signals using Weighted 
Reciprocal Rank Fusion [13]. RRF is effective for 
merging ranked lists from heterogeneous retrievers 
without requiring normalization of their raw 
similarity scores. We extend the standard RRF 
formulation with an explicit weighting parameter α 
(Weighted RRF) to control the relative contribution 
of lexical and semantic signals. In our hybrid design, 
we fuse the ranked outputs of BM25 and the Vector 
Retriever by assigning an explicit weight to the 
lexical component, allowing the method to adapt to 
domain-specific retrieval behavior in legal text.

 

score(𝑑𝑑𝑑𝑑) =
𝛼𝛼𝛼𝛼

𝑘𝑘𝑘𝑘rrf + rankbm25(𝑑𝑑𝑑𝑑) +
1 − 𝛼𝛼𝛼𝛼

𝑘𝑘𝑘𝑘rrf + rankvec(𝑑𝑑𝑑𝑑) (2) 

where rankbm25 (d) and rankvec (d) denote the rank 
positions of document chunk d in the BM25 and 
vector ranked lists, respectively; krrf is a smoothing 
constant that reduces overemphasis on the very top-
ranked items; and α∈[0,1] controls the contribution 
of BM25 (α=1 corresponds to pure BM25, α=0 
corresponds to pure vector retrieval). 

In practice, BM25 and vector search are 
executed in parallel. We retrieve N = 100 candidates 
from each method, take the union of candidates, 
compute the fused score for each unique candidate, 
and re-rank the resulting list by descending fused 
score. The system then returns the Top-K = 6 chunks 
for downstream RAG prompting. Note that all three 
methods return the same final Top-K = 6 passages 
to the LLM. While the hybrid method draws from a 
larger initial candidate pool (N = 100 per retriever), 
this deeper pooling is an inherent design feature of 
fusion-based retrieval rather than an unfair 
advantage: the single-retriever baselines could also 
retrieve N = 100 and truncate to top-6, but without 
fusion they would return the same top-6 as direct 
retrieval. 

Fusion parameters were selected using a nested 
evaluation procedure to prevent test-set leakage. 
Specifically, a grid search over krrf ∈ {10, 20, 40, 60, 
100} and α ∈ {0.3, 0.4, 0.5, 0.6, 0.7} was conducted 
using 5-fold cross-validation on the 100 test 
questions. In each fold, 80 questions served as the 
tuning set and 20 as the held-out evaluation set, with 
NDCG@6 as the optimization metric. The best-
performing configuration (krrf = 60, α = 0.5, 
corresponding to equal BM25 and vector 
contributions) was identified. Critically, all 
retrieval-level metrics reported in Section 3.1 (Table 
3) are aggregated exclusively from the held-out fold 
predictions: each question's retrieval score was 
recorded only in the fold where that question 
appeared in the held-out set, and the final Recall@6, 
MRR, and NDCG@6 values are the averages of 

these held-out predictions across all five folds. The 
tuning and evaluation sets were therefore strictly 
disjoint for every reported data point, ensuring that 
no question was used simultaneously for parameter 
selection and performance estimation. 

This weighted fusion strategy balances exact 
terminology matching with semantic similarity, 
providing improved retrieval quality for Kazakh 
legal documents where both lexical precision and 
contextual meaning are required. 

 
2.3. Language models and answer generation 
In the present experiments, six large language 

models (LLMs) developed by OpenAI were 
employed to support the answer generation process. 
The inclusion of multiple models enabled a 
comparative assessment of how differences in 
model size, reasoning capability, and optimization 
level influence the quality and consistency of 
generated responses within the RAG framework. All 
models used the same prompt template, the same 
retrieval Top-K, and the same maximum output 
length to ensure comparability. Temperature was set 
per model family (0.3 for gpt-4o/gpt-5; 1.0 for 
o1/o1-mini). For the o1 family, temperature 1.0 is an 
API requirement for reasoning-oriented models, not 
a deliberate experimental choice.  

All experiments were executed via the OpenAI 
API; we report the exact model identifiers as used in 
the API (Table 1). All experiments were conducted 
on October 14, 2025, using the OpenAI API. Model 
availability and behavior were verified at the time of 
execution. Since generation can be stochastic–
especially at higher temperatures–each 
configuration was executed under the same prompt 
and decoding constraints, and results are 
complemented with retrieval-level metrics 
(Recall@K, MRR, NDCG) that are independent of 
generation variability. Detailed configurations of the 
selected models are summarized in Table 1. 

 
 

Table 1. Language models and experimental parameters 
 
№ Model Provider Decoding Settings Description 
1 gpt-4o OpenAI Temperature: 0.3, Max tokens: 500 Flagship model 
2 gpt-4o-mini OpenAI Temperature: 0.3, Max tokens: 500 Optimized version 
3 gpt-5 OpenAI Temperature: 0.3, Max tokens: 500 Flagship model (generation) 
4 gpt-5-mini OpenAI Temperature: 0.3, Max tokens: 500 Compact version of GPT-5 
5 o1 OpenAI Temperature: 1.0, Max tokens: 500 Model with enhanced reasoning capability 
6 o1-mini OpenAI Temperature: 1.0, Max tokens: 500 Compact version of o1 
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As shown in Table 1, the selected models 
represent a spectrum ranging from flagship to 
compact versions within the OpenAI model family, 
providing a foundation for assessing how different 
model variants process information retrieved from 
the same corpus. All API calls used default values 
for top_p (1.0), frequency_penalty (0), and 
presence_penalty (0); no fixed seed was set. The 
gpt-4o and gpt-5 families were configured with a 
lower temperature (0.3) to emphasize accuracy and 
factual precision, whereas the o1 models operated at 
temperature 1.0, as required by the API for 
reasoning-oriented models. This temperature 

difference is a confounding factor that should be 
considered when interpreting cross-model accuracy 
comparisons, since higher temperature increases 
sampling entropy and may penalize exact-match 
evaluation. 

To ensure methodological consistency, a unified 
prompt was used across all experiments. It included 
three components: retrieved context, the user 
question, and an instruction requiring the model to 
answer strictly based on the provided context and 
explicitly state when the information was 
insufficient. The verbatim template is shown in 
Figure 1. 

 
 

 
 

Figure 1. Prompt template used across all experimental configurations 
 
 
This standardized format eliminated variability 

caused by prompt phrasing and ensured that 
observed performance differences resulted solely 
from the retrieval and generation mechanisms rather 
than from inconsistencies in input formulation. We 
note that the prompt is written in English while the 
corpus, questions, and expected answers are in 
Kazakh; this cross-lingual mismatch is a known 
factor that may affect generation quality for lower-
resource languages and is discussed as a limitation 
in Section 4.5. 

 
2.4. Experimental Design and Test Set 
In this study, the evaluation of retrieval methods 

within the RAG system was conducted using a 

balanced test set of 100 questions formulated in 
Kazakh and restricted to the legal domain. Each 
question was paired with a gold reference answer 
and exactly one gold passage reference–the specific 
corpus chunk from which the question was 
originally derived. The passage–question correspon-
dence was manually verified: an annotator confir-
med that the designated chunk contains sufficient 
evidence to answer the question, and questions 
where the gold passage was insufficient were 
reformulated or removed. This one-passage-per-
question design reflects the structure of the Kazakh 
legal corpus, where a specific legal norm is typically 
concentrated within a single document fragment. 
Retrieval and generation were thus evaluated under 
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As shown in Table 1, the selected models 
represent a spectrum ranging from flagship to 
compact versions within the OpenAI model family, 
providing a foundation for assessing how different 
model variants process information retrieved from 
the same corpus. All API calls used default values 
for top_p (1.0), frequency_penalty (0), and 
presence_penalty (0); no fixed seed was set. The 
gpt-4o and gpt-5 families were configured with a 
lower temperature (0.3) to emphasize accuracy and 
factual precision, whereas the o1 models operated at 
temperature 1.0, as required by the API for 
reasoning-oriented models. This temperature 

difference is a confounding factor that should be 
considered when interpreting cross-model accuracy 
comparisons, since higher temperature increases 
sampling entropy and may penalize exact-match 
evaluation. 

To ensure methodological consistency, a unified 
prompt was used across all experiments. It included 
three components: retrieved context, the user 
question, and an instruction requiring the model to 
answer strictly based on the provided context and 
explicitly state when the information was 
insufficient. The verbatim template is shown in 
Figure 1. 

 
 

 
 

Figure 1. Prompt template used across all experimental configurations 
 
 
This standardized format eliminated variability 

caused by prompt phrasing and ensured that 
observed performance differences resulted solely 
from the retrieval and generation mechanisms rather 
than from inconsistencies in input formulation. We 
note that the prompt is written in English while the 
corpus, questions, and expected answers are in 
Kazakh; this cross-lingual mismatch is a known 
factor that may affect generation quality for lower-
resource languages and is discussed as a limitation 
in Section 4.5. 

 
2.4. Experimental Design and Test Set 
In this study, the evaluation of retrieval methods 

within the RAG system was conducted using a 

balanced test set of 100 questions formulated in 
Kazakh and restricted to the legal domain. Each 
question was paired with a gold reference answer 
and exactly one gold passage reference–the specific 
corpus chunk from which the question was 
originally derived. The passage–question correspon-
dence was manually verified: an annotator confir-
med that the designated chunk contains sufficient 
evidence to answer the question, and questions 
where the gold passage was insufficient were 
reformulated or removed. This one-passage-per-
question design reflects the structure of the Kazakh 
legal corpus, where a specific legal norm is typically 
concentrated within a single document fragment. 
Retrieval and generation were thus evaluated under 

grounded, verifiable conditions. Answer correctness 
was evaluated using exact-match comparison 
against gold reference answers, supplemented by 
manual verification. Two annotators independently 
reviewed all answers flagged as borderline (i.e., 
partially correct or paraphrased). Initial inter-
annotator agreement was P_o = 0.85 (Cohen’s κ ≈ 
0.73, indicating substantial agreement on the Landis 
and Koch scale). Disagreements were resolved 
through discussion to reach consensus. An answer 
was marked as correct if it conveyed the same 
factual content as the gold reference, regardless of 
minor phrasing differences. All questions followed 
a unified format to maintain experimental consis-

tency and to reduce prompt-induced variability. The 
test set was constructed to cover multiple branches 
of Kazakhstani law, including both factual and 
analytical query types (e.g., definition-based ques-
tions, procedural requirements, conditions/ex-
ceptions, and normative references). The thematic 
distribution of questions is summarized in Table 2. 
Gold reference answers were authored by a domain-
aware annotator who read the designated gold 
passage and wrote the expected answer in Kazakh. 
A second annotator independently verified each 
answer for factual correctness and completeness 
against the source passage. Disagreements were 
resolved through discussion to reach consensus.

 
 

Table 2. Design and evaluation of a Kazakh retrieval-augmented generation system using thematic question sets 
 
№ Category (Legal Domain) Example Topics 
1 Constitutional law rights, duties, state structure 
2 Administrative law procedures, public services, penalties 
3 Civil law contracts, property, obligations 
4 Criminal law offenses, sanctions, legal elements 
5 Labor / Social law employment, benefits, protections 
6 Tax / Financial law taxes, reporting, liabilities 

 
 
To ensure dataset quality, each question 

satisfied predefined criteria: (i) an unambiguous 
reference answer, (ii) confirmed evidence coverage 
within the corpus via gold passage references, (iii) 
diversity of query types (factual and analytical), and 
(iv) natural Kazakh user phrasing. Questions were 
generated using GPT-4o and then validated through 
automated checks and manual review. Because the 
same model family was used for both question 
generation and answer evaluation, we acknowledge 
a potential circularity risk: models may perform 
disproportionately well on questions reflecting their 
own generation style. To mitigate this, all generated 
questions were manually reviewed by a domain-
aware annotator to ensure they reflect natural 
Kazakh legal query phrasing, and questions 
exhibiting model-specific artifacts were 
reformulated or removed. 

The experimental design followed a full-
factorial setup across 3 retrieval methods (BM25, 
Vector, Hybrid) and 6 language models, resulting in 
1,800 experimental runs (100 × 3 × 6). All runs used 
the same prompt template, the same retrieval Top-K 
= 6 (selected to balance evidence coverage with 
LLM context window constraints at 500 max output 

tokens), and the same maximum output length. Each 
configuration was executed once per question; the 
execution order was randomized to minimize 
systematic bias. In addition to end-to-end answer 
accuracy, we report retrieval-level metrics 
(Recall@6, Precision@6, MRR, NDCG@6) to 
directly measure retriever quality independently of 
generation variability. 

 
2.5 Evaluation Metrics and Statistical Analysis 
The RAG system was evaluated at two levels: 

retrieval quality and end-to-end answer quality, 
complemented by reliability indicators. 

Retrieval performance was measured against 
gold passages using standard ranking metrics: 
Recall@6 (presence of the gold passage within the 
top-6 results), Precision@6 (reported for complete-
ness; equal to Recall@6 / 6 due to one gold passage 
per query), MRR (mean reciprocal rank of the first 
relevant passage), and NDCG@6 (rank-sensitive 
gain emphasizing early relevance). Generation met-
rics. End-to-end answer quality was measured by: 

 

Accuracy =
𝑁𝑁𝑁𝑁correct

𝑁𝑁𝑁𝑁total
 (3) 
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where Ncorrect is the number of correct answers and 
Ntotal is the total number of queries. Reliability 
metrics. To capture system robustness, we 
additionally report: 

 

Refusal Rate =
Nrefusal

Ntotal
 (4) 

 

Error Rate =
Nerror

Ntotal
 (5) 

 
where Nrefusal counts cases in which the model 
explicitly abstained due to insufficient evidence, and 
𝑁𝑁𝑁𝑁error counts technical failures during execution. 

Statistical analysis. Because answer accuracy is 
a paired binary outcome measured on the same 
questions across retrieval methods, overall differen-
ces among BM25, Vector, and Hybrid were tested 
using Cochran’s Q. Pairwise method comparisons 
were then performed with McNemar tests, using 
multiplicity correction for post-hoc inference. For 
retrieval metrics (MRR, NDCG@6, etc.), we report 
paired comparisons to assess relative method perfor-
mance. Significance thresholds were interpreted as: 
p<0.001(highly significant), p<0.01 (very 
significant), and p<0.05 (significant). 

 
2.6. Technical Infrastructure and Repro-

ducibility 
All experiments were executed on a MacBook 

Pro with an Apple M1 Pro CPU and 16 GB RAM 
running macOS, using Python 3.11. The retrieval 
stack included rank-bm25 for BM25, FAISS for 
vector indexing, and the OpenAI API for both 
embeddings (text-embedding-3-small) and LLM 
answer generation.  

To support reproducibility, we (i) stored all in-
termediate artifacts (chunks, indices, questions, 
and run logs) in structured formats, (ii) recorded 
the exact retrieval parameters (Top-K, candidate 
depth for fusion, and Weighted RRF settings),  
and (iii) reported exact model identifiers  
and run settings for the OpenAI API. The 
evaluation code, test questions, and experiment 
scripts are publicly available at 

https://github.com/nurkal022/LawRagExperiments. 
Because API-based generation may exhibit non-
determinism (no fixed seed was set, and temperature 
1.0 was used for o1-family models), we complement 
end-to-end accuracy with retrieval-level metrics that 
are independent of generation variability. Each 
configuration was executed once per question; the 
single-run design is discussed as a limitation in 
Section 4.5. 

 
3. Results  
 
The analysis of 1,800 experimental runs (100 

questions × 3 retrieval methods × 6 LLMs) provides 
quantitative evidence of retrieval performance 
differences across BM25, Vector, and Hybrid 
retrieval within the Kazakh legal-domain RAG 
setting. We report retrieval-level metrics against 
gold passages (Recall@6, Precision@6, MRR, 
NDCG@6) and separately report end-to-end answer 
accuracy for the full RAG pipeline. Across all 1,800 
runs, the overall refusal rate (cases where the model 
explicitly abstained) was 7.3% (~131 of 1,800 runs) 
and the technical error rate was 0.3% (~5 of 1,800 
runs), indicating stable system operation. Refusal 
rates varied by retrieval method: BM25 exhibited 
the highest refusal rate (8.5%), followed by Vector 
(7.5%) and Hybrid (6.0% across all 1,800 runs; 
when disaggregated, the per-method refusal rate for 
Hybrid averaged 2% across the six LLMs, compared 
to 3% for Vector and 7% for BM25), consistent with 
the retrieval recall differences among methods. 

 
3.1. Comparison of Overall Retrieval 

Performance 
This section compares the three retrieval 

approaches evaluated in this study: (i) BM25 lexical 
retrieval, (ii) dense vector semantic retrieval, and 
(iii) Hybrid retrieval using Weighted Reciprocal 
Rank Fusion (Weighted RRF). Retrieval quality was 
assessed using Recall@6, Precision@6, MRR, and 
NDCG@6 computed against gold passage 
references. Statistical tests were applied to assess 
whether observed differences are significant under a 
paired experimental design.
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where Ncorrect is the number of correct answers and 
Ntotal is the total number of queries. Reliability 
metrics. To capture system robustness, we 
additionally report: 

 

Refusal Rate =
Nrefusal

Ntotal
 (4) 

 

Error Rate =
Nerror

Ntotal
 (5) 

 
where Nrefusal counts cases in which the model 
explicitly abstained due to insufficient evidence, and 
𝑁𝑁𝑁𝑁error counts technical failures during execution. 

Statistical analysis. Because answer accuracy is 
a paired binary outcome measured on the same 
questions across retrieval methods, overall differen-
ces among BM25, Vector, and Hybrid were tested 
using Cochran’s Q. Pairwise method comparisons 
were then performed with McNemar tests, using 
multiplicity correction for post-hoc inference. For 
retrieval metrics (MRR, NDCG@6, etc.), we report 
paired comparisons to assess relative method perfor-
mance. Significance thresholds were interpreted as: 
p<0.001(highly significant), p<0.01 (very 
significant), and p<0.05 (significant). 

 
2.6. Technical Infrastructure and Repro-

ducibility 
All experiments were executed on a MacBook 

Pro with an Apple M1 Pro CPU and 16 GB RAM 
running macOS, using Python 3.11. The retrieval 
stack included rank-bm25 for BM25, FAISS for 
vector indexing, and the OpenAI API for both 
embeddings (text-embedding-3-small) and LLM 
answer generation.  

To support reproducibility, we (i) stored all in-
termediate artifacts (chunks, indices, questions, 
and run logs) in structured formats, (ii) recorded 
the exact retrieval parameters (Top-K, candidate 
depth for fusion, and Weighted RRF settings),  
and (iii) reported exact model identifiers  
and run settings for the OpenAI API. The 
evaluation code, test questions, and experiment 
scripts are publicly available at 

https://github.com/nurkal022/LawRagExperiments. 
Because API-based generation may exhibit non-
determinism (no fixed seed was set, and temperature 
1.0 was used for o1-family models), we complement 
end-to-end accuracy with retrieval-level metrics that 
are independent of generation variability. Each 
configuration was executed once per question; the 
single-run design is discussed as a limitation in 
Section 4.5. 

 
3. Results  
 
The analysis of 1,800 experimental runs (100 

questions × 3 retrieval methods × 6 LLMs) provides 
quantitative evidence of retrieval performance 
differences across BM25, Vector, and Hybrid 
retrieval within the Kazakh legal-domain RAG 
setting. We report retrieval-level metrics against 
gold passages (Recall@6, Precision@6, MRR, 
NDCG@6) and separately report end-to-end answer 
accuracy for the full RAG pipeline. Across all 1,800 
runs, the overall refusal rate (cases where the model 
explicitly abstained) was 7.3% (~131 of 1,800 runs) 
and the technical error rate was 0.3% (~5 of 1,800 
runs), indicating stable system operation. Refusal 
rates varied by retrieval method: BM25 exhibited 
the highest refusal rate (8.5%), followed by Vector 
(7.5%) and Hybrid (6.0% across all 1,800 runs; 
when disaggregated, the per-method refusal rate for 
Hybrid averaged 2% across the six LLMs, compared 
to 3% for Vector and 7% for BM25), consistent with 
the retrieval recall differences among methods. 

 
3.1. Comparison of Overall Retrieval 

Performance 
This section compares the three retrieval 

approaches evaluated in this study: (i) BM25 lexical 
retrieval, (ii) dense vector semantic retrieval, and 
(iii) Hybrid retrieval using Weighted Reciprocal 
Rank Fusion (Weighted RRF). Retrieval quality was 
assessed using Recall@6, Precision@6, MRR, and 
NDCG@6 computed against gold passage 
references. Statistical tests were applied to assess 
whether observed differences are significant under a 
paired experimental design.

  
 

 
Figure 2. Retrieval Recall@6 across methods in the RAG system for the Kazakh language 

 
 
Figure 2 summarizes retrieval performance 

across methods. The Hybrid retriever achieves the 
strongest overall retrieval effectiveness, 

outperforming both BM25 and the vector retriever 
across ranking-sensitive metrics. A detailed 
quantitative comparison is provided in Table 3. 

 
 

Table 3. Retrieval performance summary across methods (Top-K = 6) 
 

№ Method Recall@6 Precision@6 MRR NDCG@6 
1 Hybrid 0.8900 0.1483 0.7200 0.7850 
2 Vector 0.8300 0.1383 0.6500 0.7100 
3 BM25 0.7900 0.1317 0.6100 0.6700 
 
 
As shown in Table 3, the Hybrid method 

provides the highest retrieval effectiveness, 
improving Recall@6 by 6–10 percentage points 
over the individual retrievers while also yielding 
consistent gains in MRR and NDCG@6. Because 
exactly one gold passage exists per question, 
Recall@6 functions as a binary hit/miss indicator 
(whether the gold passage appears in the top-6 
retrieved chunks). These results indicate that 
combining lexical and semantic signals leads to 
more reliable retrieval of gold evidence passages in 
the Kazakh legal corpus. 

To evaluate statistical significance under paired 
measurements (same questions across methods), we 
applied Cochran’s Q for overall differences and 
McNemar post-hoc tests with Bonferroni correction 

for pairwise comparisons (see Section 3.5 for full 
statistical details). The Hybrid retriever significantly 
outperformed BM25 and the vector retriever under 
this paired design. 

 
3.2. Performance of Language Models 
The performance of six large language models 

(LLMs) within the RAG system was evaluated in 
terms of end-to-end answer accuracy, i.e., whether 
the generated answer matches the gold reference 
under the evidence provided by retrieval. To ensure 
comparability, all models were tested with the same 
prompt template, the same retrieval Top-K, and the 
same evaluation procedure. Figure 3 summarizes 
model performance under the best-performing 
Hybrid retrieval configuration.
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Figure 3. Comparison of the performance of six language models in the RAG system 

 
 
As illustrated in Figure 3, model accuracy 

varies substantially across the tested LLMs. gpt-5 
achieved the highest accuracy, indicating stronger 
consistency in producing correct, evidence-
grounded answers. Mid-sized models (e.g., gpt-4o, 
gpt-5-mini, gpt-4o-mini) demonstrated 
competitive performance, suggesting that 
optimized variants can provide favorable 
accuracy–efficiency trade-offs for RAG-based 
legal QA. The o1 and o1-mini models showed 
lower accuracy in this setting. However, this result 
should be interpreted with caution: these models 
were run at temperature 1.0 (an API requirement), 
compared to 0.3 for other models. The higher 
temperature increases sampling entropy and may 

reduce exact-match accuracy independently of 
model capability. The observed gap therefore 
reflects a combination of reasoning style, context-
grounding behavior, and the temperature confound. 

 
3.3. Analysis of “Search Method × LLM” 

Combinations 
To examine the interaction between retrieval 

strategy and model choice, we analyzed end-to-end 
answer accuracy for each Search Method × LLM 
combination. A heatmap visualization is provided in 
Figure 4, where darker cells indicate higher 
accuracy. This view highlights both (i) the relative 
strength of retrieval methods and (ii) how sensitive 
each model is to the retrieval strategy. 

 
 

 
Figure 4. Accuracy heatmap for the “Search Method × LLM” combinations.  

Dark green indicates higher accuracy levels 
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As shown in Figure 4, the Hybrid retriever 
consistently yields strong performance across 
models, indicating robust evidence selection when 
combining lexical and semantic signals. In 
contrast, BM25 and vector retrieval show larger 
variability across models, suggesting that some 
models are more sensitive to retrieval noise or to 
the phrasing/content of retrieved contexts. Overall, 

the heatmap supports the conclusion that pairing 
Hybrid retrieval with higher-performing LLMs 
produces the most reliable end-to-end QA behavior 
in the Kazakh legal domain. The stability of each 
retrieval method across different LLMs is 
summarized in Table 4 using descriptive statistics 
(mean, standard deviation, min–max, and 
coefficient of variation). 

 
 

Table 4. Stability of retrieval methods across LLMs using end-to-end answer accuracy (6 models) 
 
№ Method Average Std Dev Min Max Coefficient of variation 
1 Hybrid 82.0% 4.7% 77.0% 89.0% 0.057 
2 Vector 77.7% 5.1% 72.0% 85.0% 0.065 
3 BM25 71.7% 5.1% 66.0% 79.0% 0.071 
 
 
Table 4 summarizes the stability of the three 

retrieval methods across six large language models 
using descriptive statistics of end-to-end answer 
accuracy. The Hybrid retrieval method demonstrates 
the highest average accuracy (82.0%; 95% binomial 
CI per model: [73.1%, 89.0%]) while also exhibiting 
the lowest coefficient of variation (0.057), indica-
ting the most stable and consistent performance 
across different LLMs. In contrast, the Vector-based 
retriever achieves a lower mean accuracy (77.7%; 
95% CI: [68.4%, 85.3%]) and shows moderately 
higher variability (CV = 0.065), suggesting greater 
sensitivity to the choice of language model. The 
BM25 baseline yields the lowest average accuracy 
(71.7%; 95% CI: [61.8%, 80.2%]) and the highest 
coefficient of variation (0.071), reflecting both 
weaker overall performance and reduced robustness 
across models. These results indicate that hybrid 

retrieval not only improves average answer accuracy 
but also reduces performance fluctuations when 
combined with different LLMs, making it a more 
reliable retrieval strategy for Kazakh legal-domain 
RAG systems. 

 
3.4. Detailed Comparison of Methods Across 

Models 
A direct comparison of the three retrieval 

methods for each large language model (LLM) is 
presented in Figure 5. This visualization shows 
how BM25, vector-based retrieval, and the hybrid 
method perform across models under the same 
experimental protocol. The results reveal 
consistent interaction patterns between retrieval 
strategy and model choice, providing insight into 
how evidence retrieval quality affects end-to-end 
answer accuracy.

 
 

 
Figure 5. Detailed comparison of retrieval methods for each LLM 
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As illustrated in Figure 5, the hybrid retrieval 
method consistently achieves the highest accuracy 
for all six LLMs, indicating robust gains from 
combining lexical and semantic signals. The largest 
improvements over BM25 are observed for gpt-4o-
mini (+11 percentage points) and o1-mini  
(+11 points), while strong gains are also observed 
for gpt-5 (+10 points) and gpt-4o (+10 points). 
Overall, these findings reinforce that the hybrid 
strategy provides the most accurate and reliable 
configuration across diverse LLMs in the Kazakh 
legal-domain RAG setting. 

 
3.5. Statistical Significance Analysis 
To evaluate whether differences among retrieval 

methods are statistically meaningful under a paired 
experimental design (the same questions evaluated 
across methods), we applied Cochran’s Q test to the 
binary end-to-end accuracy outcomes across the 
three retrieval strategies (BM25, Vector, Hybrid). 
The omnibus test confirmed a significant overall 
difference among methods (Q = 29.4, df = 2,  
p < 0.001). Pairwise post-hoc McNemar tests with 
Bonferroni correction (α = 0.05/3 = 0.017) yielded 

the following results: Hybrid vs. BM25 (χ² = 45.4,  
p < 0.001), Hybrid vs. Vector (χ² = 11.2, p = 0.001), 
and Vector vs. BM25 (χ² = 13.0, p < 0.001). All 
pairwise differences remained significant after 
correction, confirming that Hybrid significantly 
outperforms both BM25 and Vector, while Vector 
also outperforms BM25. We note that a mixed-
effects logistic regression with random intercepts for 
questions and models could provide a more nuanced 
significance analysis by accounting for the repeated-
measures correlation structure. However, the large 
effect sizes and unanimous pairwise significance 
suggest the main conclusions are robust to the 
choice of test framework. 

 
3.6. No-RAG Baseline Comparison 
To assess the contribution of the retrieval 

component, we conducted a closed-book (no-
RAG) evaluation in which two representative 
models (gpt-4o and gpt-5) answered the same 100 
test questions without any retrieved context. Table 
5 presents the comparison between the no-RAG 
baseline and the three retrieval-augmented 
configurations.

 
 

Table 5. Comparison of no-RAG baseline and RAG configurations (answer accuracy, %) 
 
№ Model No-RAG BM25 Vector Hybrid RAG Gain 
1 gpt-5 31% 79% 85% 89% +58 pp 
2 gpt-4o 23% 73% 80% 83% +60 pp 

 
 

 
Figure 6. No-RAG baseline vs. RAG configurations for two representative models 
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As illustrated in Figure 5, the hybrid retrieval 
method consistently achieves the highest accuracy 
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Figure 6. No-RAG baseline vs. RAG configurations for two representative models 

The no-RAG baseline yielded dramatically 
lower accuracy (23–31%) compared to all RAG 
configurations, confirming that the models’ 
parametric knowledge of Kazakh legal content is 
insufficient for this task. The RAG pipeline provides 
an improvement of 58–60 percentage points over 
closed-book generation, demonstrating that the 
observed accuracy is primarily attributable to the 
retrieval-augmented architecture rather than the 
LLMs’ pre-existing knowledge. The low no-RAG 
accuracy is consistent with the low-resource nature 
of Kazakh legal text in LLM training data. Note that 
the RAG accuracy values in Table 5 were obtained 
during the baseline comparison pass and may differ 
by 1 percentage point from the main experiment 
(Figure 4) due to API-level stochasticity in a single-
run design. 

 
3.7. Error Analysis and Answer Quality 
To provide deeper insight into system behavior, 

we performed a qualitative error analysis on the 17 
incorrect answers produced by the Hybrid–gpt-4o 

configuration (accuracy 83%, i.e., 17 errors out of 
100 questions). Errors were classified by root cause, 
legal domain, and question type. 

By root cause, retrieval misses (gold passage not 
in top-6) accounted for 7 errors (41%), followed by 
generation errors where the model misinterpreted a 
complex legal norm despite having the correct 
context (4 errors, 24%), multi-chunk dependency 
where the answer required information from 
multiple passages but only one was retrieved (3 
errors, 18%), and highly specific references 
involving exact article numbers or dates (3 errors, 
18%). 

By legal domain, errors were concentrated in 
administrative law (35%, involving procedural 
deadlines and regulatory steps) and tax/financial law 
(25%, involving specific rates and amounts). Civil 
law contributed 20%, labor/social law 12%, and 
criminal/constitutional law 8%. By question type, 
procedural questions (e.g., “within how many 
days...”) exhibited the highest error rate, while 
definitional questions were more reliably answered. 

 
 

 
Figure 7. Error distribution by root cause and legal domain (Hybrid + gpt-4o, n = 17) 

 
 
Additionally, we analyzed the distribution of 

answer quality beyond binary correctness using a 
three-point scale (correct, partially correct, 
incorrect) plus a refusal category. Across all 600 
Hybrid evaluations (100 questions × 6 models), 
82% of answers were fully correct, 8% were 
partially correct (citing the relevant law but 
missing a qualifying clause or detail), 8% were 
fully incorrect, and 2% were explicit refusals. 

Among non-correct responses, 44% were partially 
correct, suggesting that the binary accuracy metric 
underestimates useful system output. For 
comparison, Vector retrieval yielded 78% correct, 
9% partial, 10% incorrect, and 3% refusal; BM25 
yielded 72% correct, 9% partial, 12% incorrect, 
and 7% refusal. The threefold higher refusal rate 
for BM25 is a direct consequence of its lower 
Recall@6. 
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Figure 8. Answer quality distribution by retrieval method (aggregated across 6 LLMs) 

 
 
3.8. Cross-Provider Model Validation 
To assess whether the hybrid retrieval 

advantage generalizes beyond the OpenAI model 
family, we conducted additional experiments with 
two open-weight models: Qwen-2.5-72B and 

Llama-3.1-70B. These models were evaluated 
under the same experimental protocol (same 
prompt template, same Top-K = 6, same test 
questions). Table 6 presents the results alongside 
gpt-4o-mini for reference. 

 
 

Table 6. Cross-provider model validation (answer accuracy, %) 
 

№ Model BM25 Vector Hybrid 
1 Qwen-2.5-72B 58% 65% 71% 
2 Llama-3.1-70B 48% 56% 63% 
3 gpt-4o-mini (ref.) 66% 72% 77% 

 
 

 
Figure 9. Cross-provider model validation: answer accuracy across retrieval methods 
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The Hybrid method consistently outperformed 
both BM25 and Vector retrieval across all three 
model families, confirming that the hybrid retrieval 
advantage is not an artifact of OpenAI-specific 
model behavior. Notably, the open-weight models 
achieved lower absolute accuracy than OpenAI 
models, likely reflecting differences in multilingual 
training data coverage for Kazakh. Qwen-2.5-72B 
outperformed Llama-3.1-70B, consistent with its 
stronger multilingual capabilities and reported 
Kazakh language support. These cross-provider 
results strengthen the generalizability of the main 
finding: hybrid retrieval provides a robust and 
consistent advantage regardless of the downstream 
language model. 

 
4. Discussion 
 
The obtained results support several key 

conclusions regarding why hybrid retrieval is 
effective for Kazakh legal-domain RAG and why it 
is especially beneficial for low-resource languages. 

 
4.1. Mechanisms of Hybrid Method Superiority 
The superiority of the hybrid method can be 

explained by its ability to combine the 
complementary strengths of lexical and semantic 
retrieval signals [15]. BM25 reliably retrieves 
passages containing exact legal terms, formal 
phrasing, and structured references (e.g., article 
numbers, named entities, and canonical 
formulations), which is critical for statutory and 
regulatory text [16]. At the same time, dense vector 
retrieval improves coverage when relevant evidence 
is expressed through paraphrasing, synonymous 
constructions, or morphologically varied surface 
forms [17]. 

The no-RAG baseline experiment (Section 3.6) 
confirms that the LLMs’ parametric knowledge 
alone yields only 23–31% accuracy on Kazakh legal 
questions, underscoring that retrieval is the primary 
driver of system performance. In our experiments, 
hybrid retrieval achieved the strongest retrieval-
level performance (e.g., Recall@6 = 0.89 versus 
0.79 for BM25 and 0.83 for dense retrieval), 
indicating that fusion improves the probability of 
retrieving gold evidence within the prompt context 
window [15]. This advantage translates into end-to-
end improvements in answer accuracy across 
models, because the generator is more consistently 
conditioned on relevant legal evidence [16]. 
Weighted Reciprocal Rank Fusion further 

strengthens this effect by balancing lexical precision 
and semantic coverage through an explicit weight 
parameter, enabling the method to adapt to the 
retrieval behavior of the legal corpus [13]. 

Importantly, the hybrid approach helps suppress 
failure modes where semantically “close” passages 
are retrieved but do not contain the legally decisive 
conditions, exceptions, or definitions required for 
correct answers. This is particularly relevant in legal 
texts, where terminological precision and normative 
wording determine correctness [17]. 

 
4.2. Stability and Predictability 
A practical advantage of the hybrid method is its 

stability across different language models. When 
aggregating end-to-end answer accuracy across six 
LLMs, the hybrid method demonstrates the lowest 
coefficient of variation (CV = 0.057), compared to 
vector retrieval (CV = 0.065) and BM25 (CV = 
0.071). This indicates that hybrid retrieval yields 
more predictable performance and is less sensitive 
to the choice of generator model [18]. 

Such stability is especially valuable in real-
world deployments, where model upgrades or 
substitutions are frequent. A retrieval method that 
remains robust across model variants reduces 
operational risk and improves reproducibility of 
system behavior over time [18]. The cross-provider 
validation (Section 3.8) provides initial evidence 
that the hybrid advantage extends beyond the 
OpenAI family: both Qwen-2.5-72B and Llama-3.1-
70B exhibited consistent hybrid superiority. 
However, the absolute accuracy of open-weight 
models was lower, and a broader range of providers 
should be tested to draw fully general conclusions. 

 
4.3. Comparison with Global Research 
The observed gains from hybrid retrieval are 

consistent with broader research trends showing that 
combining lexical and semantic signals often 
improves both recall-oriented and rank-sensitive 
metrics in RAG pipelines [19], [20]. Across 
languages and domains, hybrid fusion methods are 
frequently reported to outperform single-retriever 
baselines, particularly when queries include a mix of 
exact terminology and paraphrased expressions 
[19]. 

Our results are consistent with this broader 
trend, demonstrating that hybrid retrieval remains 
effective under the constraints of a Kazakh legal 
corpus, where both precise legal references and 
morphologically diverse phrasing are common. 
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Prior work that evaluates hybrid strategies in other 
languages similarly supports the generality of 
fusion-based retrieval approaches across 
typologically diverse settings [21]. Research on 
improving lexical retrieval with additional relevance 
signals also aligns with this finding, suggesting that 
multi-signal retrieval is a reliable direction for 
robust QA systems [22]. Recent work on legal QA 
in other low-resource settings confirms that langua-
ge- and domain-specific adaptations are essential for 
retrieval quality. Craciun et al. [25] proposed 
GRAF, a graph-augmented retrieval approach for 
Romanian legal MCQA, demonstrating that 
structured knowledge representations can 
substantially improve answer selection in a low-
resource legal domain. Park et al. [26] introduced 
LRAGE, an open-source toolkit for holistic 
evaluation of legal RAG systems, showing that the 
choice of reranker and retrieval corpus often 
dominates overall accuracy. Li et al. [27] presented 
LexRAG, a benchmark for multi-turn legal 
consultation with citation-grounded evaluation. Our 
work complements these efforts by focusing 
specifically on an agglutinative Turkic language and 
isolating the contribution of first-stage retrieval 
fusion rather than reranking or graph-based 
approaches. 

 
4.4. Specificity for Low-Resource Languages 
The findings are particularly important in the 

context of low-resource language processing [23]. 
Kazakh is a Turkic language with agglutinative 
morphology, which increases lexical sparsity and 
makes purely lexical retrieval more brittle without 
adequate language-specific preprocessing [24]. At 
the same time, semantic retrieval quality can be 
constrained by limited language-specific training 
resources or domain mismatch in embedding 
models, especially for specialized legal language 
[23]. 

Hybrid retrieval mitigates these limitations by 
leveraging the strengths of both paradigms: lexical 
retrieval contributes reliability for formal legal 
terminology and structured references, while 
semantic retrieval improves coverage for 
paraphrased or morphologically varied expressions. 
As a result, hybrid fusion provides a robust and 
practical retrieval strategy for Kazakh legal RAG 
systems and, more broadly, for low-resource 
languages with similar linguistic and data 
constraints [23], [24]. 

 

4.5. Limitations of the Study 
Despite the strong empirical results, several 

limitations should be acknowledged. First, although 
the corpus is large and representative for the legal 
domain, the study remains domain-specific (Kazakh 
legislation and regulatory texts). Retrieval behavior 
and end-to-end QA accuracy may differ in other 
domains such as medicine, education, or news, 
where document structure, terminology, and user 
query patterns are substantially different [23]. 
Future work should therefore evaluate the same 
pipeline across multiple domains to establish 
broader generalizability. 

Second, the evaluation relies on a fixed retrieval 
setting (Top-K = 6) and a fixed chunking 
configuration (900 tokens with 150-token overlap). 
The Top-K = 6 setting was chosen to balance 
evidence coverage against context window 
constraints, but alternative retrieval depths (e.g., K 
= 3 or K = 10) may affect both retrieval metrics and 
downstream answer accuracy. Because the entire 
evaluation hinges on this parameter, a systematic 
sensitivity analysis over Top-K and chunk size 
could further strengthen the robustness of the 
conclusions [19]. 

Third, although we improved the lexical 
baseline by applying Kazakh-aware tokenization 
and normalization, Kazakh morphology remains 
challenging. More advanced morphological 
analyzers and lemmatization tools may further 
reduce lexical sparsity and improve lexical retrieval 
quality, potentially affecting the relative gap 
between BM25, dense retrieval, and hybrid fusion. 

Fourth, the study uses a single embedding model 
configuration for dense retrieval (text-embedding-3-
small). While it provides strong performance in this 
setting, further gains may be possible with 
alternative multilingual or Kazakh-specialized 
embedding models, as well as domain-adaptive 
embedding training on legal corpora [23], [24]. 

Fifth, while Weighted RRF parameters were 
tuned via 5-fold cross-validation with held-out 
evaluation (Section 2.2.3), the tuning strategy can be 
further improved by using a fully independent 
development set, larger validation splits, or query-
type–aware adaptive fusion. This may yield 
additional gains and provide even stronger 
guarantees against overfitting [13], [21]. 

Sixth, the primary evaluation used six models 
from the OpenAI family, sharing a common training 
pipeline and RLHF methodology. While the cross- 
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Prior work that evaluates hybrid strategies in other 
languages similarly supports the generality of 
fusion-based retrieval approaches across 
typologically diverse settings [21]. Research on 
improving lexical retrieval with additional relevance 
signals also aligns with this finding, suggesting that 
multi-signal retrieval is a reliable direction for 
robust QA systems [22]. Recent work on legal QA 
in other low-resource settings confirms that langua-
ge- and domain-specific adaptations are essential for 
retrieval quality. Craciun et al. [25] proposed 
GRAF, a graph-augmented retrieval approach for 
Romanian legal MCQA, demonstrating that 
structured knowledge representations can 
substantially improve answer selection in a low-
resource legal domain. Park et al. [26] introduced 
LRAGE, an open-source toolkit for holistic 
evaluation of legal RAG systems, showing that the 
choice of reranker and retrieval corpus often 
dominates overall accuracy. Li et al. [27] presented 
LexRAG, a benchmark for multi-turn legal 
consultation with citation-grounded evaluation. Our 
work complements these efforts by focusing 
specifically on an agglutinative Turkic language and 
isolating the contribution of first-stage retrieval 
fusion rather than reranking or graph-based 
approaches. 

 
4.4. Specificity for Low-Resource Languages 
The findings are particularly important in the 

context of low-resource language processing [23]. 
Kazakh is a Turkic language with agglutinative 
morphology, which increases lexical sparsity and 
makes purely lexical retrieval more brittle without 
adequate language-specific preprocessing [24]. At 
the same time, semantic retrieval quality can be 
constrained by limited language-specific training 
resources or domain mismatch in embedding 
models, especially for specialized legal language 
[23]. 

Hybrid retrieval mitigates these limitations by 
leveraging the strengths of both paradigms: lexical 
retrieval contributes reliability for formal legal 
terminology and structured references, while 
semantic retrieval improves coverage for 
paraphrased or morphologically varied expressions. 
As a result, hybrid fusion provides a robust and 
practical retrieval strategy for Kazakh legal RAG 
systems and, more broadly, for low-resource 
languages with similar linguistic and data 
constraints [23], [24]. 

 

4.5. Limitations of the Study 
Despite the strong empirical results, several 

limitations should be acknowledged. First, although 
the corpus is large and representative for the legal 
domain, the study remains domain-specific (Kazakh 
legislation and regulatory texts). Retrieval behavior 
and end-to-end QA accuracy may differ in other 
domains such as medicine, education, or news, 
where document structure, terminology, and user 
query patterns are substantially different [23]. 
Future work should therefore evaluate the same 
pipeline across multiple domains to establish 
broader generalizability. 

Second, the evaluation relies on a fixed retrieval 
setting (Top-K = 6) and a fixed chunking 
configuration (900 tokens with 150-token overlap). 
The Top-K = 6 setting was chosen to balance 
evidence coverage against context window 
constraints, but alternative retrieval depths (e.g., K 
= 3 or K = 10) may affect both retrieval metrics and 
downstream answer accuracy. Because the entire 
evaluation hinges on this parameter, a systematic 
sensitivity analysis over Top-K and chunk size 
could further strengthen the robustness of the 
conclusions [19]. 

Third, although we improved the lexical 
baseline by applying Kazakh-aware tokenization 
and normalization, Kazakh morphology remains 
challenging. More advanced morphological 
analyzers and lemmatization tools may further 
reduce lexical sparsity and improve lexical retrieval 
quality, potentially affecting the relative gap 
between BM25, dense retrieval, and hybrid fusion. 

Fourth, the study uses a single embedding model 
configuration for dense retrieval (text-embedding-3-
small). While it provides strong performance in this 
setting, further gains may be possible with 
alternative multilingual or Kazakh-specialized 
embedding models, as well as domain-adaptive 
embedding training on legal corpora [23], [24]. 

Fifth, while Weighted RRF parameters were 
tuned via 5-fold cross-validation with held-out 
evaluation (Section 2.2.3), the tuning strategy can be 
further improved by using a fully independent 
development set, larger validation splits, or query-
type–aware adaptive fusion. This may yield 
additional gains and provide even stronger 
guarantees against overfitting [13], [21]. 

Sixth, the primary evaluation used six models 
from the OpenAI family, sharing a common training 
pipeline and RLHF methodology. While the cross- 
 

provider validation (Section 3.8) confirmed the 
hybrid advantage for Qwen-2.5-72B and Llama-3.1-
70B, these additional experiments were limited in 
scope. A more comprehensive evaluation across a 
wider range of model families and sizes would 
further strengthen external validity claims. 

Seventh, each experimental configuration was 
executed once per question. For models operating at 
temperature 1.0 (o1, o1-mini), each answer 
represents a single stochastic sample, and accuracy 
estimates may vary across reruns. While retrieval-
level metrics are deterministic, the reported end-to-
end accuracy values should be interpreted as point 
estimates with inherent sampling variability. Future 
work should consider multiple repetitions or report 
binomial confidence intervals to quantify this 
uncertainty. 

Eighth, the system prompt (Figure 1) is written 
entirely in English, while the corpus, questions, and 
expected answers are all in Kazakh. This language 
mismatch between instruction and task is a known 
factor affecting LLM performance, particularly for 
lower-resource languages. Future work should 
investigate whether a Kazakh-language prompt 
improves answer accuracy and generation quality. 

Ninth, the primary evaluation metric was binary 
accuracy (correct vs. incorrect). A supplementary 
three-point analysis (Section 3.7) revealed that 44% 
of non-correct Hybrid answers were partially 
correct, suggesting that binary accuracy 
underestimates useful system output. Future studies 
should consider adopting graded evaluation as the 
primary metric for a more nuanced assessment of 
legal QA performance. 

Finally, the retrieval evaluation relies on a single 
gold passage per question, and Precision@6 is 
equivalent to Recall@6 divided by 6 by 
construction. In practice, legal answers may require 
evidence from multiple articles or passages. This 
single-gold design may penalize retrieval methods 
that surface valid alternative passages not 
designated as gold. Multi-relevant judgments or 
post-hoc human relevance grading of the top-6 
retrieved items would provide a more realistic 
assessment of retrieval quality. 

 
4.6. Practical Implications 
The findings have several practical implications 

for deploying RAG systems in Kazakh and other 
low-resource languages. First, the results indicate 
that hybrid retrieval should be treated as a default 
strategy for Kazakh legal QA, because it combines 

the reliability of lexical matching with the coverage 
advantages of semantic similarity, yielding 
consistently strong retrieval and end-to-end 
performance across models [15], [18]. 

Second, scalability considerations are central for 
production deployment. Dense indexing and hybrid 
fusion introduce additional computational and 
engineering overhead (e.g., embedding generation, 
vector indexing, and fusion at query time). In our 
experiments, average per-query latency was 
approximately 11.5 seconds for BM25, 12.5 seconds 
for Vector, and 14.5 seconds for Hybrid retrieval 
(including ~10 seconds for API-based generation). 
The Hybrid overhead relative to BM25 is 
approximately 3 seconds (+26%), which represents 
a modest cost for a 10 percentage-point gain in 
answer accuracy. For o1-family models, generation 
latency was substantially higher (25–40 seconds) 
due to reasoning computation. These latency figures 
support the practical feasibility of hybrid retrieval in 
legal and governmental applications where 
correctness and evidence grounding are critical [19], 
[20]. 

Third, the approach is transferable to related 
settings. Because many Turkic languages share 
morphological characteristics and resource 
constraints, the same hybrid framework–with 
language-aware preprocessing and careful 
evaluation–can serve as a strong baseline for other 
low-resource languages, with minimal adaptation 
[23], [24]. 

Finally, the demonstrated robustness across 
multiple LLMs supports industrial applicability. 
Systems can switch between larger and smaller 
LLMs depending on cost and latency constraints 
while maintaining reliable retrieval quality, making 
the proposed pipeline suitable for legal information 
systems, public-sector services, and commercial 
assistants [18]. 

 
5. Conclusions 
 
This study provides a systematic evaluation of 

retrieval strategies for Kazakh legal-domain 
Retrieval-Augmented Generation (RAG), 
comparing BM25, dense vector retrieval, and a 
hybrid approach based on Weighted Reciprocal 
Rank Fusion. The results demonstrate that hybrid 
retrieval consistently outperforms single-retriever 
baselines on retrieval-level metrics and yields the 
most reliable end-to-end answer accuracy across 
multiple language models. 
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The main conclusions of this study are as 
follows. First, retrieval augmentation is essential: 
the no-RAG baseline yielded only 23–31% 
accuracy, while RAG configurations achieved 66–
89%, confirming that parametric knowledge alone is 
insufficient for Kazakh legal QA. Second, hybrid 
retrieval emerges as the most effective overall 
strategy for Kazakh legal-domain RAG, as it 
successfully combines lexical precision with 
semantic coverage, leading to more reliable 
evidence retrieval. Third, while dense vector 
retrieval performs competitively, its effectiveness is 
more sensitive to model choice and configuration, 
whereas hybrid fusion provides more stable and 
consistent performance across different language 
models. Fourth, although the choice of the language 
model influences answer quality, robust retrieval 
plays a critical role in stabilizing downstream 
answer generation, enabling practical deployment 
across both flagship and compact model variants. 
Cross-provider experiments with Qwen-2.5-72B 
and Llama-3.1-70B confirm that the hybrid 
advantage is not restricted to the OpenAI model 
family. 

From a broader perspective, this work 
contributes to the methodological foundation for 
building reliable RAG systems in low-resource 
languages by emphasizing grounded evaluation 

using gold evidence passages, a clear separation 
between retrieval-level metrics and end-to-end 
answer accuracy, and hybrid fusion as a robust 
default retrieval design. The proposed framework is 
directly applicable to legal information systems in 
Kazakhstan and can be extended to other low-
resource languages and domains with appropriate 
corpus preparation and evaluation methodology. 
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The main conclusions of this study are as 
follows. First, retrieval augmentation is essential: 
the no-RAG baseline yielded only 23–31% 
accuracy, while RAG configurations achieved 66–
89%, confirming that parametric knowledge alone is 
insufficient for Kazakh legal QA. Second, hybrid 
retrieval emerges as the most effective overall 
strategy for Kazakh legal-domain RAG, as it 
successfully combines lexical precision with 
semantic coverage, leading to more reliable 
evidence retrieval. Third, while dense vector 
retrieval performs competitively, its effectiveness is 
more sensitive to model choice and configuration, 
whereas hybrid fusion provides more stable and 
consistent performance across different language 
models. Fourth, although the choice of the language 
model influences answer quality, robust retrieval 
plays a critical role in stabilizing downstream 
answer generation, enabling practical deployment 
across both flagship and compact model variants. 
Cross-provider experiments with Qwen-2.5-72B 
and Llama-3.1-70B confirm that the hybrid 
advantage is not restricted to the OpenAI model 
family. 

From a broader perspective, this work 
contributes to the methodological foundation for 
building reliable RAG systems in low-resource 
languages by emphasizing grounded evaluation 

using gold evidence passages, a clear separation 
between retrieval-level metrics and end-to-end 
answer accuracy, and hybrid fusion as a robust 
default retrieval design. The proposed framework is 
directly applicable to legal information systems in 
Kazakhstan and can be extended to other low-
resource languages and domains with appropriate 
corpus preparation and evaluation methodology. 
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THREE-DIMENSIONAL FRACTAL GEOMETRY MODELING  
AND DIGITAL HOLOGRAPHY BASED ON R-FUNCTIONS

Abstract. This paper is devoted to modern research in the field of digital modeling of complex-
shaped geometric objects and the determination of their optical properties, which currently represent 
one of the most relevant challenges in contemporary science. In particular, the problem of realistic rep-
resentation of three-dimensional objects with fractal geometry and their holographic reconstruction in a 
full 3D format is of significant scientific and practical importance for such fields as industry, medicine, 
engineering, architecture, materials science, virtual reality (VR), and digital art. Fractal structures possess 
a number of unique properties, including self-similarity, unlimited detail, and high spatial complexity, 
which makes them an effective mathematical basis for modeling natural objects such as plants, vas-
cular systems, bone tissues, crystalline structures, and surface reliefs. At the same time, the geometric 
representation of fractal forms using classical methods is challenging, and their mathematical modeling 
requires the application of high-precision and formally rigorous techniques. At present, the mathematical 
description of fractal objects is often based on statistical, stochastic, or iterative algorithms. However, 
such approaches are generally characterized by insufficient analytical rigor and smoothness, blurred 
boundaries, and the lack of a holistic spatial description. In this regard, there arises a need to develop 
methods for modeling complex fractal forms based on strict analytical expressions, in particular using the 
R-functions apparatus. An additional challenging task is the reconstruction of holographic images of the 
modeled fractal objects, which requires high-precision optical modeling. The application of holographic 
technologies based on the principles of interference and diffraction makes it possible to adequately re-
produce the spatial and structural features of fractal objects in a digital environment.

Keywords: three-dimensional fractal geometry, R-functions, digital holography, Sierpinski tetrahe-
dron, Iterated Function Systems (IFS), analytical modeling, convolutional neural networks (CNN), 3D 
reconstruction.
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1. Introduction 
 
In recent years, digital modeling of complex 

geometric objects and the investigation of their op-
tical properties have become an important research 
direction in applied mathematics, computer gra-
phics, and optical engineering. In particular, the rea-
listic representation of three-dimensional objects 
with fractal geometry and their holographic recons-
truction in full 3D format has attracted significant 
attention due to a wide range of applications in in-
dustry, medicine, engineering, architecture, mate-
rials science, virtual reality, and digital art [1, 2]. 

Fractal geometry provides a powerful 
mathematical framework for describing objects 
characterized by self-similarity, high structural 
complexity, and theoretically infinite levels of detail 
[3]. These properties make fractals particularly 
suitable for modeling natural structures such as 

plants, vascular systems, bone tissues, crystalline 
formations, and surface reliefs [4]. However, the 
accurate geometric representation of fractal objects 
remains a challenging task, especially in cases 
where strict boundary definition and analytical 
continuity are required. 

Most existing approaches to fractal modeling are 
based on statistical, stochastic, or purely iterative 
methods, including classical Iterated Function 
Systems (IFS) and random fractal generators [5, 6, 
7]. Although these methods are effective for 
visualization purposes, they often lack mathematical 
rigor, analytical smoothness, and explicit control 
over object boundaries. As a result, the generated 
models may contain discontinuities and exhibit 
limited applicability for subsequent physical or 
optical modeling [8]. 

To overcome these limitations, the present work 
employs the R-functions method as a rigorous 
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1. Introduction 
 
In recent years, digital modeling of complex 

geometric objects and the investigation of their op-
tical properties have become an important research 
direction in applied mathematics, computer gra-
phics, and optical engineering. In particular, the rea-
listic representation of three-dimensional objects 
with fractal geometry and their holographic recons-
truction in full 3D format has attracted significant 
attention due to a wide range of applications in in-
dustry, medicine, engineering, architecture, mate-
rials science, virtual reality, and digital art [1, 2]. 

Fractal geometry provides a powerful 
mathematical framework for describing objects 
characterized by self-similarity, high structural 
complexity, and theoretically infinite levels of detail 
[3]. These properties make fractals particularly 
suitable for modeling natural structures such as 

plants, vascular systems, bone tissues, crystalline 
formations, and surface reliefs [4]. However, the 
accurate geometric representation of fractal objects 
remains a challenging task, especially in cases 
where strict boundary definition and analytical 
continuity are required. 

Most existing approaches to fractal modeling are 
based on statistical, stochastic, or purely iterative 
methods, including classical Iterated Function 
Systems (IFS) and random fractal generators [5, 6, 
7]. Although these methods are effective for 
visualization purposes, they often lack mathematical 
rigor, analytical smoothness, and explicit control 
over object boundaries. As a result, the generated 
models may contain discontinuities and exhibit 
limited applicability for subsequent physical or 
optical modeling [8]. 

To overcome these limitations, the present work 
employs the R-functions method as a rigorous 

analytical tool for the geometric modeling of 
complex three-dimensional fractal objects. The R-
functions-based approach enables the construction 
of complex geometries using continuous implicit 
functions while preserving precise boundary 
descriptions and topological correctness [9, 10]. 
When combined with IFS, this method provides a 
formal incorporation of fractal self-similarity into an 
analytically defined spatial model. 

In addition to geometric modeling, accurate 
holographic reconstruction of fractal objects 
requires high-precision optical modeling. Digital 
holography, based on the principles of diffraction 
and interference, offers an efficient mechanism for 
encoding and reconstructing three-dimensional 
information [11]. In particular, Fresnel diffraction is 
widely used for numerical hologram formation and 
reconstruction due to its computational efficiency 
and solid physical foundation [12]. 

Furthermore, recent advances in deep learning 
have demonstrated the high effectiveness of 
convolutional neural networks (CNNs) in solving 
inverse problems in optics and image reconstruction 
[13, 14]. The integration of CNNs with analytically 
defined geometric constraints enhances the stability 
and accuracy of the reconstruction process while 
preserving the physical and mathematical structure 
of the modeled object. 

Thus, this work proposes a unified integrated 
approach that combines R-functions, IFS-based 
fractal modeling, digital holography, and 
convolutional neural networks. This integration 
establishes a reliable mathematical and 
computational framework for high-precision 

modeling and holographic reconstruction of 
complex three-dimensional fractal objects. 

To describe a three-dimensional geometric 
object, an implicit (implicit-form) function is used 

 
𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧): 𝑅𝑅𝑅𝑅3 →  𝑅𝑅𝑅𝑅 

𝛺𝛺𝛺𝛺 = { (𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ∈ 𝑅𝑅𝑅𝑅3 ∣∣ 𝛷𝛷𝛷𝛷𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0 } 
𝜕𝜕𝜕𝜕𝛺𝛺𝛺𝛺 = { (𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ∈ 𝑅𝑅𝑅𝑅3 ∣∣ 𝛷𝛷𝛷𝛷𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 0 } 

(1) 

 
It assigns a real value to each point in space with 

coordinates  
(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧). In this formulation, the object itself is 
defined as follows: 

𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0 – points belonging to the object,  
𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) < 0 – points located outside the object. 
To introduce a fractal structure, an Iterated 

Function System (IFS) is employed. At each 
iteration, the tetrahedron is scaled and translated in 
space. In general form, a three-dimensional affine 
transformation is written as: 

 
𝑟𝑟𝑟𝑟′ = 𝑆𝑆𝑆𝑆𝑟𝑟𝑟𝑟 + 𝑡𝑡𝑡𝑡𝑘𝑘𝑘𝑘 (2) 

where 
𝑟𝑟𝑟𝑟 = (𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)𝑇𝑇𝑇𝑇 , 
𝑆𝑆𝑆𝑆 = 𝑠𝑠𝑠𝑠𝐼𝐼𝐼𝐼3, 

0 < 𝑠𝑠𝑠𝑠 ≤ 1, 
(3) 

 
and 𝑡𝑡𝑡𝑡𝑘𝑘𝑘𝑘  – is the translation vector. 

For constructing the Sierpiński fractal, four 
affine transformations corresponding to the vertices 
of the initial tetrahedron are typically used. The 
mathematical model of the fractal at the 𝑛𝑛𝑛𝑛-th 
iteration, expressed via the R-function, is written as: 

 
𝛷𝛷𝛷𝛷𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) == 𝑅𝑅𝑅𝑅 �𝛷𝛷𝛷𝛷0�𝑆𝑆𝑆𝑆1−1(r − 𝑡𝑡𝑡𝑡1)�, … ,𝛷𝛷𝛷𝛷0 �𝑆𝑆𝑆𝑆4−1(r − 𝑡𝑡𝑡𝑡4)�� (4) 

where Φ0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)is the R-function of the initial 
tetrahedron, providing its analytical description. 
This formulation rigorously establishes the self-
similarity property of the fractal in a strict 
mathematical sense. 

As a result, a complex fractal structure of the 
three-dimensional Sierpiński tetrahedron is formed, 
which becomes increasingly detailed and visually 
apparent as the number of iterations increases. 

 
 
 
 
 

2. Materials and Methods 
 
Solving the problem of geometric modeling of 

the three-dimensional Sierpiński triangle (more 
precisely, the Sierpiński pyramid or tetrahedral 
fractal) requires a strictly analytical definition of the 
object in space. To this end, first of all, a regular 
three-dimensional pyramid (tetrahedron) is selected 
as the initial geometric object, which is  
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mathematically represented using analytical 
geometry and the R-function method. 

Any plane in space is typically described by the 
following linear equation: 

 
𝐴𝐴𝐴𝐴𝑥𝑥𝑥𝑥 + 𝐵𝐵𝐵𝐵𝑦𝑦𝑦𝑦 + 𝐶𝐶𝐶𝐶𝑧𝑧𝑧𝑧 + 𝐷𝐷𝐷𝐷 = 0. (5) 

 
Using this equation, we can determine the 

equation of each face (surface) of the pyramid. Let 
the four vertices of the initial pyramid be given as: 

 
𝑉𝑉𝑉𝑉1(𝑥𝑥𝑥𝑥1,𝑦𝑦𝑦𝑦1, 𝑧𝑧𝑧𝑧1),  𝑉𝑉𝑉𝑉2(𝑥𝑥𝑥𝑥2,𝑦𝑦𝑦𝑦2, 𝑧𝑧𝑧𝑧2),  
 𝑉𝑉𝑉𝑉3(𝑥𝑥𝑥𝑥3,𝑦𝑦𝑦𝑦3, 𝑧𝑧𝑧𝑧3),  𝑉𝑉𝑉𝑉4(𝑥𝑥𝑥𝑥4,𝑦𝑦𝑦𝑦4, 𝑧𝑧𝑧𝑧4) (6) 

 
The vectors formed by these points are: 
 

𝑉𝑉𝑉𝑉1𝑉𝑉𝑉𝑉2
→

,  𝑉𝑉𝑉𝑉1𝑉𝑉𝑉𝑉3
→

,  𝑉𝑉𝑉𝑉1𝑉𝑉𝑉𝑉4
→

 (7) 
 
Based on these vectors, the normal vectors for 

each face of the pyramid are determined, and as a 
result, four plane equations are obtained: 

 
𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 

= 𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖𝑥𝑥𝑥𝑥 + 𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑦𝑦𝑦𝑦 + 𝐶𝐶𝐶𝐶𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧 + 𝐷𝐷𝐷𝐷𝑖𝑖𝑖𝑖 , 𝑖𝑖𝑖𝑖 = 1, … ,4 (8) 

 
If, at the first iteration, a regular pyramid is 

considered, then the coordinates of its vertices are 
chosen in a special manner for convenience, for 
example: 

 
𝑉𝑉𝑉𝑉1(0,0,0),  𝑉𝑉𝑉𝑉2(𝑎𝑎𝑎𝑎, 0,0), 

  𝑉𝑉𝑉𝑉3 ⁣�
𝑎𝑎𝑎𝑎
2

,
√3𝑎𝑎𝑎𝑎

2
,0� ,  𝑉𝑉𝑉𝑉4 ⁣�

𝑎𝑎𝑎𝑎
2

,
√3𝑎𝑎𝑎𝑎

6
,
√6𝑎𝑎𝑎𝑎

3
� 

(9) 

 
This choice guarantees that all edges of the 

pyramid are equal. Using these points, the surface 
functions 𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)for each face are defined 
according to equation (1). 

At the next stage, the R-function apparatus is 
employed to represent the interior region of the 
pyramid by means of a single analytical function. If 
the interior half-spaces of all faces of the pyramid 
satisfy the condition 𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0, then the entire 
object is represented by the following R-function: 

 
𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 𝑅𝑅𝑅𝑅(𝑓𝑓𝑓𝑓1, 𝑓𝑓𝑓𝑓2, 𝑓𝑓𝑓𝑓3, 𝑓𝑓𝑓𝑓4) (10) 

 
where the R-function provides a smooth analytical 
representation of the logical AND operation, for 
example: 

 

𝑅𝑅𝑅𝑅(𝑎𝑎𝑎𝑎, 𝑏𝑏𝑏𝑏) = 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 − �𝑎𝑎𝑎𝑎2 + 𝑏𝑏𝑏𝑏2 (11) 
 
As a result, the condition Φ(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0 defines 

the points located inside the pyramid, while the 
condition Φ(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) < 0 defines the points located 
outside it. 

To introduce fractal properties, an Iterated 
Function System (IFS) is applied. At each iteration, 
the tetrahedron is scaled and translated in space. In 
general form, a three-dimensional affine 
transformation is written as: 

 
𝑇𝑇𝑇𝑇𝑘𝑘𝑘𝑘(𝑟𝑟𝑟𝑟) = 𝑆𝑆𝑆𝑆𝑟𝑟𝑟𝑟 + 𝑡𝑡𝑡𝑡𝑘𝑘𝑘𝑘 (12) 

 
where r = (𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)𝑇𝑇𝑇𝑇 , 𝑆𝑆𝑆𝑆 = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠3, 0 < 𝑠𝑠𝑠𝑠 < 1, and t𝑘𝑘𝑘𝑘are 
the translation vectors. 

For the Sierpiński pyramid, four affine 
transformations are typically used: 

 

𝑇𝑇𝑇𝑇𝑘𝑘𝑘𝑘(𝑟𝑟𝑟𝑟) =
1
2
𝑟𝑟𝑟𝑟 + 𝑡𝑡𝑡𝑡𝑘𝑘𝑘𝑘 , 𝑘𝑘𝑘𝑘 = 1, … ,4 (13) 

 
where t𝑘𝑘𝑘𝑘are translation vectors corresponding to the 
vertices of the initial tetrahedron. 

The mathematical model of the fractal at the 𝑛𝑛𝑛𝑛-
th iteration, expressed via the R-function, is written 
as: 

 
𝛷𝛷𝛷𝛷𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 

= max 
𝑘𝑘𝑘𝑘=1,…,4

 𝛷𝛷𝛷𝛷𝑛𝑛𝑛𝑛𝑛𝑛 ⁣�𝑇𝑇𝑇𝑇𝑘𝑘𝑘𝑘−1(x,y,z)� (14) 

 
Here, Φ0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)is the R-function describing the 

initial tetrahedron. This expression provides a strict 
mathematical formulation of the self-similarity 
property of the fractal. 

As a result, the object is defined as: 
 
𝛺𝛺𝛺𝛺 = {(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ∈ 𝑅𝑅𝑅𝑅3 ∣ 𝛷𝛷𝛷𝛷𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0} (15) 
 
The object is defined in this form, and as the 

number of iterations 𝑛𝑛𝑛𝑛increases, a complex three-
dimensional fractal structure of the Sierpinski 
pyramid is formed. 

 
General Algorithm (for the Sierpiński 

Pyramid) 
1. Select the vertices of the initial tetrahedron 

{𝑉𝑉𝑉𝑉𝑖𝑖𝑖𝑖}. 
2. Determine the plane equations for each face 

of the tetrahedron. 
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mathematically represented using analytical 
geometry and the R-function method. 

Any plane in space is typically described by the 
following linear equation: 

 
𝐴𝐴𝐴𝐴𝑥𝑥𝑥𝑥 + 𝐵𝐵𝐵𝐵𝑦𝑦𝑦𝑦 + 𝐶𝐶𝐶𝐶𝑧𝑧𝑧𝑧 + 𝐷𝐷𝐷𝐷 = 0. (5) 

 
Using this equation, we can determine the 

equation of each face (surface) of the pyramid. Let 
the four vertices of the initial pyramid be given as: 

 
𝑉𝑉𝑉𝑉1(𝑥𝑥𝑥𝑥1,𝑦𝑦𝑦𝑦1, 𝑧𝑧𝑧𝑧1),  𝑉𝑉𝑉𝑉2(𝑥𝑥𝑥𝑥2,𝑦𝑦𝑦𝑦2, 𝑧𝑧𝑧𝑧2),  
 𝑉𝑉𝑉𝑉3(𝑥𝑥𝑥𝑥3,𝑦𝑦𝑦𝑦3, 𝑧𝑧𝑧𝑧3),  𝑉𝑉𝑉𝑉4(𝑥𝑥𝑥𝑥4,𝑦𝑦𝑦𝑦4, 𝑧𝑧𝑧𝑧4) (6) 

 
The vectors formed by these points are: 
 

𝑉𝑉𝑉𝑉1𝑉𝑉𝑉𝑉2
→

,  𝑉𝑉𝑉𝑉1𝑉𝑉𝑉𝑉3
→

,  𝑉𝑉𝑉𝑉1𝑉𝑉𝑉𝑉4
→

 (7) 
 
Based on these vectors, the normal vectors for 

each face of the pyramid are determined, and as a 
result, four plane equations are obtained: 

 
𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 

= 𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖𝑥𝑥𝑥𝑥 + 𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑦𝑦𝑦𝑦 + 𝐶𝐶𝐶𝐶𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧 + 𝐷𝐷𝐷𝐷𝑖𝑖𝑖𝑖 , 𝑖𝑖𝑖𝑖 = 1, … ,4 (8) 

 
If, at the first iteration, a regular pyramid is 

considered, then the coordinates of its vertices are 
chosen in a special manner for convenience, for 
example: 

 
𝑉𝑉𝑉𝑉1(0,0,0),  𝑉𝑉𝑉𝑉2(𝑎𝑎𝑎𝑎, 0,0), 
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(9) 

 
This choice guarantees that all edges of the 

pyramid are equal. Using these points, the surface 
functions 𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)for each face are defined 
according to equation (1). 

At the next stage, the R-function apparatus is 
employed to represent the interior region of the 
pyramid by means of a single analytical function. If 
the interior half-spaces of all faces of the pyramid 
satisfy the condition 𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0, then the entire 
object is represented by the following R-function: 

 
𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 𝑅𝑅𝑅𝑅(𝑓𝑓𝑓𝑓1, 𝑓𝑓𝑓𝑓2, 𝑓𝑓𝑓𝑓3, 𝑓𝑓𝑓𝑓4) (10) 

 
where the R-function provides a smooth analytical 
representation of the logical AND operation, for 
example: 

 

𝑅𝑅𝑅𝑅(𝑎𝑎𝑎𝑎, 𝑏𝑏𝑏𝑏) = 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 − �𝑎𝑎𝑎𝑎2 + 𝑏𝑏𝑏𝑏2 (11) 
 
As a result, the condition Φ(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0 defines 

the points located inside the pyramid, while the 
condition Φ(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) < 0 defines the points located 
outside it. 

To introduce fractal properties, an Iterated 
Function System (IFS) is applied. At each iteration, 
the tetrahedron is scaled and translated in space. In 
general form, a three-dimensional affine 
transformation is written as: 

 
𝑇𝑇𝑇𝑇𝑘𝑘𝑘𝑘(𝑟𝑟𝑟𝑟) = 𝑆𝑆𝑆𝑆𝑟𝑟𝑟𝑟 + 𝑡𝑡𝑡𝑡𝑘𝑘𝑘𝑘 (12) 

 
where r = (𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)𝑇𝑇𝑇𝑇 , 𝑆𝑆𝑆𝑆 = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠3, 0 < 𝑠𝑠𝑠𝑠 < 1, and t𝑘𝑘𝑘𝑘are 
the translation vectors. 

For the Sierpiński pyramid, four affine 
transformations are typically used: 

 

𝑇𝑇𝑇𝑇𝑘𝑘𝑘𝑘(𝑟𝑟𝑟𝑟) =
1
2
𝑟𝑟𝑟𝑟 + 𝑡𝑡𝑡𝑡𝑘𝑘𝑘𝑘 , 𝑘𝑘𝑘𝑘 = 1, … ,4 (13) 

 
where t𝑘𝑘𝑘𝑘are translation vectors corresponding to the 
vertices of the initial tetrahedron. 

The mathematical model of the fractal at the 𝑛𝑛𝑛𝑛-
th iteration, expressed via the R-function, is written 
as: 

 
𝛷𝛷𝛷𝛷𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 

= max 
𝑘𝑘𝑘𝑘=1,…,4

 𝛷𝛷𝛷𝛷𝑛𝑛𝑛𝑛𝑛𝑛 ⁣�𝑇𝑇𝑇𝑇𝑘𝑘𝑘𝑘−1(x,y,z)� (14) 

 
Here, Φ0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)is the R-function describing the 

initial tetrahedron. This expression provides a strict 
mathematical formulation of the self-similarity 
property of the fractal. 

As a result, the object is defined as: 
 
𝛺𝛺𝛺𝛺 = {(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ∈ 𝑅𝑅𝑅𝑅3 ∣ 𝛷𝛷𝛷𝛷𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0} (15) 
 
The object is defined in this form, and as the 

number of iterations 𝑛𝑛𝑛𝑛increases, a complex three-
dimensional fractal structure of the Sierpinski 
pyramid is formed. 

 
General Algorithm (for the Sierpiński 

Pyramid) 
1. Select the vertices of the initial tetrahedron 

{𝑉𝑉𝑉𝑉𝑖𝑖𝑖𝑖}. 
2. Determine the plane equations for each face 

of the tetrahedron. 

3. Construct the R-function of the pyramid 
Φ0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧). 

4. Define the affine transformations 𝑇𝑇𝑇𝑇𝑘𝑘𝑘𝑘, 
including scaling and translations. 

5. Apply the iterative formula to compute 
Φ𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧). 

6. Visualize the fractal object using the 
condition Φ𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0. 

The main advantage of this approach is that the 
fractal defined by the IFS combined with the R-
function is represented not as a set of discrete points, 
but as a continuous analytical function. This 
provides an important mathematical foundation for 
subsequent stages such as holographic modeling, 
reconstruction using convolutional neural networks 
(CNNs), and three-dimensional printing. 

 
2.1. Modified General Algorithm 
The classical three-dimensional Sierpiński 

fractal is usually constructed using an Iterated 
Function System (IFS) as a set of discrete points. 

The proposed modification consists in the 
following: the fractal object is defined not as a set of 
points, but as a continuous three-dimensional 
geometric object analytically expressed via an R-
function, which is subsequently used for 
holographic reconstruction. 

This approach provides: 
• geometric accuracy, 
• smooth boundaries, 
• compatibility with optical modeling. 
Initial geometric model (zero iteration). 
As the basis for constructing the three-

dimensional Sierpiński triangle (more precisely, the 
Sierpiński pyramid or tetrahedron), a regular 
tetrahedron is used. The vertices of the tetrahedron 
are defined as: 

 
𝑉𝑉𝑉𝑉1(0,0,0),   𝑉𝑉𝑉𝑉2(𝑎𝑎𝑎𝑎, 0,0), 
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Each face of the tetrahedron is defined by a 

plane equation: 
 
𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖𝑥𝑥𝑥𝑥 + 𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑦𝑦𝑦𝑦 + 𝐶𝐶𝐶𝐶𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧 + 𝐷𝐷𝐷𝐷𝑖𝑖𝑖𝑖 = 0, 𝑖𝑖𝑖𝑖 = 1, … ,4 (17) 
 

where the coefficients 𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖 ,𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖 ,𝐶𝐶𝐶𝐶𝑖𝑖𝑖𝑖 ,𝐷𝐷𝐷𝐷𝑖𝑖𝑖𝑖are determined 
using vector cross products constructed from the 
vertex coordinates. 

Analytical representation of the tetrahedron 
using R-functions. For each plane, a distance 
function is defined as: 

 
𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖𝑥𝑥𝑥𝑥 + 𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑦𝑦𝑦𝑦 + 𝐶𝐶𝐶𝐶𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧 + 𝐷𝐷𝐷𝐷𝑖𝑖𝑖𝑖 (18) 
 
The interior volume of the tetrahedron is defined 

using an R-function as follows: 
 

𝐹𝐹𝐹𝐹0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 𝑅𝑅𝑅𝑅∧(𝑓𝑓𝑓𝑓1,𝑓𝑓𝑓𝑓2, 𝑓𝑓𝑓𝑓3, 𝑓𝑓𝑓𝑓4) (19) 
 

where 𝑅𝑅𝑅𝑅∧denotes the R-intersection operation. 
As a result, 𝐹𝐹𝐹𝐹0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) > 0 corresponds to the 

interior of the object, 𝐹𝐹𝐹𝐹0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 0 corresponds to 
the boundary, and 𝐹𝐹𝐹𝐹0(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) < 0 corresponds to the 
exterior region. 

This represents the first modification compared 
to the classical IFS approach. 

Fractal Iteration Based on IFS 
In the modified approach, unlike the classical 

IFS where only the coordinates are transformed, the 
R-function itself is transformed. 

The affine transformation is defined as: 
 

𝑇𝑇𝑇𝑇𝑘𝑘𝑘𝑘(𝑥𝑥𝑥𝑥) =
1
2
𝑥𝑥𝑥𝑥 + 𝑡𝑡𝑡𝑡𝑘𝑘𝑘𝑘 , 𝑘𝑘𝑘𝑘 = 1,2,3,4 (20) 

where 𝐭𝐭𝐭𝐭𝑘𝑘𝑘𝑘are translation vectors corresponding to the 
vertices of the tetrahedron. 

Each iteration is defined as follows: 
 

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 𝑅𝑅𝑅𝑅∨ ⁣�𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 ⁣(𝑇𝑇𝑇𝑇1−1(x,y,z)), … ,𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 ⁣(𝑇𝑇𝑇𝑇4−1(x,y,z))� (21) 

where 𝑅𝑅𝑅𝑅∨denotes the R-union operation, given by: 
 
𝑅𝑅𝑅𝑅∨(𝑎𝑎𝑎𝑎, 𝑏𝑏𝑏𝑏) = 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 − �𝑎𝑎𝑎𝑎2 + 𝑏𝑏𝑏𝑏2 (22) 

 

This operation represents the second key 
modification, due to which the fractal evolves as an 
analytical geometric field. 
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Three-dimensional fractal geometry modeling and digital holography based on R-functions 

Spatial Density Model of the Fractal Object 
For holographic modeling, it is necessary to 

define the spatial density of the object: 
 

𝜌𝜌𝜌𝜌(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 𝐻𝐻𝐻𝐻 ⁣(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛(x,y,z)) (23) 
 

where 𝐻𝐻𝐻𝐻(⋅)denotes the Heaviside function. 
Holographic Modeling (Third Modification) 
The wave field of the object is defined as: 
 
𝑈𝑈𝑈𝑈0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 𝜌𝜌𝜌𝜌(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) 𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦,𝑧𝑧𝑧𝑧) (24) 

 
The reference (carrier) wave is given by: 
 

𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 𝑒𝑒𝑒𝑒  𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘�xsin 𝜃𝜃𝜃𝜃𝑥𝑥𝑥𝑥+ysin 𝜃𝜃𝜃𝜃𝑦𝑦𝑦𝑦� (25) 
 
The hologram is formed using the Fresnel 

integral: 
 

𝐻𝐻𝐻𝐻(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 

=∣ ∭𝑈𝑈𝑈𝑈0(ξ,η,ζ)
𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘𝑖𝑖𝑖𝑖

𝑅𝑅𝑅𝑅
dξdηdζ + 𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟(x,y) ∣2 

(26) 

 
As a result, a digital hologram of a three-

dimensional fractal object is obtained. 
Overall Algorithm Sequence 
Algorithm: 
1. Determination of the tetrahedron vertices. 
2. Construction of the initial geometric model 

using an R-function. 
3. Iteration of the R-function with the 

application of affine transformations. 
4. Formation of the fractal density function. 
5. Computation of wave propagation. 
6. Generation of the digital hologram. 
The process of geometric modeling of 

holographic images of complex three-dimensional 
objects with fractal shapes is based on the 
integration of several classical approaches. In this 
dissertation, a new generalized algorithm is 
proposed that combines the mathematical apparatus 
of the R-function method, fractal geometry, digital 
holography, and convolutional neural networks 
(CNNs) into a single modified framework. 

The principal modification lies in the fact that 
the fractal object is considered not only as an 
iterative or statistical model, but as a continuous 
spatial function analytically defined by means of an 
R-function. This function directly participates both 
in the formation of the holographic image and in the 
reconstruction stages using CNNs. 

First of all, the fractal three-dimensional object 
defined in space, Ω ⊂ ℝ3 is treated as a field and is 
expressed using an R-function as follows: 

 
𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 

= 𝑅𝑅𝑅𝑅(𝜙𝜙𝜙𝜙1(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧),𝜙𝜙𝜙𝜙2(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧), … ,𝜙𝜙𝜙𝜙𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)) 
(27

) 
 
Here, 𝜙𝜙𝜙𝜙𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)are the level-set functions of 

elementary geometric primitives (sphere, cylinder, 
cone, etc.), and 𝑅𝑅𝑅𝑅(⋅)is a smooth analytical analogue 
of the logical operations AND / OR / NOT. Interior 
points of the object are determined by the condition 
Φ(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0, whereas exterior points satisfy 
𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) < 0. The fractal property is introduced 
into the object through multiscale iteration: 

 
𝛷𝛷𝛷𝛷𝑘𝑘𝑘𝑘(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 

= 𝑅𝑅𝑅𝑅(𝛷𝛷𝛷𝛷𝑘𝑘𝑘𝑘−1(𝑠𝑠𝑠𝑠𝑥𝑥𝑥𝑥, 𝑠𝑠𝑠𝑠𝑦𝑦𝑦𝑦, 𝑠𝑠𝑠𝑠𝑧𝑧𝑧𝑧),𝜓𝜓𝜓𝜓𝑘𝑘𝑘𝑘(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)) (28) 

 
Here, 𝑠𝑠𝑠𝑠 < 1is the scaling coefficient, and 𝜓𝜓𝜓𝜓𝑘𝑘𝑘𝑘is 

an additional geometric component in the fractal 
iteration. At the next stage, the complex amplitude 
of the object is defined as: 

 
𝑈𝑈𝑈𝑈0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 𝐴𝐴𝐴𝐴(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) exp  ⁣(𝑖𝑖𝑖𝑖𝜙𝜙𝜙𝜙(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)) (29) 
 
Here, the amplitude 𝐴𝐴𝐴𝐴(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)is defined through 

the projection of the object using the R-function: 
 
𝐴𝐴𝐴𝐴(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = ∫ 𝐻𝐻𝐻𝐻 ⁣(𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)) 𝑑𝑑𝑑𝑑𝑧𝑧𝑧𝑧 (30) 

 
where 𝐻𝐻𝐻𝐻(⋅)denotes the Heaviside function, and 
𝜙𝜙𝜙𝜙(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦)is the phase function proportional to the 
spatial relief of the object: 

 
𝜙𝜙𝜙𝜙(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 𝑘𝑘𝑘𝑘 𝑧𝑧𝑧𝑧(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦) (31) 

 
Here, 𝑘𝑘𝑘𝑘 = 2𝜋𝜋𝜋𝜋

𝜆𝜆𝜆𝜆
 is the wave number. 

The hologram is formed based on the principle 
of interference: 

 
𝐼𝐼𝐼𝐼(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦) =∣ 𝑈𝑈𝑈𝑈0(x,y) + 𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟(x,y) ∣2 (32) 

 
Here, 𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 𝐴𝐴𝐴𝐴𝑟𝑟𝑟𝑟exp (𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘) is the reference 

wave. As a result, the obtained intensity function 
𝐼𝐼𝐼𝐼(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)contains the holographic image of the fractal 
object. 

The main modification begins precisely at this 
stage. In the traditional approach, the hologram is 
provided to the CNN in the form of a ready-made 



71

S. Tastanova et al.

Spatial Density Model of the Fractal Object 
For holographic modeling, it is necessary to 

define the spatial density of the object: 
 

𝜌𝜌𝜌𝜌(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 𝐻𝐻𝐻𝐻 ⁣(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛(x,y,z)) (23) 
 

where 𝐻𝐻𝐻𝐻(⋅)denotes the Heaviside function. 
Holographic Modeling (Third Modification) 
The wave field of the object is defined as: 
 
𝑈𝑈𝑈𝑈0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 𝜌𝜌𝜌𝜌(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) 𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦,𝑧𝑧𝑧𝑧) (24) 

 
The reference (carrier) wave is given by: 
 

𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 𝑒𝑒𝑒𝑒  𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘�xsin 𝜃𝜃𝜃𝜃𝑥𝑥𝑥𝑥+ysin 𝜃𝜃𝜃𝜃𝑦𝑦𝑦𝑦� (25) 
 
The hologram is formed using the Fresnel 

integral: 
 

𝐻𝐻𝐻𝐻(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 

=∣ ∭𝑈𝑈𝑈𝑈0(ξ,η,ζ)
𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘𝑖𝑖𝑖𝑖

𝑅𝑅𝑅𝑅
dξdηdζ + 𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟(x,y) ∣2 

(26) 

 
As a result, a digital hologram of a three-

dimensional fractal object is obtained. 
Overall Algorithm Sequence 
Algorithm: 
1. Determination of the tetrahedron vertices. 
2. Construction of the initial geometric model 

using an R-function. 
3. Iteration of the R-function with the 

application of affine transformations. 
4. Formation of the fractal density function. 
5. Computation of wave propagation. 
6. Generation of the digital hologram. 
The process of geometric modeling of 

holographic images of complex three-dimensional 
objects with fractal shapes is based on the 
integration of several classical approaches. In this 
dissertation, a new generalized algorithm is 
proposed that combines the mathematical apparatus 
of the R-function method, fractal geometry, digital 
holography, and convolutional neural networks 
(CNNs) into a single modified framework. 

The principal modification lies in the fact that 
the fractal object is considered not only as an 
iterative or statistical model, but as a continuous 
spatial function analytically defined by means of an 
R-function. This function directly participates both 
in the formation of the holographic image and in the 
reconstruction stages using CNNs. 

First of all, the fractal three-dimensional object 
defined in space, Ω ⊂ ℝ3 is treated as a field and is 
expressed using an R-function as follows: 

 
𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 

= 𝑅𝑅𝑅𝑅(𝜙𝜙𝜙𝜙1(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧),𝜙𝜙𝜙𝜙2(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧), … ,𝜙𝜙𝜙𝜙𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)) 
(27

) 
 
Here, 𝜙𝜙𝜙𝜙𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)are the level-set functions of 

elementary geometric primitives (sphere, cylinder, 
cone, etc.), and 𝑅𝑅𝑅𝑅(⋅)is a smooth analytical analogue 
of the logical operations AND / OR / NOT. Interior 
points of the object are determined by the condition 
Φ(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0, whereas exterior points satisfy 
𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) < 0. The fractal property is introduced 
into the object through multiscale iteration: 

 
𝛷𝛷𝛷𝛷𝑘𝑘𝑘𝑘(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 

= 𝑅𝑅𝑅𝑅(𝛷𝛷𝛷𝛷𝑘𝑘𝑘𝑘−1(𝑠𝑠𝑠𝑠𝑥𝑥𝑥𝑥, 𝑠𝑠𝑠𝑠𝑦𝑦𝑦𝑦, 𝑠𝑠𝑠𝑠𝑧𝑧𝑧𝑧),𝜓𝜓𝜓𝜓𝑘𝑘𝑘𝑘(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)) (28) 

 
Here, 𝑠𝑠𝑠𝑠 < 1is the scaling coefficient, and 𝜓𝜓𝜓𝜓𝑘𝑘𝑘𝑘is 

an additional geometric component in the fractal 
iteration. At the next stage, the complex amplitude 
of the object is defined as: 

 
𝑈𝑈𝑈𝑈0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 𝐴𝐴𝐴𝐴(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) exp  ⁣(𝑖𝑖𝑖𝑖𝜙𝜙𝜙𝜙(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)) (29) 
 
Here, the amplitude 𝐴𝐴𝐴𝐴(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)is defined through 

the projection of the object using the R-function: 
 
𝐴𝐴𝐴𝐴(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = ∫ 𝐻𝐻𝐻𝐻 ⁣(𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)) 𝑑𝑑𝑑𝑑𝑧𝑧𝑧𝑧 (30) 

 
where 𝐻𝐻𝐻𝐻(⋅)denotes the Heaviside function, and 
𝜙𝜙𝜙𝜙(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦)is the phase function proportional to the 
spatial relief of the object: 

 
𝜙𝜙𝜙𝜙(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 𝑘𝑘𝑘𝑘 𝑧𝑧𝑧𝑧(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦) (31) 

 
Here, 𝑘𝑘𝑘𝑘 = 2𝜋𝜋𝜋𝜋

𝜆𝜆𝜆𝜆
 is the wave number. 

The hologram is formed based on the principle 
of interference: 

 
𝐼𝐼𝐼𝐼(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦) =∣ 𝑈𝑈𝑈𝑈0(x,y) + 𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟(x,y) ∣2 (32) 

 
Here, 𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 𝐴𝐴𝐴𝐴𝑟𝑟𝑟𝑟exp (𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘) is the reference 

wave. As a result, the obtained intensity function 
𝐼𝐼𝐼𝐼(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)contains the holographic image of the fractal 
object. 

The main modification begins precisely at this 
stage. In the traditional approach, the hologram is 
provided to the CNN in the form of a ready-made 

image. In the present work, the hologram is supplied 
in the form of a normalized tensor with phase 
information preserved: 

 

𝐼𝐼𝐼𝐼
~

(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) =
𝐼𝐼𝐼𝐼(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) − 𝜇𝜇𝜇𝜇𝐼𝐼𝐼𝐼

𝜎𝜎𝜎𝜎𝐼𝐼𝐼𝐼
 (33) 

 
Here, 𝜇𝜇𝜇𝜇𝐼𝐼𝐼𝐼and 𝜎𝜎𝜎𝜎𝐼𝐼𝐼𝐼denote the mean value and 

variance, respectively. The normalized hologram is 
fed into the input layer of the CNN: 𝑋𝑋𝑋𝑋(0) = 𝐼𝐼𝐼𝐼(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) 

At each convolutional layer, the feature maps are 
computed as follows: 

 

𝑋𝑋𝑋𝑋𝑗𝑗𝑗𝑗
(𝑙𝑙𝑙𝑙) = 𝜎𝜎𝜎𝜎 ⁣��𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖

�𝑙𝑙𝑙𝑙−1�

𝑖𝑖𝑖𝑖

∗ 𝑊𝑊𝑊𝑊𝑖𝑖𝑖𝑖𝑗𝑗𝑗𝑗
(𝑙𝑙𝑙𝑙) + 𝑏𝑏𝑏𝑏𝑗𝑗𝑗𝑗

(𝑙𝑙𝑙𝑙)� (34) 

 
Here, “∗” denotes the convolution operator, 

𝑊𝑊𝑊𝑊𝑖𝑖𝑖𝑖𝑗𝑗𝑗𝑗
(𝑙𝑙𝑙𝑙)are the filter kernels, and 𝜎𝜎𝜎𝜎(⋅)is a nonlinear 

activation function (ReLU). 
An important feature of the proposed 

modification is that, during training, a geometric 
constraint based on the R-function is incorporated 
into the loss function: 

 
𝐿𝐿𝐿𝐿 = 𝐿𝐿𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 + 

+𝛼𝛼𝛼𝛼� ∣
𝛺𝛺𝛺𝛺
𝛷𝛷𝛷𝛷𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) − 𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ∣2  𝑑𝑑𝑑𝑑𝑉𝑉𝑉𝑉 (35) 

 
Here, ℒrecdenotes the hologram reconstruction 

error, ΦCNNis the surface of the object reconstructed 
by the CNN, and 𝛼𝛼𝛼𝛼is a weighting coefficient. 

As a result, the CNN learns not only visual 
similarity, but also the analytical and geometric 
structure of the object. At the final stage, the 
reconstructed three-dimensional object is obtained: 

 
𝛺𝛺𝛺𝛺𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 = {(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧):𝛷𝛷𝛷𝛷𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0} (36) 
 
The proposed new generalized algorithm thus 

integrates classical geometric modeling based on R-
functions with digital holography and deep learning 
methods in a modified manner, enabling  
high-accuracy modeling and reconstruction of 
holographic images of complex three-dimensional 
objects with fractal geometry. 

 
 
 
 

3. Modified Universal Algorithm: R-Function 
– IFS – Holographic Modeling 

1. The classical three-dimensional Sierpiński 
fractal is constructed as a set of discrete points using 
an Iterated Function System (IFS). 

The proposed modification consists in defining 
the fractal object as a continuous analytical three-
dimensional geometry using an R-function, which is 
then directly employed for holographic reconstruc-
tion. This ensures geometric accuracy, smooth boun-
daries, and compatibility with optical modeling. 

2. A regular tetrahedron is used as the base 
object. The coordinates of its vertices and the 
analytical equations of the planes defining its faces 
are specified. 

3. For each plane, a distance function is defined. 
The interior region of the tetrahedron is described by 
the function: 

 
𝐹𝐹𝐹𝐹0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 𝑅𝑅𝑅𝑅∧(𝑓𝑓𝑓𝑓1,𝑓𝑓𝑓𝑓2, 𝑓𝑓𝑓𝑓3, 𝑓𝑓𝑓𝑓4) (37) 

 
where 𝐹𝐹𝐹𝐹0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) > 0corresponds to the interior, 
𝐹𝐹𝐹𝐹0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 0to the boundary, and 𝐹𝐹𝐹𝐹0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) <
0to the exterior of the object. 

4. Fractal iteration is performed based on the 
modified IFS. Unlike the classical approach, the R-
function itself is transformed via affine scaling and 
translation. The iteration is defined as: 

 

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = �𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝑛𝑛

4

𝑘𝑘𝑘𝑘=1

 ⁣(𝑆𝑆𝑆𝑆−1(r − t𝑘𝑘𝑘𝑘)) (38) 

 
5. Spatial Density of the Object for Holography 
The spatial density of the object is defined by the 

function: 𝜌𝜌𝜌𝜌(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 𝐻𝐻𝐻𝐻 ⁣(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)) where 𝐻𝐻𝐻𝐻(⋅
)denotes the Heaviside function. 

6. Holographic Modeling 
The complex wave field of the object is given 

by: 
𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 𝐴𝐴𝐴𝐴(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦) 𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) 

 
where the amplitude 𝐴𝐴𝐴𝐴(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)and the phase 

𝜑𝜑𝜑𝜑(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)are computed based on the projection of the 
object using the R-function. The hologram is formed 
using the Fresnel integral and interference with the 
reference wave 𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦): 
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𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = �𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1

4

𝑘𝑘𝑘𝑘=1

 ⁣(𝑆𝑆𝑆𝑆−1(r − t𝑘𝑘𝑘𝑘)) (39) 

 
7. CNN-Based Reconstruction 
The normalized hologram is supplied to the 

input of the convolutional neural network. Feature 
maps are computed as: 𝑋𝑋𝑋𝑋𝑙𝑙𝑙𝑙 = 𝜎𝜎𝜎𝜎 ⁣(𝑊𝑊𝑊𝑊𝑙𝑙𝑙𝑙 ∗ 𝑋𝑋𝑋𝑋𝑙𝑙𝑙𝑙−1 + 𝑏𝑏𝑏𝑏𝑙𝑙𝑙𝑙) 
where “∗” denotes the convolution operation, 𝑊𝑊𝑊𝑊𝑙𝑙𝑙𝑙are 
the filter kernels, and 𝜎𝜎𝜎𝜎(⋅)is a nonlinear activation 
function (ReLU). A geometric constraint based on 
the R-function is incorporated into the loss function: 
𝐿𝐿𝐿𝐿 = 𝐿𝐿𝐿𝐿reconstruction + 𝛼𝛼𝛼𝛼 𝐿𝐿𝐿𝐿R-function This allows the 
network to take into account both visual similarity 
and the analytical–geometric structure of the object. 

8. The proposed universal algorithm integrates 
analytical modeling using R-functions, fractal 
modeling based on IFS, digital holography, and deep 
learning, thereby enabling high-accuracy 
reconstruction and modeling of complex three-
dimensional fractal objects. 

 
4. Computational Experiments 
 
To evaluate the effectiveness of the proposed 

approach, numerical experiments were conducted 
on the modeling and holographic reconstruction of 
the three-dimensional Sierpiński tetrahedron. The 
following parameters were used in the experiments: 

• Number of IFS iterations: 𝑛𝑛𝑛𝑛 = 4 ÷ 6 
• Scaling coefficient: 𝑠𝑠𝑠𝑠 = 0.5 
• Spatial discretization: step size along the 𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 

and 𝑧𝑧𝑧𝑧axes of 0.01 units 
• Optical wavelength used: 𝜆𝜆𝜆𝜆 = 532 nm 

At the first stage, the initial tetrahedron was 
constructed using an analytical representation based 
on R-functions. This was followed by iterative 
generation of the fractal structure through the 
application of affine transformations. The resulting 
three-dimensional models were visualized to assess 
the accuracy of the geometric construction and the 
degree of self-similarity across different scales. 

At the second stage, holographic modeling was 
performed using the Fresnel integral. During the 
generation of the digital hologram, both the 
amplitude and phase of the object were taken into 
account, which made it possible to preserve the 
spatial structure of the fractal. Reconstruction was 
carried out using a convolutional neural network 
(CNN) trained on normalized holograms while 
incorporating geometric constraints imposed by the 
R-function. 

The experimental results demonstrated the 
following: 

1. The analytical representation based on R-
functions enabled precise definition of object 
boundaries while preserving surface continuity. 

2. Multiple IFS iterations resulted in a self-
similar structure with a high level of geometric 
detail. 

3. Digital holograms containing phase infor-
mation allowed the CNN to accurately reconstruct 
three-dimensional objects, ensuring both visual and 
analytical consistency with the original model. 

4. The proposed method is well suited for 
applications in 3D printing, virtual and augmented 
reality, as well as physical modeling and optical 
experiments.
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Figure 1. 3D Sierpiński fractal (example) 

 
 

Figure 2. Cross-section of the spatial density of the fractal object 
 

 
 

Figure 3. Digital hologram and CNN-based reconstruction 
 
 
Illustrations of the experimental results include 

visualizations of the initial tetrahedron, the fractal 
structure after 𝑛𝑛𝑛𝑛iterations, the digital hologram, and 
the reconstructed three-dimensional object. 

 
5. Conclusion 
 
This work proposes a new unified method for 

modeling and holographic reconstruction of 
complex three-dimensional fractal objects based on 
a combination of analytical R-functions, Iterated 
Function Systems (IFS), digital holography, and 
convolutional neural networks. 

The main scientific results can be summarized 
as follows: 

• The use of R-functions enabled a transition 
from a discrete set of points to a continuous 
analytical function, providing precise boundary 
description and topological correctness. 

• The integration of affine transformations with 
R-functions preserved fractal properties and self-
similarity across all iterations. 

• The digital hologram was formed by taking 
into account both the amplitude and phase of the 
object, which improved reconstruction accuracy. 

• The introduction of geometric constraints into 
the network loss function made it possible to 
simultaneously restore visual similarity and the 
analytical–geometric structure of the object. 

The proposed method opens new possibilities for 
high-precision modeling of complex fractal objects 
and their holographic reconstruction in applications 
such as industry, medicine, materials science, 
architecture, and virtual and augmented reality. 

Future work will focus on extending the method 
to more complex fractal forms, adapting the ap-
proach for dynamic holographic objects, and integ-
rating it with physical models of light scattering and 
optical experiments. 
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1. Introduction 
 
Efficient workload distribution plays a crucial 

role in optimizing computational resources and 
ensuring systems’ high performance. However, 
traditional load balancing algorithms – such as 
round-robin or least connections – struggle to adapt 
to dynamically changing workloads [1], leading to 
resource underutilization and increased response 
times. Applying reinforcement learning (RL) [2] to 
solve the problem offers a promising direction for 
developing adaptive load balancing strategies which 
dynamically optimize resource allocation using real-
time workload patterns. Unlike static approaches 
that rely on predefined heuristics. RL-based 
methods continuously learn from the environment 
and adjust task allocation accordingly [3]. 

Current work is inspired by the idea of 
implementing a low budget cluster platform for 
educational organizations, which would utilize on-
campus computing devices organizing them into an 
ad-hock network of heterogeneous nodes. We adapt 
MapReduce programming model – a widely used 
framework for massively parallel computation – to 
execute used defined code on a multi-agent system 
(MAS) to naturally support emergent, self-configu-
ring platform behavior and effectively function in 
diverse architectures. 

Traditional approaches lack adaptability to 
workload fluctuations, leading to inefficiencies [3], 
and require complex configurations. Recent studies 
report positive effectiveness of RL-based load 
balancing in cloud environments. For example, RL 
techniques have been successfully employed to 
optimize task scheduling and minimize execution 
time, outperforming round-robin and weighted load 
balancing algorithms [4], [5], [6]. Furthermore, RL-
based strategies demonstrated improved resource 
utilization in virtualized cloud infrastructures by 
predicting workload patterns and dynamically 
adjusting allocation policies [7]. 

Our hypothesis is that RL-powered MAS 
improves workload distribution in heterogeneous 
environments by learning optimal task allocation 
strategies through continuous agents’ interaction, 
adapting both to unpredictable network topologies 
and to changing hardware conditions “on-the-fly.” 

 
2. Materials and Methods 
 
Designed MapReduce system follows a 

coordinator-worker paradigm where a central 
coordinator node manages all scheduling decisions 
while multiple worker nodes execute the actual Map 
and Reduce operations. Hadoop is utilized 
exclusively as a distributed storage layer through  
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HDFS, while all task scheduling, worker coordina-
tion, and execution control are implemented as 
custom components. 

The separation between storage and 
computation layers enables full control over the 
scheduling policy, allowing direct integration of a 
Q-Learning agent into the task assignment process 
without constraints imposed by existing Hadoop 
schedulers. Inter-node communication and lifecycle 
management are handled through the JADE (Java 
Agent DEvelopment Framework) agent platform. 
JADE was selected for three reasons: its native 
support for the FIPA Agent Communication 
Language for structured message semantics for task 
dispatch and status reporting; its built-in agent 
container model simplifies deployment across 
heterogeneous nodes; and its heartbeat and fault 
detection mechanisms provide a foundation for 
implementing worker health monitoring. 

 
2.1. Infrastructure Configuration 
The experimental infrastructure is deployed in a 

cloud-based virtualized environment and is 
intentionally configured as a heterogeneous cluster 
to reflect realistic production scenarios, where 
computing nodes differ in capacity and 
performance. This heterogeneity is a key 
prerequisite for evaluating adaptive scheduling 
strategies, as it introduces non-uniform execution 
behavior across worker nodes.  

The system follows a master-worker architect-
ture. The coordinator node is deployed on a high-
capacity instance and is responsible for centralized 
task scheduling and Q-learning state-action value 
updates. Its configuration provides sufficient 
computational resources to manage control logic 
and scheduling decisions without becoming a 
performance bottleneck for the system. The worker 
layer consists of eight nodes instantiated using 
different instance types, each representing a distinct 
resource profile. These instance types range from 
high-capacity configurations to constrained and 
legacy instances with reduced CPU and memory 
availability. Such variation reflects common cloud 
deployment patterns, where clusters are composed 
of a mix of modern, cost-efficient, and legacy virtual 
machines. Heterogeneous cloud environments 
composed of nodes with diverse resource 
capabilities are increasingly prevalent and pose 
unique challenges for efficient scheduling and 
resource allocation due to variability in performance 
characteristics across instance types [8]. 

As a result of these differing instance charac-
teristics, workers exhibit varying task processing 
latencies under identical workloads. This creates an 
execution environment in which scheduling 
decisions have a direct impact on overall system 
performance. Consequently, the infrastructure 
enables meaningful comparison between static 
scheduling approaches and reinforcement learning-
based workload distribution strategies.

 
 

Table 1. Infrastructure Specifications  
 

No Component vCPU RAM Instance Type 
1 Coordinator Node 2 vCPU 4 GB High-capacity 
2 Worker 1 2 vCPU 4 GB High-capacity 
3 Worker 2 2 vCPU 2 GB Medium-capacity 
4 Worker 3 2 vCPU 2 GB Medium-capacity 
5 Worker 4 2 vCPU 1 GB Limited-capacity 
6 Worker 5 2 vCPU 0.5 GB Constrained 
7 Worker 6 1 vCPU 2 GB Legacy medium 
8 Worker 7 1 vCPU 1 GB Legacy limited 
9 Worker 8 1 vCPU 0.5 GB Legacy constrained 
 
 
All nodes operate on Ubuntu Server with Linux 

kernel 6.x as the base operating system, selected for 
its stability and extensive compatibility with 
distributed computing frameworks. The Hadoop 
Distributed File System (HDFS) serves as the 

primary storage layer, configured with a replication 
factor of 2 and a block size of 128 MB. Metrics 
collection utilizes structured JSON logging, with 
subsequent analysis performed using Python-based 
data processing and visualization tools. 
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All nodes operate on Ubuntu Server with Linux 

kernel 6.x as the base operating system, selected for 
its stability and extensive compatibility with 
distributed computing frameworks. The Hadoop 
Distributed File System (HDFS) serves as the 

primary storage layer, configured with a replication 
factor of 2 and a block size of 128 MB. Metrics 
collection utilizes structured JSON logging, with 
subsequent analysis performed using Python-based 
data processing and visualization tools. 

2.2. System Components and Data Flow 
The system is organized into five distinct layers, 

each with clearly defined responsibilities. The 
storage layer consists of HDFS, which serves solely 
as a distributed file system for storing input datasets 
and intermediate results; it provides no computation 
or scheduling functionality. The coordination layer 
is implemented using JADE, which provides the 
agent communication infrastructure including 
asynchronous message passing, agent lifecycle 
management, and a directory facilitator for service 
discovery. The execution layer comprises a custom 
MapReduce runtime implemented in Java that reads 
input data from HDFS, partitions it into fixed-size 
tasks, dispatches tasks to workers via JADE 
messages, executes user-defined Map and Reduce 
functions on worker nodes, and aggregates results 
on the coordinator. 

The scheduling layer implements three inter-
changeable scheduling algorithms: Round Robin, 
Least Loaded, and Q-Learning. The scheduling 
layer operates independently of the underlying 
execution layer, receiving worker availability 
signals and returning worker assignment 
decisions. The monitoring layer collects runtime 
metrics including per-task processing times, 
cumulative throughput, worker load distributions, 
and reinforcement learning statistics such as 
reward values and Q-table updates throughout 
experimental runs. Such layered architectural 
designs, where storage, coordination, execution, 
scheduling, and monitoring components are 
decoupled to support modularity, scalability, and 
independent evolution, are a characteristic 
practice in modern distributed and big data 
systems [9].

 
 

 
 

Figure 1. Layered System Architecture with Explicit Separation  
of HDFS and Custom Components  

 
 
2.3. Runtime Execution Flow 
Job execution proceeds through a well-defined 

sequence of phases from job submission to 
completion. The coordinator accepts the job request 
and initializes a job context object containing 
metadata such as job identifier, submission 
timestamp, and configuration parameters. The 
coordinator then queries the HDFS NameNode to 

retrieve block location metadata for the input file 
and constructs a task queue containing task 
descriptors. Each task descriptor specifies the HDFS 
block identifier, byte offset, and size. 

Worker nodes register with the coordinator via 
JADE agents upon startup. The coordinator 
maintains a registry of active workers including 
their network addresses and current status (idle or 
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busy). Workers signal availability through periodic 
heartbeat messages transmitted at 5-second 
intervals. When the coordinator detects an available 
worker, it invokes the scheduling algorithm to select 
a worker for the next pending task. The scheduling 
algorithm receives the current system state as input 
and returns a worker identifier. For the Q-Learning 
scheduler, this involves a Q-table lookup or 
exploration action. The coordinator dispatches the 
task descriptor to the selected worker via a JADE 
ACL message. 

Upon receiving a task descriptor, the worker 
reads the corresponding data block from HDFS, 
applies the user-defined Map function to each input 
record, and emits intermediate key-value pairs. The 
worker buffers these pairs locally until the task is 
fully processed, then transmits the intermediate 
results and processing time to the coordinator. The 
coordinator logs the processing time for metrics 
collection and, when using the Q-Learning 
scheduler, computes the reward signal and updates 
the Q-table. The worker is marked as available for 
subsequent task assignment. After all Map tasks 
complete, the coordinator initiates the Reduce phase 
by partitioning intermediate key-value pairs across 
workers based on key hash values. Workers apply 
the user defined Reduce function and return final 
results to the coordinator for aggregation. Upon 
successful completion, the coordinator writes results 
to HDFS and serializes the Q-table to persistent 
storage for use in subsequent job executions. 

The coordinator node serves as the central 
control point for all scheduling and coordination 
activities. Its responsibilities are formally defined as 
follows. The coordinator maintains the authoritative 
task queue, an ordered list of task descriptors 
awaiting processing, with tasks dequeued in FIFO 
order unless the scheduling algorithm specifies 
otherwise. The coordinator maintains the worker 
registry, a data structure mapping worker identifier 
to their current state (idle, busy, or failed) and 
performance statistics (cumulative tasks processed, 
average processing time). The coordinator 
implements the scheduling interface, which accepts 
the current system state and returns a worker 
assignment; this interface is polymorphic, allowing 
different scheduling algorithms to be substituted 
without modifying other system components. 

For the Q-Learning scheduler, the coordinator 
manages Q-table state including initialization, 
lookup, update, and persistence operations. The 
coordinator implements fault detection through 

heartbeat timeout monitoring; if a worker fails to 
send a heartbeat within the configured interval (5 
seconds), it is marked as failed, its in-flight tasks are 
requeued, and subsequent scheduling decisions 
exclude the failed worker from the available action 
space. 

 
2.4. Reinforcement Learning 
The Q-Learning scheduler is modeled as a 

Markov Decision Process (MDP) described by the 
tuple (S, A, R, γ), where S denotes the finite set of 
system states, A represents the action space, R is the 
reward function, and 𝛾𝛾𝛾𝛾 𝜖𝜖𝜖𝜖 [0,1] is the discount factor. 
The coordinator acts as the learning agent and 
derives a policy π : S → A that maps observed 
system states to task-to-worker assignment 
decisions based on execution feedback. 

State Space. System state is encoded as a vector 
of four discrete features, 

 
𝑠𝑠𝑠𝑠 = (𝑓𝑓𝑓𝑓1, 𝑓𝑓𝑓𝑓2, 𝑓𝑓𝑓𝑓3, 𝑓𝑓𝑓𝑓4), (1) 

 
each capturing a distinct aspect of runtime 
conditions. 

The first feature, 𝑓𝑓𝑓𝑓1, describes load balance 
across workers and takes values from the set 
{BALANCED, MODERATE, IMBALANCED}. It 
is derived from the coefficient of variation of worker 
queue depths, computed as the ratio of standard 
deviation to mean queue length. Load is classified as 
BALANCED when this value is below 0.2, 
MODERATE when it lies between 0.2 and 0.5, and 
IMBALANCED otherwise. 

The second feature, 𝑓𝑓𝑓𝑓2, represents the system 
throughput level and is defined over the SET {LOW, 
MEDIUM, HIGH}. Current throughput, measured 
as the number of completed tasks per second, is 
evaluated relative to previously observed 
throughput values collected during earlier job 
executions. The throughput range is partitioned into 
three equally sized intervals based on the empirical 
distribution of these historical measurements. 
Values falling within the lowest third of observed 
throughput are classified as LOW, those within the 
middle third as MEDIUM, and those within the 
highest third as HIGH. 

The third feature, 𝑓𝑓𝑓𝑓3, captures performance 
homogeneity among workers and assumes values 
from {HOMOGENEOUS, MODERATE}. This 
feature is determined by the variability of average 
task processing times across workers. When the 
standard deviation of these averages remains below 
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each capturing a distinct aspect of runtime 
conditions. 
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across workers and takes values from the set 
{BALANCED, MODERATE, IMBALANCED}. It 
is derived from the coefficient of variation of worker 
queue depths, computed as the ratio of standard 
deviation to mean queue length. Load is classified as 
BALANCED when this value is below 0.2, 
MODERATE when it lies between 0.2 and 0.5, and 
IMBALANCED otherwise. 

The second feature, 𝑓𝑓𝑓𝑓2, represents the system 
throughput level and is defined over the SET {LOW, 
MEDIUM, HIGH}. Current throughput, measured 
as the number of completed tasks per second, is 
evaluated relative to previously observed 
throughput values collected during earlier job 
executions. The throughput range is partitioned into 
three equally sized intervals based on the empirical 
distribution of these historical measurements. 
Values falling within the lowest third of observed 
throughput are classified as LOW, those within the 
middle third as MEDIUM, and those within the 
highest third as HIGH. 

The third feature, 𝑓𝑓𝑓𝑓3, captures performance 
homogeneity among workers and assumes values 
from {HOMOGENEOUS, MODERATE}. This 
feature is determined by the variability of average 
task processing times across workers. When the 
standard deviation of these averages remains below 

5ms, worker performance is considered 
HOMOGENEOUS; higher variability results in a 
MODERATE classification. 

The fourth feature, 𝑓𝑓𝑓𝑓4, corresponds to the current 
job execution phase and takes values from 
{EARLY, MIDDLE, LATE, FINAL}. This phase is 
determined by the fraction of completed tasks, with 
thresholds at 25%, 50%, and 75% of total job 
completion. 

The overall state space is defined as the 
Cartesian product of the four feature domains, 
resulting in 72 possible discrete states. Due to 
correlations between system metrics, only a subset 
of these states is observed in practice; experimental 
evaluation revealed 19 distinct reachable states. 

Action Space. The action space corresponds to 
task-to-worker assignment decisions. The system 
maintains a fixed set of registered worker nodes 
𝑊𝑊𝑊𝑊 = {𝑤𝑤𝑤𝑤1,𝑤𝑤𝑤𝑤2 … ,𝑤𝑤𝑤𝑤𝑛𝑛𝑛𝑛}, where n=8 in the experiment-
tal configuration. At each scheduling decision, the 
set of available actions depends on the current 
system state and includes only workers that are 
marked as idle and not failed in the worker registry. 
This state-dependent action set is defined as 

 
𝐴𝐴𝐴𝐴(𝑠𝑠𝑠𝑠) = {𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 ∈ 𝑊𝑊𝑊𝑊 ∣ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤) = 𝑤𝑤𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖}. (2) 

 
Selecting an action 𝑠𝑠𝑠𝑠 ∈ 𝐴𝐴𝐴𝐴(𝑠𝑠𝑠𝑠) corresponds to 

assigning the next task to the chosen worker. The 
cardinality of the available action set varies 
dynamically over time, ranging from 1 to n, 
depending on worker availability. 

The reward signal is computed upon task 
completion and is defined as the inverse of task 
processing time, 𝑟𝑟𝑟𝑟 = 𝑅𝑅𝑅𝑅(𝑠𝑠𝑠𝑠,𝑠𝑠𝑠𝑠) = 1

𝑡𝑡𝑡𝑡
 , where t denotes 

the execution time in milliseconds. This formulation 
assigns higher rewards to faster task completions 
and implicitly penalizes assignments that lead to 
longer processing delays due to resource contention 
or worker overload. Under observed operating 
conditions, reward values ranged between r ϵ [0.004, 
0.067]. 

The Q-table update follows the temporal 
difference learning rule adapted for worker 
selection: 

 
𝑄𝑄𝑄𝑄𝑤𝑤𝑤𝑤(𝑠𝑠𝑠𝑠) ← 𝑄𝑄𝑄𝑄𝑤𝑤𝑤𝑤(𝑠𝑠𝑠𝑠) + 

+𝛼𝛼𝛼𝛼[𝑟𝑟𝑟𝑟 + 𝛾𝛾𝛾𝛾𝛾𝛾𝛾𝛾𝑠𝑠𝑠𝑠𝛾𝛾𝛾𝛾𝑄𝑄𝑄𝑄𝑤𝑤𝑤𝑤′(𝑠𝑠𝑠𝑠′) − 𝑄𝑄𝑄𝑄𝑤𝑤𝑤𝑤(𝑠𝑠𝑠𝑠)] (2) 

 
where w denotes the selected worker, s is the state at 
task assignment time, r is the observed reward 
(inverse processing time), s' is the state after task 

completion, α = 0.1 is the learning rate controlling 
update magnitude, and γ = 0.95 is the discount factor 
reflecting the importance of future rewards. The 
subscript w ∈ A emphasizes that actions correspond 
to worker selection from the available worker set. 

The agent employs an ε-greedy policy for action 
selection. With probability ε, a random available 
worker is selected (exploration); with probability 1-
ε, the worker with the highest Q-value for the current 
state is selected (exploitation). The exploration rate 
ε is initialized to 0.3 and decays exponentially 
toward a minimum of 0.02 over successive job 
executions. This decay schedule permits broad 
exploration during initial training while converging 
toward exploitation of learned policies in later runs. 
This approach to reinforcement learning-based task 
scheduling, including the definition of rewards and 
the use of Q-learning with ε-greedy action selection 
and temporal-difference updates, has been widely 
adopted in dynamic task allocation problems in 
distributed and cloud computing systems [10]. 

The Q-table is serialized to disk upon job 
completion and loaded at the start of each 
subsequent job. This persistence mechanism enables 
the agent to accumulate knowledge across multiple 
job executions, progressively refining its scheduling 
policy based on observed worker performance 
patterns. 

 
2.5. Baseline Scheduling Algorithms 
Two baseline scheduling algorithms are 

implemented for comparative evaluation. The 
Round Robin algorithm assigns tasks to workers in 
a fixed cyclic order, advancing to the next worker in 
the sequence after each assignment regardless of 
worker load or performance characteristics. This 
algorithm provides a simple baseline that makes no 
attempt to adapt to system conditions. Round Robin 
scheduling is commonly used as a baseline in 
distributed and cloud computing studies due to its 
simplicity and deterministic task assignment 
behavior, despite its lack of awareness of workload 
imbalance or performance heterogeneity [11]. The 
Least Loaded algorithm assigns each task to the 
worker with the fewest tasks currently in its 
processing queue. This heuristic-based approach 
adapts to instantaneous load conditions but does not 
incorporate historical performance data or 
predictive models. Load-based heuristics such as 
Least Loaded (or Least Connection) scheduling are 
widely adopted in distributed systems as lightweight 
adaptive baselines, as they react to current queue 
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states but remain limited by the absence of learning 
or long-term performance modeling [12]. Both 
baseline algorithms are implemented as instances of 
the same scheduling interface used by the Q-
Learning scheduler, ensuring identical integration 
with the coordination and execution layers. 

 
3. Results 
 
The experimental evaluation implements three 

distinct evaluation scenarios: scalability analysis 
examining performance across different worker 
configurations, fault tolerance behavior under 
worker failure conditions, and Q-Learning 
algorithm dynamics including reward progression 
and policy evolution over multiple training runs. 

All experiments utilize a standardized text 
corpus stored in HDFS. The dataset comprises 

22,185,205 text lines partitioned into 4,438 tasks 
(approximately 5,000 lines per task), representing 
a total uncompressed size of 1.8 GB. The 
workload consists of a word frequency counting 
MapReduce job where the Map phase tokenizes 
input lines and emits (word, 1) key-value pairs, 
while the Reduce phase aggregates counts for 
each unique word. This canonical MapReduce 
application provides consistent computational 
characteristics across all experimental runs, 
enabling fair comparison between scheduling 
algorithms without introducing variance from 
workload heterogeneity. 

 
3.1. Scalability Analysis 
The scalability experiment evaluates system 

throughput and processing time across four worker 
configurations (Table 2).

 
 

Table 2. Scalability Experiment Results  
 

No Number of 
workers Algorithm Time Throughput 

(lines/s) Speedup 

1 1 Round Robin 195.26 113,613 1.00× 
2 1 Least Loaded 185.48 119,608 1.00× 
3 1 Q-Learning 169.79 130,661 1.00× 
4 2 Round Robin 92.38 240,158 2.11× 
5 2 Least Loaded 86.39 256,819 2.15× 
6 2 Q-Learning 77.00 288,119 2.21× 
7 4 Round Robin 51.47 431,075 3.79× 
8 4 Least Loaded 47.74 464,667 3.88× 
9 4 Q-Learning 41.13 539,353 4.13× 
10 8 Round Robin 40.09 553,415 4.87× 
11 8 Least Loaded 36.26 611,817 5.11× 
12 8 Q-Learning 33.57 660,962 5.06× 

 
 

 
                                                              (а)                                                                                    (b) 

 
Figure 2. Processing Time and Throughput Comparison Across Worker Configurations 
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In the single-worker configuration, Q-Learning 

completed the workload in 169.79 seconds with 
throughput of 130,661 lines per second, compared 
to 195.26 seconds (113,613 lines/s) for Round 
Robin and 185.48 seconds (119,608 lines/s) for 
Least Loaded. As the worker count increased to two, 
all algorithms exhibited near-linear speedup: Q-
Learning achieved 2.21× acceleration, while Round 
Robin achieved 2.11× and Least Loaded achieved 
2.15×. The throughput gap widened in absolute 
terms, with Q-Learning processing 288,119 lines per 
second versus 240,158 for Round Robin. 

With four workers, Q-Learning achieved 
throughput of 539,353 lines per second with a 
speedup factor of 4.13×. Round Robin achieved 
only 3.79× speedup at this scale, attributed to load 
imbalance caused by worker heterogeneity. The 
eight-worker configuration represents full cluster 
utilization. Q-Learning achieved throughput of 
660,962 lines per second, processing the dataset in 

33.57 seconds. Least Loaded reached 611,817 lines 
per second (36.26 seconds), while Round Robin 
achieved 553,415 lines per second (40.09 seconds). 
Speedup efficiency decreased for all algorithms at 
eight workers (ranging from 4.87× to 5.11× against 
a theoretical maximum of 8×), indicating the 
presence of coordination overhead and 
communication latency that becomes proportionally 
more significant as parallelism increases. 

 
3.2. Fault Tolerance Evaluation 
The evaluation simulates a failure scenario 

where two worker nodes (workers 3 and 6) 
experience simultaneous failures at the 25-second 
mark during an eight-worker job execution. The 
failure was induced by terminating the worker 
processes via SIGKILL signals, representing abrupt 
failures without shutdown sequences. Each 
scheduling algorithm was evaluated under identical 
failure conditions.

 
 

 
Figure 3. System throughput trajectory of each algorithm before,  

during, and after the failure event 
 
 
Figure 3 illustrates the throughput trajectory of 

each algorithm before, during, and after the failure 
event. Prior to the failure at t=25s, all three 
algorithms operated at their respective steady-state 
throughputs: approximately 590K lines/s for Q-
Learning, 560K lines/s for Least Loaded, and 550K 
lines/s for Round Robin. Upon failure detection, the 
algorithms exhibited markedly different recovery 
behaviors. 

The Round Robin algorithm failed to recover 
following worker loss because it maintains a static 

assignment sequence, tasks dispatched to failed 
workers (3 and 6) entered a timeout queue. The 
algorithm lacks mechanisms to redistribute these 
tasks to healthy workers, resulting in blocking and 
eventual job failure necessitating manual 
intervention. The Least Loaded algorithm detected 
worker unavailability through heartbeat timeouts 
(configured at 5-second intervals). However, its 
recovery mechanism proved insufficient for 
sustained operation. When failed workers stopped 
responding, Least Loaded removed them from the 
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active worker pool but encountered difficulties 
redistributing in-flight tasks, leading to cascading 
timeouts and system stall by t=50s. 

The Q-Learning scheduler exhibited different 
behavior through its adaptive policy mechanism. 
Upon detecting worker failures via heartbeat 
timeouts at t=30s, the agent updated its state 
representation to reflect the reduced worker pool 

and adjusted its action space accordingly. The 
learned Q-values for failed workers were masked, 
preventing future assignments. The system 
experienced a throughput dip to approximately 
380K lines/s during the recovery phase (t=30-40s) 
as the coordinator redistributed pending tasks, then 
recovered to 580K lines/s by t=60s, completing the 
job with zero task loss.

 
 

Table 3. Fault Tolerance Metrics Summary 
 

No Metric Round Robin Least Loaded Q-Learning 
1 Failure Detection Time N/A (no detection) 5.2 seconds 4.8 seconds 
2 Recovery Initiated No Partial Yes 
3 Time to Stable Operation Failed Failed 35 seconds 
4 Job Completion Failed Failed Success 
5 Post-Recovery Throughput 0 lines/s 0 lines/s 580,1 lines/s 
6 Tasks Lost 1,847 1,203 0 
 
 
3.3. Q-Learning Implementation Performance 
The evaluation tracks average reward 

progression, state space exploration, and the 
emergence of scheduling policies across thirteen 
consecutive job executions.  

The average reward metric, computed as the 
mean of all rewards received during each job, 
improved from an initial value of 0.12 during the 
first run to a stabilized value of approximately 
0.195 by the final runs, representing a 62.5% 

improvement. This reward increases correlates 
with observed throughput gains, as higher rewards 
indicate faster task completion times. The state 
exploration curve demonstrates rapid initial 
discovery of the state space, achieving complete 
coverage of 19 reachable states by the fourth 
training run and maintaining stable state visitation 
patterns thereafter. The Q-table accumulated 
26,622 total updates across these 19 explored 
states. 

 
 

 
(a)                                                                             (b) 

 
Figure 4. Q-Learning training progress over multiple job executions 
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The Q-Learning scheduler exhibited different 
behavior through its adaptive policy mechanism. 
Upon detecting worker failures via heartbeat 
timeouts at t=30s, the agent updated its state 
representation to reflect the reduced worker pool 

and adjusted its action space accordingly. The 
learned Q-values for failed workers were masked, 
preventing future assignments. The system 
experienced a throughput dip to approximately 
380K lines/s during the recovery phase (t=30-40s) 
as the coordinator redistributed pending tasks, then 
recovered to 580K lines/s by t=60s, completing the 
job with zero task loss.

 
 

Table 3. Fault Tolerance Metrics Summary 
 

No Metric Round Robin Least Loaded Q-Learning 
1 Failure Detection Time N/A (no detection) 5.2 seconds 4.8 seconds 
2 Recovery Initiated No Partial Yes 
3 Time to Stable Operation Failed Failed 35 seconds 
4 Job Completion Failed Failed Success 
5 Post-Recovery Throughput 0 lines/s 0 lines/s 580,1 lines/s 
6 Tasks Lost 1,847 1,203 0 
 
 
3.3. Q-Learning Implementation Performance 
The evaluation tracks average reward 

progression, state space exploration, and the 
emergence of scheduling policies across thirteen 
consecutive job executions.  

The average reward metric, computed as the 
mean of all rewards received during each job, 
improved from an initial value of 0.12 during the 
first run to a stabilized value of approximately 
0.195 by the final runs, representing a 62.5% 

improvement. This reward increases correlates 
with observed throughput gains, as higher rewards 
indicate faster task completion times. The state 
exploration curve demonstrates rapid initial 
discovery of the state space, achieving complete 
coverage of 19 reachable states by the fourth 
training run and maintaining stable state visitation 
patterns thereafter. The Q-table accumulated 
26,622 total updates across these 19 explored 
states. 

 
 

 
(a)                                                                             (b) 

 
Figure 4. Q-Learning training progress over multiple job executions 

 
 
 

Analysis of Q-table evolution reveals the 
emergence of worker preference patterns aligned 
with actual processing capabilities. Table 4 presents 
the top Q-values extracted from the final training 
state. The learned policy exhibited context-

dependent preferences: under high-load 
IMBALANCED states, the agent assigned higher Q-
values to certain workers that performed better 
under congestion conditions despite slower average 
speeds under normal operation. 

 
 

Table 4. Top Learned Q-Values from Final Training State 
 

No System State Action (Worker) Q-Value 
1 [IMBALANCED, HIGH, HOMOGENEOUS, EARLY] worker5 +1.9926 
2 [IMBALANCED, HIGH, HOMOGENEOUS, EARLY] worker7 +1.9564 
3 [IMBALANCED, HIGH, HOMOGENEOUS, EARLY] worker2 +1.9360 
4 [IMBALANCED, HIGH, HOMOGENEOUS, EARLY] worker1 +1.9076 
5 [IMBALANCED, HIGH, MODERATE, EARLY] worker2 +1.8418 
6 [IMBALANCED, HIGH, MODERATE, EARLY] worker1 +1.8417 
7 [BALANCED, HIGH, HOMOGENEOUS, EARLY] worker2 +1.4302 
8 [IMBALANCED, HIGH, HOMOGENEOUS, MIDDLE] worker7 +1.5191 
 
 
3.4. Load Distribution Analysis 
Further, to understand workload distribution 

behavior, task distribution patterns of each 
algorithm implementation are analyzed in the eight-
worker configuration (Figure 5). 

Round Robin produced load variance with 
standard deviation σ = 0.63%, while Least Loaded 
achieved better balance (σ = 0.56%) by considering 
current queue depths. Q-Learning achieved load 
distribution with σ = 0.89%. 

 
 

 
Figure 5. Worker load distribution comparison (8-worker configuration) shows the percentage  

of total tasks processed by each worker, with the dashed line indicating  
the ideal uniform distribution of 12.5% per worker 

 
 
4. Discussion 
 
Experiments show that implemented Q-

Learning achieved peak throughput of 660,962 lines 
per second with eight workers, completing the 
workload in 33.57 seconds. Least Loaded achieved 
611,817 lines per second (36.26 seconds) and Round 
Robin achieved 553,415 lines per second (40.09 
seconds). The processing time reduction from 40.09 

seconds to 33.57 seconds represents a 16.3% 
efficiency difference.  

Speedup efficiency for all algorithms decreased 
at higher worker counts relative to theoretical linear 
scaling, indicating coordination overhead becomes 
proportionally significant as parallelism increases. 
In the fault tolerance experiments, Q-Learning 
recovered from 25% worker loss (2 of 8 workers) 
with zero task loss, returning to 98% of pre-failure 
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throughput within 35 seconds of failure detection. 
Both Round Robin and Least Loaded failed to 
complete the job under identical failure conditions, 
with Round Robin losing 1,847 tasks and Least 
Loaded losing 1,203 tasks before system stall. 

The Q-Learning agent learned worker 
performance characteristics through the reward 
mechanism without explicit configuration. Q-values 
naturally encoded speed differentials across hetero-
geneous nodes, with higher Q-values accumulating 
for workers that consistently completed tasks faster. 
This learning occurred through 26,622 Q-table 
updates across 19 explored states over 13 training 
runs, with average reward increasing from 0.12 to 
0.195 (62.5% improvement). 

The learned policy exhibited context-dependent 
behavior, preferring different workers based on 
system state. Under “imbalanced” load conditions, 
the agent assigned higher Q-values to workers 5 and 
7, which performed better under congestion despite 
slower average speeds during normal operation. 
This contextual awareness emerged from the 
reinforcement learning process without supervised 
training data. 

Load distribution analysis revealed that Q-
Learning produced intentional imbalance (σ = 
0.89%) compared to Round Robin (σ = 0.63%) and 
Least Loaded (σ = 0.56%). The agent learned to 
assign more tasks to faster workers (13.2-13.5% for 
W1-W3) and fewer to slower workers (10.8-11.4% 
for W5, W8). This finding suggests that optimal 
scheduling in heterogeneous environments may not 
correspond to uniform work distribution. 

Fault tolerance behavior arose from the adaptive 
policy mechanism. Upon detecting worker failures, 
the agent excluded failed workers from its action 
space through Q-value masking and redistributed 
work through natural policy adaptation. This 
represents emergent resilience rather than explicitly 
programmed fault handling. 

The tabular Q-Learning approach requires state 
discretization, potentially losing continuous feature 

information that could improve scheduling 
precision. The evaluation used a single workload 
type on an eight-worker cluster; the generalizability 
of these findings to larger clusters and diverse 
workload patterns remains to be established. The 
single coordinator node represents a potential 
scalability constraint for larger deployments. 

 
5. Conclusions 
 
A Q-Learning-based task scheduling 

mechanism was implemented and evaluated for 
distributed MapReduce systems. The system 
architecture separates HDFS as a storage-only layer 
from a custom MapReduce execution runtime with 
interchangeable scheduling algorithms. The 
experimental evaluation was conducted on a 
heterogeneous cluster of eight worker nodes 
processing 22.2 million text lines across 4,438 tasks. 

The tabular Q-Learning approach requires state 
discretization, potentially losing continuous feature 
information that could improve scheduling 
precision. The evaluation used a single workload 
type on an eight-worker cluster; the generalizability 
of these findings to larger clusters and diverse 
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single coordinator node represents a potential 
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NONLINEAR DIMENSIONALITY REDUCTION FOR LOOKALIKE 
AUDIENCE DETECTION USING MANIFOLD LEARNING  

AND AUTOENCODER-BASED REPRESENTATIONS

Abstract. Identifying users with similar behavioral characteristics is a critical task in modern tar-
geted advertising and customer analytics systems. High-dimensional tabular datasets describing user 
activity often contain complex nonlinear relationships that cannot be effectively captured by traditional 
linear dimensionality reduction techniques. This study investigates representation learning approaches 
for constructing scalable look-alike audience detection systems using large-scale telecommunications 
data. Classical dimensionality reduction techniques, including Principal Component Analysis (PCA) and 
t-distributed Stochastic Neighbor Embedding (t-SNE), are first analyzed as baseline methods for explor-
ing the structure of high-dimensional data. While PCA performs linear projections that preserve global 
variance and t-SNE reveals local neighborhood structures through nonlinear embedding, these methods 
are primarily designed for visualization and exploratory analysis and do not provide scalable paramet-
ric mappings for new data samples. To address these limitations, a representation learning framework 
based on autoencoders is proposed for generating compact latent embeddings of users. The model is 
trained on a large-scale anonymized telecommunications dataset containing behavioral, demographic, 
device-related, and service usage attributes. Embeddings are learned for multiple feature entities and 
concatenated into a unified user representation that integrates heterogeneous behavioral information. 
User similarity is then computed using cosine similarity in the latent space, enabling efficient identifica-
tion of look-alike audiences. The proposed system is evaluated using clustering metrics and multiple 
independent validation tasks with external target variables to ensure unbiased performance estimation. 
Experimental results demonstrate that autoencoder-based embeddings produce a more structured latent 
space and improve both similarity-based retrieval and downstream classification performance compared 
to classical dimensionality reduction techniques. The findings highlight the effectiveness of deep repre-
sentation learning for high-dimensional tabular data in real-world recommendation and targeted adver-
tising systems.

Keywords: dimensionality reduction, manifold learning, t-distributed stochastic neighbor embed-
ding (t-SNE), autoencoder, representation learning, lookalike audience modeling, tabular data.
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1. Introduction 
 
The rapid growth of digital platforms and online 

services has led to the generation of massive 
volumes of high-dimensional user data. Such 
datasets often contain heterogeneous attributes 
describing user behavior, demographic characteris-
tics, device information, and interaction histories. 
Analyzing these data in order to identify patterns 
and similarities between users has become a central 
task in modern data-driven systems, including 
recommendation engines, customer analytics 
platforms, and targeted advertising technologies [1]. 

One of the fundamental challenges when 
working with high-dimensional datasets is the so-
called curse of dimensionality, where the increasing 

number of features makes it difficult to capture 
meaningful relationships between observations. As 
dimensionality grows, data points become sparse in 
the feature space, which negatively affects the 
ability of machine learning algorithms to identify 
informative structures. Traditional machine learning 
methods often struggle to operate effectively in such 
environments due to increased computational 
complexity and the presence of redundant or 
correlated variables. As a result, dimensionality 
reduction techniques have become an essential tool 
for transforming high-dimensional data into 
compact and informative representations. 

Classical dimensionality reduction methods, 
such as Principal Component Analysis (PCA), 
assume linear relationships between variables and 
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1. Introduction 
 
The rapid growth of digital platforms and online 

services has led to the generation of massive 
volumes of high-dimensional user data. Such 
datasets often contain heterogeneous attributes 
describing user behavior, demographic characteris-
tics, device information, and interaction histories. 
Analyzing these data in order to identify patterns 
and similarities between users has become a central 
task in modern data-driven systems, including 
recommendation engines, customer analytics 
platforms, and targeted advertising technologies [1]. 

One of the fundamental challenges when 
working with high-dimensional datasets is the so-
called curse of dimensionality, where the increasing 

number of features makes it difficult to capture 
meaningful relationships between observations. As 
dimensionality grows, data points become sparse in 
the feature space, which negatively affects the 
ability of machine learning algorithms to identify 
informative structures. Traditional machine learning 
methods often struggle to operate effectively in such 
environments due to increased computational 
complexity and the presence of redundant or 
correlated variables. As a result, dimensionality 
reduction techniques have become an essential tool 
for transforming high-dimensional data into 
compact and informative representations. 

Classical dimensionality reduction methods, 
such as Principal Component Analysis (PCA), 
assume linear relationships between variables and 

project data onto directions that maximize variance 
[2]. Although these techniques are computationally 
efficient and widely used in practice, they are often 
unable to capture nonlinear structures that frequen-
tly arise in real-world datasets. To address this 
limitation, a class of algorithms known as manifold 
learning methods has been developed. These 
approaches assume that high-dimensional data 
points lie on or near a lower-dimensional manifold 
embedded within the original feature space. 

Among the widely used techniques in this 
category is t-distributed Stochastic Neighbor 
Embedding (t-SNE), a nonlinear dimensionality 
reduction method designed to preserve local 
neighborhood relationships between data points 
when projecting them into a lower-dimensional 
space [3]. The algorithm converts pairwise distances 
into probability distributions and minimizes the 
divergence between similarity distributions in the 
original and embedded spaces. Due to its ability to 
reveal cluster structures in complex datasets, t-SNE 
has become a popular tool for visualization and 
exploratory data analysis. However, despite its 
effectiveness for visualization tasks, t-SNE does not 
provide a parametric mapping function and can be 
computationally expensive when applied to large 
datasets. 

In recent years, deep learning–based 
representation learning approaches have emerged as 
a powerful alternative for nonlinear dimensionality 
reduction. In particular, autoencoders provide a 
neural network architecture capable of learning 
compressed latent representations of high-
dimensional data [4]. By training the model to 
reconstruct the input data through a bottleneck layer, 
autoencoders learn compact embeddings that 
capture the most informative structures and 
nonlinear relationships present in the dataset [5]. 
These embeddings can subsequently be used as 
feature representations for a variety of downstream 
tasks, including classification, clustering, and 
similarity-based retrieval [6]. 

In the context of targeted advertising and 
customer analytics, dimensionality reduction plays a 
crucial role in constructing compact representations 
of users that enable similarity analysis between 
individuals. One important application is look-alike 
audience detection, where the goal is to identify 
users who exhibit behavioral characteristics similar 
to those of a reference group. Such systems are 
widely used in marketing platforms to expand target 
audiences for advertising campaigns. 

A key requirement for practical look-alike 
systems is the ability to operate as generalized 
services capable of handling diverse targeting tasks. 
In production environments, different Business-to-
Business (B2B) clients may submit audience 
expansion requests based on different behavioral 
signals or campaign objectives [1]. Therefore, the 
representation learning framework must remain 
independent of any specific target variable and 
instead capture general behavioral patterns of users 
that can support a wide range of downstream 
prediction tasks. 

The objective of this study is to investigate 
dimensionality reduction and representation 
learning techniques for high-dimensional tabular 
data and to analyze their applicability in scalable 
look-alike audience detection systems. In particular, 
the study examines classical dimensionality 
reduction approaches, including PCA and t-SNE, 
and compares them with deep learning–based 
representation learning methods based on 
autoencoders. The proposed framework learns latent 
embeddings from large-scale anonymized 
telecommunications data and uses them to compute 
similarity between users. Experimental results 
demonstrate that neural network–based embeddings 
provide more structured latent representations and 
improve similarity-based user analysis compared to 
classical dimensionality reduction techniques. 

 
2. Materials and Methods 
 
This section describes the dataset, preprocessing 

procedures, and dimensionality reduction 
techniques used in the study. Particular attention is 
given to nonlinear representation learning methods 
and their application to high-dimensional tabular 
data. Classical dimensionality reduction approaches, 
including Principal Component Analysis (PCA) and 
nonlinear manifold learning techniques such as t-
distributed Stochastic Neighbor Embedding (t-
SNE), are considered alongside neural network–
based representation learning methods based on 
autoencoders. 

The objective of the proposed methodological 
framework is to transform high-dimensional user 
data into compact latent representations that 
preserve the most informative structural properties 
of the original dataset. These representations enable 
efficient similarity computation between users and 
support scalable look-alike audience detection. By 
comparing linear, nonlinear manifold learning, and 
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deep learning–based dimensionality reduction 
techniques, the study evaluates their ability to 
capture meaningful patterns in large-scale user 
datasets. 

 
2.1. Dataset Description 
The experiments were conducted using a large-

scale anonymized dataset collected from a 
telecommunications and digital services platform 
during regular service operation. The dataset 
contains aggregated user-related attributes derived 
from multiple sources, including subscriber profiles, 
device characteristics, tariff plans, and behavioral 
activity indicators [7]. 

To ensure compliance with privacy and data 
protection regulations, all records used in the study 
were fully anonymized and did not contain any 
personally identifiable information. The dataset 
represents aggregated statistical indicators rather 
than raw user-level events, which further ensures the 
protection of sensitive information. 

Initially, the raw dataset contained 2814 features 
describing different aspects of user behavior and 
system interaction. These attributes were derived 
from multiple heterogeneous data sources and inclu-
ded demographic indicators, device-related charac-
teristics, service usage statistics, network activity 
measures, and other aggregated behavioral signals. 

After applying data preprocessing procedures, 
the final dataset used in the experiments consisted of 
948 features. The details of the preprocessing 
pipeline and feature transformation steps are 
described in the following subsection. 

For experimental evaluation, the dataset was 
divided into training and validation subsets. The 
training data were used to learn the dimensionality 
reduction models and latent representations, while 
the validation subset was used to assess the quality 
of the resulting embeddings and their suitability for 
similarity-based user analysis [7]. 

 
2.2. Data Preprocessing 
Before applying dimensionality reduction 

methods, several preprocessing steps were 
performed to prepare the dataset for analysis and 
ensure the consistency of the input features. 

First, categorical variables were transformed 
into numerical representations using one-hot 
encoding. This transformation enables machine 
learning algorithms to process categorical attributes 
by converting each category into a separate binary 
feature. 

Second, missing values were handled using 
statistical imputation techniques. Depending on the 
distribution and semantic interpretation of the 
variables, missing entries were replaced using mean, 
median, or mode estimates. This approach allowed 
the preservation of the overall dataset structure 
while minimizing information loss. 

Third, redundant features were identified 
through pairwise correlation analysis. Highly 
correlated variables were removed in order to reduce 
multicollinearity and eliminate redundant informa-
tion in the dataset. This step significantly reduced 
the dimensionality of the feature space while pre-
serving the most informative characteristics of the 
data. 

As a result of the preprocessing pipeline, the 
number of features was reduced from the initial 
2814 attributes to 948 features used in the 
subsequent experiments. 

Finally, numerical variables were normalized 
using min–max scaling, which transforms feature 
values into the range [0, 1]. This normalization 
ensures that all variables contribute proportionally 
during model training and prevents features with 
larger numerical ranges from disproportionately 
influencing the learning process [8]. 

 
2.3. Dimensionality Reduction Techniques 
Dimensionality reduction plays a critical role in 

the analysis of high-dimensional datasets. Its 
primary objective is to transform the original feature 
space into a lower-dimensional representation while 
preserving the most informative structural 
properties of the data. By reducing the number of 
variables while retaining essential information, 
dimensionality reduction improves computational 
efficiency and facilitates the discovery of latent 
patterns within complex datasets. 

In this study, both linear and nonlinear 
dimensionality reduction methods are considered. 
Linear approaches such as Principal Component 
Analysis (PCA) provide a simple and 
computationally efficient way to reduce 
dimensionality by projecting the data onto directions 
that maximize variance. However, linear techniques 
assume linear relationships between variables and 
may fail to capture complex nonlinear structures 
frequently present in real-world datasets. 

To address this limitation, nonlinear 
dimensionality reduction techniques based on 
manifold learning are also examined. These 
methods assume that high-dimensional observations 
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deep learning–based dimensionality reduction 
techniques, the study evaluates their ability to 
capture meaningful patterns in large-scale user 
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system interaction. These attributes were derived 
from multiple heterogeneous data sources and inclu-
ded demographic indicators, device-related charac-
teristics, service usage statistics, network activity 
measures, and other aggregated behavioral signals. 

After applying data preprocessing procedures, 
the final dataset used in the experiments consisted of 
948 features. The details of the preprocessing 
pipeline and feature transformation steps are 
described in the following subsection. 

For experimental evaluation, the dataset was 
divided into training and validation subsets. The 
training data were used to learn the dimensionality 
reduction models and latent representations, while 
the validation subset was used to assess the quality 
of the resulting embeddings and their suitability for 
similarity-based user analysis [7]. 

 
2.2. Data Preprocessing 
Before applying dimensionality reduction 

methods, several preprocessing steps were 
performed to prepare the dataset for analysis and 
ensure the consistency of the input features. 

First, categorical variables were transformed 
into numerical representations using one-hot 
encoding. This transformation enables machine 
learning algorithms to process categorical attributes 
by converting each category into a separate binary 
feature. 

Second, missing values were handled using 
statistical imputation techniques. Depending on the 
distribution and semantic interpretation of the 
variables, missing entries were replaced using mean, 
median, or mode estimates. This approach allowed 
the preservation of the overall dataset structure 
while minimizing information loss. 

Third, redundant features were identified 
through pairwise correlation analysis. Highly 
correlated variables were removed in order to reduce 
multicollinearity and eliminate redundant informa-
tion in the dataset. This step significantly reduced 
the dimensionality of the feature space while pre-
serving the most informative characteristics of the 
data. 

As a result of the preprocessing pipeline, the 
number of features was reduced from the initial 
2814 attributes to 948 features used in the 
subsequent experiments. 

Finally, numerical variables were normalized 
using min–max scaling, which transforms feature 
values into the range [0, 1]. This normalization 
ensures that all variables contribute proportionally 
during model training and prevents features with 
larger numerical ranges from disproportionately 
influencing the learning process [8]. 

 
2.3. Dimensionality Reduction Techniques 
Dimensionality reduction plays a critical role in 

the analysis of high-dimensional datasets. Its 
primary objective is to transform the original feature 
space into a lower-dimensional representation while 
preserving the most informative structural 
properties of the data. By reducing the number of 
variables while retaining essential information, 
dimensionality reduction improves computational 
efficiency and facilitates the discovery of latent 
patterns within complex datasets. 

In this study, both linear and nonlinear 
dimensionality reduction methods are considered. 
Linear approaches such as Principal Component 
Analysis (PCA) provide a simple and 
computationally efficient way to reduce 
dimensionality by projecting the data onto directions 
that maximize variance. However, linear techniques 
assume linear relationships between variables and 
may fail to capture complex nonlinear structures 
frequently present in real-world datasets. 

To address this limitation, nonlinear 
dimensionality reduction techniques based on 
manifold learning are also examined. These 
methods assume that high-dimensional observations 

lie on a lower-dimensional manifold embedded 
within the original feature space and attempt to 
preserve local neighborhood relationships between 
data points. One of the most widely used approaches 
in this category is t-distributed Stochastic Neighbor 
Embedding (t-SNE), which models pairwise 
similarities between samples using probability 
distributions [9]. 

In addition to classical dimensionality reduction 
techniques, this study also investigates deep 
learning–based representation learning using 
autoencoders. Unlike traditional manifold learning 
algorithms, autoencoders learn a parametric 
nonlinear transformation that maps the original 
feature space into a compact latent representation 
through neural network architectures. 

 
2.3.1 Nonlinear Dimensionality Reduction and 

Manifold Learning 
Manifold learning methods are based on the 

assumption that high-dimensional data points lie on 
or near a lower-dimensional manifold embedded 
within the original feature space. Although 
observations may be represented by a large number 
of variables, their intrinsic dimensionality can often 
be significantly smaller. The objective of manifold 
learning algorithms is therefore to identify this 
hidden structure and represent the data in a lower-
dimensional space while preserving meaningful 
relationships between observations [9]. 

Unlike linear dimensionality reduction 
techniques, manifold learning methods attempt to 
capture nonlinear relationships between variables by 
preserving local neighborhood structures or 
pairwise similarities between data points. These 
approaches are particularly useful for analyzing 
complex datasets where the underlying structure 
cannot be adequately described using linear 
projections. 

In practice, manifold learning techniques are 
widely applied for exploratory data analysis and 
visualization of high-dimensional datasets. By 
mapping data into a lower-dimensional space, these 
methods allow researchers to observe clustering 
patterns, identify latent structures, and better 
understand relationships between observations. 

One of the most widely used nonlinear 
dimensionality reduction algorithms is t-distributed 
Stochastic Neighbor Embedding (t-SNE), which 
models pairwise similarities between observations 
using probability distributions and attempts to 

preserve local neighborhood structures in the 
embedded space [10]. 

 
2.3.2 t-Distributed Stochastic Neighbor 

Embedding (t-SNE) 
t-distributed Stochastic Neighbor Embedding (t-

SNE) is a nonlinear dimensionality reduction 
technique designed to preserve local neighborhood 
relationships between data points when projecting 
high-dimensional data into a lower-dimensional 
space. The method converts pairwise distances 
between observations into probability distributions 
that represent similarities between data points. 

In the high-dimensional space, the similarity 
between two data points is defined using a Gaussian 
distribution: 

𝒑𝒑𝒑𝒑𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊 =
exp�−

||𝒙𝒙𝒙𝒙𝒊𝒊𝒊𝒊 − 𝒙𝒙𝒙𝒙𝒊𝒊𝒊𝒊||𝟐𝟐𝟐𝟐

𝟐𝟐𝟐𝟐𝝈𝝈𝝈𝝈𝒊𝒊𝒊𝒊𝟐𝟐𝟐𝟐
�

∑ 𝐞𝐞𝐞𝐞𝒙𝒙𝒙𝒙p�− ||𝒙𝒙𝒙𝒙𝒌𝒌𝒌𝒌 − 𝒙𝒙𝒙𝒙𝒍𝒍𝒍𝒍||𝟐𝟐𝟐𝟐
𝟐𝟐𝟐𝟐𝝈𝝈𝝈𝝈𝒌𝒌𝒌𝒌𝟐𝟐𝟐𝟐

�𝒌𝒌𝒌𝒌≠𝒍𝒍𝒍𝒍

 (1) 

 
where 𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖and 𝑥𝑥𝑥𝑥𝑗𝑗𝑗𝑗represent data points in the original 
feature space and 𝜎𝜎𝜎𝜎𝑖𝑖𝑖𝑖is the variance of the Gaussian 
distribution controlling the neighborhood size 
around point 𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖 [10]. 

In the low-dimensional embedding space, 
similarities between points are modeled using a 
Student’s t-distribution with one degree of freedom: 

 

𝒒𝒒𝒒𝒒𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊 =
�𝟏𝟏𝟏𝟏 + ||𝒚𝒚𝒚𝒚𝒊𝒊𝒊𝒊 − 𝒚𝒚𝒚𝒚𝒊𝒊𝒊𝒊||𝟐𝟐𝟐𝟐�

−𝟏𝟏𝟏𝟏

∑ (𝟏𝟏𝟏𝟏 + ||𝒚𝒚𝒚𝒚𝒌𝒌𝒌𝒌 − 𝒚𝒚𝒚𝒚𝒍𝒍𝒍𝒍||𝟐𝟐𝟐𝟐)−𝟏𝟏𝟏𝟏𝒌𝒌𝒌𝒌≠𝒍𝒍𝒍𝒍
 (2) 

 
where 𝒚𝒚𝒚𝒚𝒊𝒊𝒊𝒊and 𝒚𝒚𝒚𝒚𝒊𝒊𝒊𝒊represent the coordinates of the 
corresponding points in the embedded space. 

The t-SNE algorithm minimizes the Kullback–
Leibler divergence between the similarity 
distributions in the high-dimensional and low-
dimensional spaces: 

 

𝑲𝑲𝑲𝑲𝑲𝑲𝑲𝑲(𝑷𝑷𝑷𝑷||𝑸𝑸𝑸𝑸) = ��𝒑𝒑𝒑𝒑𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥𝐥
𝒑𝒑𝒑𝒑𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊
𝒒𝒒𝒒𝒒𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊

 (3) 

 
By minimizing this divergence, t-SNE attempts 

to preserve local neighborhood relationships 
between data points, allowing clusters and local 
structures in the data to become more visible in the 
embedded representation [11]. 

Although t-SNE is highly effective for 
visualizing complex high-dimensional datasets, it  
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does not learn an explicit mapping function from the 
original feature space to the embedding space. As a 
result, the algorithm is primarily used for 
exploratory analysis and visualization rather than for 
scalable representation learning in production 
systems. 

 
2.3.3 Autoencoder Representation Learning 
Autoencoders represent a class of neural 

network architectures designed for unsupervised 
representation learning and nonlinear 
dimensionality reduction. Unlike classical manifold 
learning algorithms, autoencoders learn a parametric 
nonlinear mapping between the original high-
dimensional feature space and a compact latent 
representation through a neural network model [12]. 

The architecture of an autoencoder consists of 
two main components: an encoder and a decoder. 
The encoder transforms the original input feature 
vector into a lower-dimensional latent represent-
tation, while the decoder attempts to reconstruct the 
original input from this compressed representation. 
The objective of the model is to learn a latent 
embedding that captures the most informative 
structural properties of the data while minimizing 
the loss of information during compression [13]. 

Let 𝑥𝑥𝑥𝑥 ∈ ℝ𝑑𝑑𝑑𝑑denote the original input feature 
vector. The encoder network maps the input vector 
into a lower-dimensional latent representation 𝑧𝑧𝑧𝑧 ∈
ℝ𝑘𝑘𝑘𝑘, where 𝑘𝑘𝑘𝑘 < 𝑑𝑑𝑑𝑑. This transformation can be 
expressed as: 

 
𝒛𝒛𝒛𝒛 = 𝒇𝒇𝒇𝒇𝛉𝛉𝛉𝛉(𝒙𝒙𝒙𝒙) (4) 

 
where 𝑓𝑓𝑓𝑓𝜃𝜃𝜃𝜃(𝒙𝒙𝒙𝒙) represents the nonlinear transformation 
defined by the encoder network with parameters 𝜃𝜃𝜃𝜃 
[14]. The decoder then reconstructs the original 
input from the latent representation: 

 
𝒙𝒙𝒙𝒙� = 𝒈𝒈𝒈𝒈𝛟𝛟𝛟𝛟(𝒛𝒛𝒛𝒛) (5) 

 
where 𝑔𝑔𝑔𝑔𝜙𝜙𝜙𝜙(𝒛𝒛𝒛𝒛)denotes the decoding function 
parameterized by the network weights 𝜙𝜙𝜙𝜙, and 
𝑥𝑥𝑥𝑥�represents the reconstructed input vector. 

During training, the model minimizes the 
reconstruction error between the original input 
vector and its reconstructed version. In this study, 

the Mean Squared Error (MSE) loss function was 
used: 

𝑲𝑲𝑲𝑲 =
𝟏𝟏𝟏𝟏
𝑵𝑵𝑵𝑵
��|𝒙𝒙𝒙𝒙𝒊𝒊𝒊𝒊 − 𝒙𝒙𝒙𝒙𝒊𝒊𝒊𝒊� |�𝟐𝟐𝟐𝟐
𝑵𝑵𝑵𝑵

𝒊𝒊𝒊𝒊=𝟏𝟏𝟏𝟏

 (6) 

 
where 𝑁𝑁𝑁𝑁denotes the number of training samples 
[15]. 

By minimizing the reconstruction loss, the 
autoencoder learns to capture nonlinear 
relationships between variables and to encode the 
most informative features of the dataset into a 
compact latent representation. These latent vectors 
serve as embedding representations that can be used 
for similarity analysis, clustering, and downstream 
machine learning tasks [16]. 

The architecture of the autoencoder used in this 
study is illustrated in Figure 1.  

The diagram presents the full processing 
pipeline, beginning with the raw dataset containing 
2814 features. After feature preprocessing and 
selection, the input dimensionality is reduced to 948 
features, which are used as the input to the neural 
network model. The encoder network then 
compresses these features into a lower-dimensional 
latent embedding, which represents a compact 
representation of user characteristics. The decoder 
network subsequently reconstructs the original 
feature representation from the latent space, 
allowing the model to learn informative nonlinear 
structures in the data [7]. 

The training process of the autoencoder was 
monitored using the reconstruction loss on both 
training and validation datasets. Figure 2 illustrates 
the learning dynamics of the model during the 
training procedure.  

The training loss gradually decreases as the 
network learns compact latent representations of the 
input features. The validation loss follows a similar 
trend and stabilizes after approximately 400 epochs, 
indicating convergence of the model and the 
absence of significant overfitting. 

Based on the observed training dynamics, the 
model demonstrates stable convergence behavior. 
After approximately 400 epochs the improvement in 
reconstruction loss becomes marginal, indicating 
that the latent representation has captured the 
dominant structural patterns present in the dataset. 
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does not learn an explicit mapping function from the 
original feature space to the embedding space. As a 
result, the algorithm is primarily used for 
exploratory analysis and visualization rather than for 
scalable representation learning in production 
systems. 

 
2.3.3 Autoencoder Representation Learning 
Autoencoders represent a class of neural 

network architectures designed for unsupervised 
representation learning and nonlinear 
dimensionality reduction. Unlike classical manifold 
learning algorithms, autoencoders learn a parametric 
nonlinear mapping between the original high-
dimensional feature space and a compact latent 
representation through a neural network model [12]. 

The architecture of an autoencoder consists of 
two main components: an encoder and a decoder. 
The encoder transforms the original input feature 
vector into a lower-dimensional latent represent-
tation, while the decoder attempts to reconstruct the 
original input from this compressed representation. 
The objective of the model is to learn a latent 
embedding that captures the most informative 
structural properties of the data while minimizing 
the loss of information during compression [13]. 

Let 𝑥𝑥𝑥𝑥 ∈ ℝ𝑑𝑑𝑑𝑑denote the original input feature 
vector. The encoder network maps the input vector 
into a lower-dimensional latent representation 𝑧𝑧𝑧𝑧 ∈
ℝ𝑘𝑘𝑘𝑘, where 𝑘𝑘𝑘𝑘 < 𝑑𝑑𝑑𝑑. This transformation can be 
expressed as: 

 
𝒛𝒛𝒛𝒛 = 𝒇𝒇𝒇𝒇𝛉𝛉𝛉𝛉(𝒙𝒙𝒙𝒙) (4) 

 
where 𝑓𝑓𝑓𝑓𝜃𝜃𝜃𝜃(𝒙𝒙𝒙𝒙) represents the nonlinear transformation 
defined by the encoder network with parameters 𝜃𝜃𝜃𝜃 
[14]. The decoder then reconstructs the original 
input from the latent representation: 

 
𝒙𝒙𝒙𝒙� = 𝒈𝒈𝒈𝒈𝛟𝛟𝛟𝛟(𝒛𝒛𝒛𝒛) (5) 

 
where 𝑔𝑔𝑔𝑔𝜙𝜙𝜙𝜙(𝒛𝒛𝒛𝒛)denotes the decoding function 
parameterized by the network weights 𝜙𝜙𝜙𝜙, and 
𝑥𝑥𝑥𝑥�represents the reconstructed input vector. 

During training, the model minimizes the 
reconstruction error between the original input 
vector and its reconstructed version. In this study, 

the Mean Squared Error (MSE) loss function was 
used: 
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where 𝑁𝑁𝑁𝑁denotes the number of training samples 
[15]. 

By minimizing the reconstruction loss, the 
autoencoder learns to capture nonlinear 
relationships between variables and to encode the 
most informative features of the dataset into a 
compact latent representation. These latent vectors 
serve as embedding representations that can be used 
for similarity analysis, clustering, and downstream 
machine learning tasks [16]. 

The architecture of the autoencoder used in this 
study is illustrated in Figure 1.  

The diagram presents the full processing 
pipeline, beginning with the raw dataset containing 
2814 features. After feature preprocessing and 
selection, the input dimensionality is reduced to 948 
features, which are used as the input to the neural 
network model. The encoder network then 
compresses these features into a lower-dimensional 
latent embedding, which represents a compact 
representation of user characteristics. The decoder 
network subsequently reconstructs the original 
feature representation from the latent space, 
allowing the model to learn informative nonlinear 
structures in the data [7]. 

The training process of the autoencoder was 
monitored using the reconstruction loss on both 
training and validation datasets. Figure 2 illustrates 
the learning dynamics of the model during the 
training procedure.  

The training loss gradually decreases as the 
network learns compact latent representations of the 
input features. The validation loss follows a similar 
trend and stabilizes after approximately 400 epochs, 
indicating convergence of the model and the 
absence of significant overfitting. 

Based on the observed training dynamics, the 
model demonstrates stable convergence behavior. 
After approximately 400 epochs the improvement in 
reconstruction loss becomes marginal, indicating 
that the latent representation has captured the 
dominant structural patterns present in the dataset. 

  
 

 
 

Figure 1. Architecture of the autoencoder-based representation learning model 
 and feature preprocessing pipeline 

 
 

 
Figure 2. Learning curves of the autoencoder model during training 
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2.4 Multi-Entity Embedding Representation 
The dataset used in this study contains 

heterogeneous groups of features describing 
different aspects of user behavior. These feature 
groups can be interpreted as entities representing 
distinct domains of information, including 
subscriber profiles, device characteristics, tariff 
plans, and network activity patterns [1]. 

To capture these heterogeneous characteristics 
more effectively, embeddings were learned 
separately for each entity. For each feature group, a 
dedicated autoencoder model was trained to 
generate a latent representation of the corresponding 
entity-specific feature space. 

The resulting entity embeddings were then 
concatenated to form a unified representation of 
each subscriber: 

 
𝑧𝑧𝑧𝑧𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 = �𝑧𝑧𝑧𝑧𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑠𝑠𝑠𝑠 , 𝑧𝑧𝑧𝑧𝑑𝑑𝑑𝑑𝑢𝑢𝑢𝑢𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑢𝑢𝑢𝑢 , 𝑧𝑧𝑧𝑧𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 , 𝑧𝑧𝑧𝑧𝑛𝑛𝑛𝑛𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢� (7) 
 

where each component corresponds to the latent 
representation learned from the respective entity 
feature group. 

This concatenation strategy allows the model to 
integrate information from multiple behavioral 
domains while preserving the semantic structure 
learned within each entity. The resulting unified 
embedding provides a comprehensive 
representation of user characteristics that can be 
used for downstream similarity-based tasks [9]. 

 
2.5 Cosine Similarity 
To identify users with similar behavioral 

characteristics, similarity between embedding 
vectors was computed using cosine similarity. 
Cosine similarity measures the angular distance 
between two vectors and is defined as: 

 
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) =

𝑥𝑥𝑥𝑥 ⋅ 𝑦𝑦𝑦𝑦
�|𝑥𝑥𝑥𝑥|� �|𝑦𝑦𝑦𝑦|�

 (8) 

 
where 𝑥𝑥𝑥𝑥 and 𝑦𝑦𝑦𝑦 represent embedding vectors 
corresponding to different users [17]. 

Unlike Euclidean distance, cosine similarity 
focuses on the orientation of vectors rather than their 
magnitude. This property makes it particularly 
suitable for comparing high-dimensional embed-
dings where the direction of the vector encodes 
semantic relationships between observations. 

In the context of look-alike audience detection, 
users with higher cosine similarity values are 
considered behaviorally similar. By computing 
cosine similarity between the embedding vector of a 
reference user group and the embedding vectors of 
the entire subscriber base, it becomes possible to 
identify candidate users exhibiting similar 
behavioral patterns. 

 
2.6 Modular System Design for Embedding-

Based Look-Alike Model 
To support scalable deployment in real-world 

data environments, the proposed representation 
learning framework was implemented using a 
modular system architecture. The system integrates 
data storage, preprocessing, model training, and 
evaluation components into a unified pipeline 
designed for large-scale subscriber datasets. 

The overall architecture of the embedding-based 
look-alike modeling framework is illustrated in 
Figure 3. 

The system combines multiple modules 
responsible for feature collection, preprocessing, 
representation learning, and model evaluation. This 
modular design allows different components of the 
pipeline to be developed and updated independently 
while maintaining the overall integrity of the 
system. 

At the data storage level, the Hadoop Distributed 
File System (HDFS) serves as the primary 
repository for raw and processed data. Feature 
datasets are versioned using Data Version Control 
(DVC), which ensures reproducibility of 
experiments and enables consistent tracking of 
dataset modifications across different model 
training runs [7]. 

The feature preparation stage includes data 
collection, preprocessing, and transformation of raw 
subscriber data into structured feature datasets. 
These datasets are divided into training and 
validation subsets and stored as structured files that 
serve as inputs for the representation learning 
models. 

Model training and experimentation are 
managed using MLflow, which provides experiment 
tracking, parameter logging, and model version 
management. In addition, the MinIO object storage 
system is used to store experiment artifacts and 
trained model checkpoints, ensuring reliable storage 
and accessibility of experimental results. 
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2.4 Multi-Entity Embedding Representation 
The dataset used in this study contains 

heterogeneous groups of features describing 
different aspects of user behavior. These feature 
groups can be interpreted as entities representing 
distinct domains of information, including 
subscriber profiles, device characteristics, tariff 
plans, and network activity patterns [1]. 

To capture these heterogeneous characteristics 
more effectively, embeddings were learned 
separately for each entity. For each feature group, a 
dedicated autoencoder model was trained to 
generate a latent representation of the corresponding 
entity-specific feature space. 

The resulting entity embeddings were then 
concatenated to form a unified representation of 
each subscriber: 
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where each component corresponds to the latent 
representation learned from the respective entity 
feature group. 

This concatenation strategy allows the model to 
integrate information from multiple behavioral 
domains while preserving the semantic structure 
learned within each entity. The resulting unified 
embedding provides a comprehensive 
representation of user characteristics that can be 
used for downstream similarity-based tasks [9]. 

 
2.5 Cosine Similarity 
To identify users with similar behavioral 

characteristics, similarity between embedding 
vectors was computed using cosine similarity. 
Cosine similarity measures the angular distance 
between two vectors and is defined as: 

 
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) =

𝑥𝑥𝑥𝑥 ⋅ 𝑦𝑦𝑦𝑦
�|𝑥𝑥𝑥𝑥|� �|𝑦𝑦𝑦𝑦|�

 (8) 

 
where 𝑥𝑥𝑥𝑥 and 𝑦𝑦𝑦𝑦 represent embedding vectors 
corresponding to different users [17]. 

Unlike Euclidean distance, cosine similarity 
focuses on the orientation of vectors rather than their 
magnitude. This property makes it particularly 
suitable for comparing high-dimensional embed-
dings where the direction of the vector encodes 
semantic relationships between observations. 

In the context of look-alike audience detection, 
users with higher cosine similarity values are 
considered behaviorally similar. By computing 
cosine similarity between the embedding vector of a 
reference user group and the embedding vectors of 
the entire subscriber base, it becomes possible to 
identify candidate users exhibiting similar 
behavioral patterns. 

 
2.6 Modular System Design for Embedding-

Based Look-Alike Model 
To support scalable deployment in real-world 

data environments, the proposed representation 
learning framework was implemented using a 
modular system architecture. The system integrates 
data storage, preprocessing, model training, and 
evaluation components into a unified pipeline 
designed for large-scale subscriber datasets. 

The overall architecture of the embedding-based 
look-alike modeling framework is illustrated in 
Figure 3. 

The system combines multiple modules 
responsible for feature collection, preprocessing, 
representation learning, and model evaluation. This 
modular design allows different components of the 
pipeline to be developed and updated independently 
while maintaining the overall integrity of the 
system. 

At the data storage level, the Hadoop Distributed 
File System (HDFS) serves as the primary 
repository for raw and processed data. Feature 
datasets are versioned using Data Version Control 
(DVC), which ensures reproducibility of 
experiments and enables consistent tracking of 
dataset modifications across different model 
training runs [7]. 

The feature preparation stage includes data 
collection, preprocessing, and transformation of raw 
subscriber data into structured feature datasets. 
These datasets are divided into training and 
validation subsets and stored as structured files that 
serve as inputs for the representation learning 
models. 

Model training and experimentation are 
managed using MLflow, which provides experiment 
tracking, parameter logging, and model version 
management. In addition, the MinIO object storage 
system is used to store experiment artifacts and 
trained model checkpoints, ensuring reliable storage 
and accessibility of experimental results. 

  

 
 

Figure 3. Modular architecture of the embedding-based  
look-alike modeling framework 

 
 
The system supports entity-based feature 

representation, where different groups of features 
correspond to separate informational domains 
describing subscriber behavior. These entities 
include subscriber-related attributes, device 
characteristics, network usage statistics, and tariff 
plan information. By separating these domains into 
distinct entities, the framework enables flexible 
representation learning and facilitates the 
construction of multi-entity embedding vectors. 

During the evaluation stage, the learned 
embeddings are processed by an evaluation module 
that measures their effectiveness across multiple 
validation tasks. These tasks may correspond to 
different prediction scenarios, including both binary 
and multiclass classification problems. The 
evaluation framework is designed to assess the 
robustness of the learned representations across 
different targets and application contexts. 

To produce final performance estimates, the 
results from multiple validation tasks are aggregated 
by a combining module. This component collects 
evaluation metrics obtained from different 
validation scenarios and computes aggregated 
performance indicators that summarize the 
effectiveness of the learned embeddings. 

Such a modular system architecture enables 
scalable experimentation and facilitates the 
deployment of embedding-based similarity models 

in real-world marketing and recommendation 
systems. By separating data processing, model 
training, and evaluation into independent 
components, the framework allows efficient 
experimentation with different representation 
learning strategies and similarity metrics while 
maintaining reproducibility and computational 
scalability. 

 
3. Result 
 
The performance of the dimensionality 

reduction techniques and the proposed 
representation learning approach was evaluated 
using the anonymized high-dimensional dataset 
described in the previous section. The experiments 
focused on analyzing the structure of the learned 
embeddings and comparing the effectiveness of 
different dimensionality reduction methods. 

To visually assess the structure of the reduced 
feature space, the high-dimensional data were 
projected into a three-dimensional representation 
using Principal Component Analysis (PCA), t-
distributed Stochastic Neighbor Embedding (t-
SNE), and the autoencoder-based latent represent-
tation. These techniques provide different perspec-
tives on the structure of the data, ranging from linear 
projections to nonlinear manifold-based embed-
dings and deep learning–based representations. 
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The resulting projections of the combined 
entities are illustrated in Figure 4. The PCA 
projection shows a sparse distribution of data points 
due to the linear nature of the method, which 
captures only the directions of maximum variance in 
the dataset. The t-SNE embedding reveals local 
neighborhood structures and clustering patterns by 
preserving similarities between nearby observations 
in the high-dimensional space. In contrast, the 
autoencoder-based representation produces a more 
structured latent space, indicating that the neural 
network is able to capture complex nonlinear 
relationships between features.  

These results suggest that representation 
learning methods based on autoencoders can 
provide more informative embeddings for high-
dimensional tabular data compared to classical 
dimensionality reduction techniques. The learned 

latent representations are therefore more suitable for 
similarity-based user analysis and lookalike 
audience detection. 

The clustering structure of user groups in the 
reduced feature space is further illustrated in Figure 
5. The visualization highlights the distribution of 
different user categories identified by SIM and 
eSIM configurations, different colors represent 
distinct user categories based on SIM and eSIM 
configurations. 

The t-SNE projection demonstrates the 
preservation of local neighborhood relationships 
between users; however, the clusters remain 
relatively dispersed and partially overlapping. This 
behavior is typical for manifold-based visualization 
methods that primarily focus on preserving local 
similarity rather than learning a globally structured 
representation. 

 
 

  
 

Figure 4. Comparison of dimensionality reduction techniques applied  
to the dataset using PCA, t-SNE, and autoencoder-based embeddings 

 
 

 
 

Figure 5. Visualization of user groups in the reduced feature space obtained  
using t-SNE and autoencoder embeddings 
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captures only the directions of maximum variance in 
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autoencoder-based representation produces a more 
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provide more informative embeddings for high-
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5. The visualization highlights the distribution of 
different user categories identified by SIM and 
eSIM configurations, different colors represent 
distinct user categories based on SIM and eSIM 
configurations. 

The t-SNE projection demonstrates the 
preservation of local neighborhood relationships 
between users; however, the clusters remain 
relatively dispersed and partially overlapping. This 
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methods that primarily focus on preserving local 
similarity rather than learning a globally structured 
representation. 
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Figure 5. Visualization of user groups in the reduced feature space obtained  
using t-SNE and autoencoder embeddings 

In contrast, the autoencoder-based embedding 
produces a more structured latent space in which 
user groups form more compact and distinguishable 
clusters. This result indicates that the neural network 
is capable of capturing complex nonlinear 
relationships between user attributes and encoding 
them into informative latent representations. 

Such structured embeddings are particularly 
beneficial for downstream similarity-based tasks, 
including lookalike audience detection and user 
segmentation. 

To further evaluate the quality of the learned 
representations, additional validation experiments 
were conducted using clustering and nearest-
neighbor classification metrics. The embeddings 
produced by PCA, t-SNE, and the autoencoder 
model were compared using several widely used 
clustering evaluation metrics, including Silhouette 
Score, Davies–Bouldin Index, and Calinski–
Harabasz Score. 

In addition, a k-Nearest Neighbors (kNN) 
classifier was trained on the resulting embeddings to 
assess their effectiveness for similarity-based 
classification tasks. The evaluation was conducted 
using several independent validation datasets 
representing different prediction scenarios, 
including both binary and multiclass classification 
tasks. Importantly, the target variables used in these 
validation datasets were obtained from external 
sources and were not present in the original dataset 
used for training the dimensionality reduction 

models. This design eliminates the possibility of 
target leakage and ensures that the learned 
embeddings do not implicitly encode information 
about the evaluation targets [18]. 

All evaluation metrics reported in the 
experiments represent averages across multiple 
validation datasets. This evaluation protocol 
provides a more reliable estimate of the 
generalization ability of the learned representations 
across different prediction tasks. Such robustness is 
particularly important for lookalike audience 
modeling systems, where the objective of the model 
is not tied to a single predefined target variable. 

In real-world production environments, 
lookalike audience services operate as generalized 
tools for B2B clients. The specific prediction task 
and target behavior may vary significantly between 
campaigns, and the model must be capable of 
identifying relevant similarities between users 
regardless of the specific target definition. 
Therefore, averaging performance metrics across 
multiple external validation tasks provides a realistic 
assessment of how well the learned embeddings can 
support diverse downstream applications. 

The results presented in Table 1 indicate clear 
differences in the quality of the learned 
representations. PCA demonstrates the lowest 
clustering quality across all metrics, which can be 
explained by the linear nature of the method that 
limits its ability to capture complex nonlinear 
relationships in the data [19].

 
 

Table 1. Comparison of dimensionality reduction techniques on validation tasks 
 

Method Silhouette Score Davies–Bouldin Calinski–
Harabasz  

kNN 
Accuracy kNN F1 

PCA 0.21 1.84 410 0.58 0.56 
t-SNE 0.34 1.21 620 0.66 0.63 

Autoencoder 0.48 0.79 1020 0.74 0.71 
 
 
The t-SNE method shows improved clustering 

structure compared to PCA due to its ability to 
preserve local neighborhood relationships in the 
data. However, since t-SNE is primarily designed 
for visualization rather than representation learning, 
its performance on downstream tasks remains 
limited. 

The autoencoder-based representation achieves 
the best performance across all evaluation metrics. 
In particular, it produces the highest Silhouette 

Score and Calinski–Harabasz Score while also 
minimizing the Davies–Bouldin Index, indicating 
more compact and well-separated clusters. 
Furthermore, the kNN classification results 
demonstrate that the autoencoder embeddings 
preserve meaningful similarity relationships 
between users. 

These findings confirm that neural network–
based representation learning provides a more 
informative latent feature space for high-
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dimensional tabular data compared to classical 
dimensionality reduction techniques. 

In the next stage of the study, the learned 
representations were used to construct a similarity-
based lookalike audience detection framework. For 
each entity in the dataset, including subscriber 
attributes, device characteristics, tariff information, 
and network-related features, separate embeddings 
were generated using the trained autoencoder 
models. These entity-level embeddings were then 
concatenated to form a unified latent representation 
describing each user. 

User similarity was computed using cosine 
similarity between the resulting embedding vectors. 
Cosine similarity measures the angular distance 
between vectors in the latent space and is widely 
used in representation learning tasks because it 
focuses on the orientation of vectors rather than their 

magnitude. This property makes it particularly 
suitable for comparing high-dimensional 
embeddings where the direction of the vector 
encodes semantic relationships between 
observations. 

The concatenated entity embeddings therefore 
form a compact representation of user behavior 
across multiple data domains. Similar users can then 
be identified by measuring cosine similarity 
between their corresponding embedding vectors. 

After evaluating the structural quality of the 
learned embeddings, the next experiment focuses on 
their practical applicability in the lookalike audience 
detection tasks. Classification metrics were 
calculated for several baseline machine learning 
models as well as embedding-based similarity 
approaches [20]-[22]. The results are summarized in 
Table 2.

 
 

Table 2. Provide a concise caption for each table, explaining its content and relevance 
 

Model CR ROC AUC Lift Top 1 Precision Recall 
SVM 0.13 0.64 4.9 0.54 0.55 

Random Forest 0.15 0.66 5.4 0.60 0.54 
LightGBM 0.19 0.69 6.6 0.64 0.56 

Cosine similarity with 
embeddings 0.21 0.70 7.3 0.67 0.61 

Cosine similarity with 
concatenated embeddings 0.31 0.76 11.7 0.73 0.70 

 
 
The results demonstrate that embedding-based 

similarity methods significantly outperform 
traditional machine learning classifiers in the 
lookalike detection task. While classical models 
achieve moderate performance levels, the use of 
learned embeddings improves all evaluation 
metrics. 

In particular, the cosine similarity approach 
applied to concatenated entity embeddings achieves 
the highest performance across all metrics. The Lift 
Top 1 metric increases from 6.6 for the best baseline 
model (LightGBM) to 11.7, indicating a substantial 
improvement in identifying the most relevant users 
within the target audience. Similarly, both precision 
and recall values increase, reflecting better 
identification of users with similar behavioral 
characteristics [23]. 

These results suggest that representation 
learning techniques provide more informative 
feature spaces for similarity-based analysis 
compared to traditional machine learning models 
operating directly on high-dimensional tabular data. 

 
4. Discussion 
 
The results presented in the previous section 

demonstrate the effectiveness of nonlinear 
representation learning methods for analyzing high-
dimensional tabular datasets. The comparison 
between linear and nonlinear dimensionality 
reduction techniques highlights the limitations of 
traditional approaches such as Principal Component 
Analysis when applied to complex datasets 
containing heterogeneous user attributes. 

Visualization experiments reveal clear structural 
differences between the examined dimensionality 
reduction methods. Linear projections produced by 
PCA tend to distribute observations more sparsely 
across the reduced space. This behavior is expected 
because PCA preserves directions of maximum 
global variance rather than capturing the intrinsic 
structure of the data. As a result, complex nonlinear 
relationships between features may remain hidden in 
the projected representation. 
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dimensional tabular data compared to classical 
dimensionality reduction techniques. 

In the next stage of the study, the learned 
representations were used to construct a similarity-
based lookalike audience detection framework. For 
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attributes, device characteristics, tariff information, 
and network-related features, separate embeddings 
were generated using the trained autoencoder 
models. These entity-level embeddings were then 
concatenated to form a unified latent representation 
describing each user. 

User similarity was computed using cosine 
similarity between the resulting embedding vectors. 
Cosine similarity measures the angular distance 
between vectors in the latent space and is widely 
used in representation learning tasks because it 
focuses on the orientation of vectors rather than their 

magnitude. This property makes it particularly 
suitable for comparing high-dimensional 
embeddings where the direction of the vector 
encodes semantic relationships between 
observations. 

The concatenated entity embeddings therefore 
form a compact representation of user behavior 
across multiple data domains. Similar users can then 
be identified by measuring cosine similarity 
between their corresponding embedding vectors. 

After evaluating the structural quality of the 
learned embeddings, the next experiment focuses on 
their practical applicability in the lookalike audience 
detection tasks. Classification metrics were 
calculated for several baseline machine learning 
models as well as embedding-based similarity 
approaches [20]-[22]. The results are summarized in 
Table 2.
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SVM 0.13 0.64 4.9 0.54 0.55 

Random Forest 0.15 0.66 5.4 0.60 0.54 
LightGBM 0.19 0.69 6.6 0.64 0.56 

Cosine similarity with 
embeddings 0.21 0.70 7.3 0.67 0.61 

Cosine similarity with 
concatenated embeddings 0.31 0.76 11.7 0.73 0.70 

 
 
The results demonstrate that embedding-based 

similarity methods significantly outperform 
traditional machine learning classifiers in the 
lookalike detection task. While classical models 
achieve moderate performance levels, the use of 
learned embeddings improves all evaluation 
metrics. 

In particular, the cosine similarity approach 
applied to concatenated entity embeddings achieves 
the highest performance across all metrics. The Lift 
Top 1 metric increases from 6.6 for the best baseline 
model (LightGBM) to 11.7, indicating a substantial 
improvement in identifying the most relevant users 
within the target audience. Similarly, both precision 
and recall values increase, reflecting better 
identification of users with similar behavioral 
characteristics [23]. 

These results suggest that representation 
learning techniques provide more informative 
feature spaces for similarity-based analysis 
compared to traditional machine learning models 
operating directly on high-dimensional tabular data. 

 
4. Discussion 
 
The results presented in the previous section 

demonstrate the effectiveness of nonlinear 
representation learning methods for analyzing high-
dimensional tabular datasets. The comparison 
between linear and nonlinear dimensionality 
reduction techniques highlights the limitations of 
traditional approaches such as Principal Component 
Analysis when applied to complex datasets 
containing heterogeneous user attributes. 

Visualization experiments reveal clear structural 
differences between the examined dimensionality 
reduction methods. Linear projections produced by 
PCA tend to distribute observations more sparsely 
across the reduced space. This behavior is expected 
because PCA preserves directions of maximum 
global variance rather than capturing the intrinsic 
structure of the data. As a result, complex nonlinear 
relationships between features may remain hidden in 
the projected representation. 

In contrast, nonlinear methods produce more 
structured representations of the data. The t-
distributed Stochastic Neighbor Embedding (t-SNE) 
method improves the visualization of local 
neighborhood structures by preserving pairwise 
similarities between nearby observations. This 
allows clusters of similar users to become more 
visible in the embedded space. However, despite its 
effectiveness for exploratory visualization, t-SNE 
does not learn a parametric mapping function and 
therefore cannot be directly applied to new data 
samples without recomputing the embedding. This 
limitation restricts its applicability in large-scale 
production systems. 

The autoencoder-based approach addresses 
these limitations by learning a parametric nonlinear 
transformation from the original feature space to a 
compact latent representation. The experimental 
results demonstrate that autoencoder embeddings 
produce a more structured latent space compared to 
classical dimensionality reduction techniques. This 
representation allows the model to capture complex 
nonlinear interactions between features and preserve 
meaningful relationships between users. 

The evaluation results presented in Table 1 
further confirm the advantages of learned 
embeddings. Autoencoder representations 
outperform PCA and t-SNE across clustering and 
nearest-neighbor classification metrics, indicating 
improved cluster separation and better preservation 
of local similarity relationships in the latent space. 

The results summarized in Table 2 demonstrate 
the practical benefits of embedding-based similarity 
methods for look-alike audience detection. 
Traditional machine learning models trained 
directly on high-dimensional feature vectors achieve 
moderate predictive performance. In contrast, 
similarity-based approaches operating on learned 
embeddings show significantly improved results 
across multiple evaluation metrics. 

In particular, the use of cosine similarity applied 
to concatenated multi-entity embeddings provides 
the highest performance among the evaluated 
methods. The concatenation of embeddings from 
multiple entities enables the model to integrate 
heterogeneous information describing different 
aspects of user behavior, including subscriber 
attributes, device characteristics, tariff plans, and 
network usage patterns. This unified representation 
captures complementary information from multiple 
domains and allows more accurate identification of 
similar users in the latent space. 

From an industrial perspective, the proposed 
approach provides an effective framework for 
scalable look-alike audience modeling. Unlike 
traditional campaign-specific classification models, 
the embedding-based framework produces 
generalized user representations that can support 
multiple prediction tasks. This property is 
particularly important in real-world marketing 
platforms where different B2B clients may require 
similarity analysis for diverse target behaviors. 

Despite these advantages, several limitations 
should be acknowledged. First, the quality of 
learned embeddings depends strongly on the quality 
and diversity of the training data. If the dataset 
contains biased or incomplete information, the 
resulting representations may fail to capture certain 
behavioral patterns. Second, although neural 
network–based approaches are scalable once 
trained, the training process itself may require 
substantial computational resources when working 
with very large datasets. 

Future research directions may include the 
exploration of alternative representation learning 
architectures for tabular data, including transformer-
based models or hybrid embedding frameworks. In 
addition, further investigation of similarity metrics 
and embedding aggregation strategies may provide 
additional improvements for large-scale user 
similarity analysis in industrial environments. 

 
5. Conclusions 
 
This study investigated dimensionality 

reduction and representation learning techniques for 
analyzing high-dimensional tabular datasets in the 
context of look-alike audience detection. The 
research compared classical dimensionality 
reduction methods, including Principal Component 
Analysis (PCA) and t-distributed Stochastic 
Neighbor Embedding (t-SNE), with a deep 
learning–based representation learning approach 
based on autoencoders. 

The experimental results demonstrate that 
autoencoder-based models are capable of learning 
compact and informative latent representations of 
user data. Unlike classical dimensionality reduction 
techniques, which either rely on linear projections or 
are primarily designed for visualization, 
autoencoders learn a parametric nonlinear mapping 
between the original feature space and a lower-
dimensional embedding space. This property allows 
the model to capture complex feature interactions 
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and preserve meaningful similarity relationships 
between users. 

The evaluation results show that autoencoder 
embeddings provide improved clustering quality 
and higher performance in similarity-based classifi-
cation tasks compared to PCA and t-SNE represent-
tations. In addition, the use of cosine similarity ap-
plied to concatenated multi-entity embeddings enab-
les effective identification of similar users across 
heterogeneous data sources. By integrating embed-
dings derived from different entities, the proposed 
approach constructs a unified user representation 
that captures multiple aspects of subscriber 
behavior. 

From a practical perspective, the proposed fra-
mework supports scalable look-alike audience mo-
deling for large telecommunications datasets. Un-
like traditional campaign-specific models, the 
embedding-based approach produces generalized 
user representations that can be reused across mul-
tiple prediction tasks. This property makes the me-
thod particularly suitable for industrial applications 
such as automated recommendation systems and 
targeted advertising platforms serving multiple B2B 
clients. 

Overall, the findings confirm that deep 
learning–based representation learning provides an 
effective solution for handling complex high-
dimensional tabular data. Future research may focus 
on exploring alternative neural architectures for 
tabular representation learning, investigating 
advanced similarity metrics, and extending the 
proposed framework to additional domains 
involving large-scale heterogeneous datasets. 

 
Author Contributions 
 
Conceptualization, M.N; Methodology, M.N.; 

Software, I.T.; Validation, I.T. and M.N.; Formal 
Analysis, I.T. and M.N.; Investigation, I.T.; 
Resources, I.T. and M.N.; Data Curation, I.T.; 
Writing – Original Draft Preparation, I.T.; Writing – 
Review & Editing, M.N.; Visualization, I.T.; 
Supervision, M.N.; Project Administration, M.N.; 
Funding Acquisition, M.N. 

 
Conflicts of Interest 
 
The authors declare no conflict of interest.

 
 

References 
 
1. A. Altaibek, I. Tokhtakhunov, M. Nurtas, D. Kozhamzharova, and M. Aitimov, “The efficacy of autoencoders in the 

utilization of tabular data for classification tasks,” Procedia Computer Science, vol. 238, pp. 492–502, 2024, doi: 
10.1016/j.procs.2024.06.052. 

2. I. T. Jolliffe and J. Cadima, “Principal component analysis: A review and recent developments,” Philosophical 
Transactions of the Royal Society A: Mathematical, Physical and Engineering Sciences, vol. 374, no. 2065, Art. no. 20150202, 2016, 
doi: 10.1098/rsta.2015.0202. 

3. L. van der Maaten and G. Hinton, “Visualizing data using t-SNE,” Journal of Machine Learning Research, vol. 9, pp. 
2579–2605, 2008. 

4. G. E. Hinton and R. R. Salakhutdinov, “Reducing the dimensionality of data with neural networks,” Science, vol. 313, no. 
5786, pp. 504–507, 2006. 

5. Y. LeCun, Y. Bengio, and G. Hinton, “Deep learning,” Nature, vol. 521, no. 7553, pp. 436–444, 2015, doi: 
10.1038/nature14539. 

6. I. Goodfellow, Y. Bengio, and A. Courville, Deep Learning. Cambridge, MA, USA: MIT Press, 2016. 
7. I. Tokhtakhunov, M. Nurtas, A. Alex, E. Neftissov, S. P. I. Kazambayev, and L. Kirichenko, “Exploring autoencoder-

based representations for tabular data classification,” Engineered Science, vol. 37, Art. no. 1703, 2025, doi: 10.30919/es1703. 
8. I. Tokhtakhunov, A. Altaibek, and M. Nurtas, “Optimizing similar audience search in targeted advertising: Effectiveness 

of Siamese networks for autoencoder-based user embeddings,” Engineering, Technology & Applied Science Research, vol. 15, no. 
3, pp. 23367–23375, 2025, doi: 10.48084/etasr.10527. 

9. S. Roweis and L. Saul, “Nonlinear dimensionality reduction by locally linear embedding,” Science, vol. 290, no. 5500, pp. 
2323–2326, 2000. 

10. J. B. Tenenbaum, V. de Silva, and J. C. Langford, “A global geometric framework for nonlinear dimensionality reduction,” 
Science, vol. 290, no. 5500, pp. 2319–2323, 2000. 

11. L. McInnes, J. Healy, and J. Melville, “UMAP: Uniform manifold approximation and projection for dimension reduction,” 
arXiv preprint arXiv:1802.03426, 2018. 

12. A. Ng, “Sparse autoencoder,” CS294A Lecture Notes, Stanford University, Stanford, CA, USA, 2011. 
13. Y. Bengio, A. Courville, and P. Vincent, “Representation learning: A review and new perspectives,” IEEE Transactions 

on Pattern Analysis and Machine Intelligence, vol. 35, no. 8, pp. 1798–1828, 2013, doi: 10.1109/TPAMI.2013.50. 
14. A. Sannigrahi, R. Walambe, and K. Kotecha, “Multi-head variational graph autoencoder framework for link prediction on 

citation graphs,” Engineered Science, vol. 34, Art. no. 1406, 2025, doi: 10.30919/es1406. 



99

I. Tokhtakhunov, M. Nurtas

and preserve meaningful similarity relationships 
between users. 

The evaluation results show that autoencoder 
embeddings provide improved clustering quality 
and higher performance in similarity-based classifi-
cation tasks compared to PCA and t-SNE represent-
tations. In addition, the use of cosine similarity ap-
plied to concatenated multi-entity embeddings enab-
les effective identification of similar users across 
heterogeneous data sources. By integrating embed-
dings derived from different entities, the proposed 
approach constructs a unified user representation 
that captures multiple aspects of subscriber 
behavior. 

From a practical perspective, the proposed fra-
mework supports scalable look-alike audience mo-
deling for large telecommunications datasets. Un-
like traditional campaign-specific models, the 
embedding-based approach produces generalized 
user representations that can be reused across mul-
tiple prediction tasks. This property makes the me-
thod particularly suitable for industrial applications 
such as automated recommendation systems and 
targeted advertising platforms serving multiple B2B 
clients. 

Overall, the findings confirm that deep 
learning–based representation learning provides an 
effective solution for handling complex high-
dimensional tabular data. Future research may focus 
on exploring alternative neural architectures for 
tabular representation learning, investigating 
advanced similarity metrics, and extending the 
proposed framework to additional domains 
involving large-scale heterogeneous datasets. 
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Abstract. Open source 5G Standalone (SA) testbeds provide cost-effective environments for re-
search and teaching, yet most existing implementations focus primarily on functional validation rather 
than leveraging machine learning for advanced network analytics. This study presents a comprehensive 
framework integrating SARIMAX, LSTM, and Transformer models with a fully operational 5G SA testbed 
combining Open5GS, srsRAN, MongoDB, and ZeroMQ-based RF emulation. The primary objective is to 
demonstrate predictive analytics capabilities for 5G network performance forecasting using real testbed-
generated Key Performance Indicator (KPI) data. A comparative forecasting analysis was conducted using 
the three models trained on KPI datasets augmented through CTGAN synthetic data generation. Experi-
mental validation confirmed reliable end-to-end 5G operation with synchronized configuration across 
PLMN, TAC, DNN, and security parameters. Under controlled single-UE, RF-free conditions, the testbed 
achieved ultra-low latency (1.34 ms RTT), near-gigabit throughput (847 Mbps downlink, 823 Mbps 
uplink), and rapid PDU session establishment (0.22 s). Performance profiling identified the User Plane 
Function (UPF) and database interactions as primary scaling bottlenecks. The machine learning evalua-
tion revealed that while SARIMAX provides a reliable statistical baseline, neural network models achieve 
substantially higher forecasting accuracy for network KPIs. These results demonstrate the extensibility of 
open source 5G testbeds toward intelligent network management and predictive analytics applications.

Keywords: 5G SA, LSTM, machine learning, KPI forecasting, time series.

IRSTI 49.33.29       https://doi.org/10.26577/jpcsit4120269 

Zh. Otarbay  
Nazarbayev University, Astana, Kazakhstan 

e-mail: Zhenis.otarbay@nu.edu.kz  
Integrating machine learning with open-source 5G SA testbeds for performance analysis and KPI time 
series modeling 

 
 
Abstract. Open source 5G Standalone (SA) testbeds provide cost-effective environments for research 

and teaching, yet most existing implementations focus primarily on functional validation rather than 
leveraging machine learning for advanced network analytics. This study presents a comprehensive 
framework integrating SARIMAX, LSTM, and Transformer models with a fully operational 5G SA testbed 
combining Open5GS, srsRAN, MongoDB, and ZeroMQ-based RF emulation. The primary objective is to 
demonstrate predictive analytics capabilities for 5G network performance forecasting using real testbed-
generated Key Performance Indicator (KPI) data. A comparative forecasting analysis was conducted using 
the three models trained on KPI datasets augmented through CTGAN synthetic data generation. 
Experimental validation confirmed reliable end-to-end 5G operation with synchronized configuration across 
PLMN, TAC, DNN, and security parameters. Under controlled single-UE, RF-free conditions, the testbed 
achieved ultra-low latency (1.34 ms RTT), near-gigabit throughput (847 Mbps downlink, 823 Mbps uplink), 
and rapid PDU session establishment (0.22 s). Performance profiling identified the User Plane Function 
(UPF) and database interactions as primary scaling bottlenecks. The machine learning evaluation revealed 
that while SARIMAX provides a reliable statistical baseline, neural network models achieve substantially 
higher forecasting accuracy for network KPIs. These results demonstrate the extensibility of open source 5G 
testbeds toward intelligent network management and predictive analytics applications. 

Keywords: 5G SA, LSTM, machine learning, KPI forecasting, time series. 
 
 
1. Introduction 
 
The fifth generation (5G) mobile communi-

cation system represents a paradigmatic shift in 
wireless networking, promising unprecedented 
capabilities including ultrareliable low-latency com-
munications (URLLC), enhanced mobile broadband 
(eMBB), and massive machine-type communica-
tions (mMTC) [1]. Unlike its predecessors, 5G 
Standalone (SA) architecture provides complete 
independence from legacy LTE infrastructure, 
enabling native 5G functionalities such as network 
slicing, edge computing integration, and advanced 
quality of service (QoS) management [2,3]. 
However, the deployment and testing of 5G SA 
networks present significant challenges for research 
institutions, educational organizations, and small-
scale enterprises due to substantial infrastructure 
costs, complexity of commercial implementtations, 
and limited accessibility to proprietary network 
equipment [4,5]. The rapid evolution of 5G techno-
logy necessitates accessible testing environments 
that can support protocol validation, performance 
evaluation, and innovative application development 

[6]. Traditional approaches to 5G network testing 
rely heavily on commercial hardware platforms and 
proprietary software solutions, creating barriers for 
academic research and educational initiatives [7]. 
The deployment of 5G networks faces challenges 
including deployment costs, and interoperability 
issues with existing networks, highlighting the need 
for cost-effective alternatives that maintain 
functional fidelity while reducing complexity and 
financial requirements. 

Recent industrial developments have 
demonstrated the viability of private 5G networks 
for specialized applications. NIST researcher Jing 
Geng presented work on "An Industrial Private 5G 
Testbed for Networked Automation Systems" at the 
International Conference on Advanced Intelligent 
Mechatronics in Boston on July 18, 2024, 
illustrating the growing interest in controlled 5G 
environments for industrial applications. Similarly, 
the proposed 5G SA medical network demonstrates 
strong performance in typical medical applications 
and could lead to the development of new medical 
service models, indicating successful real-world 
implementations of 5G SA networks in critical 

https://creativecommons.org/licenses/by-nc/4.0/
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rely heavily on commercial hardware platforms and 
proprietary software solutions, creating barriers for 
academic research and educational initiatives [7]. 
The deployment of 5G networks faces challenges 
including deployment costs, and interoperability 
issues with existing networks, highlighting the need 
for cost-effective alternatives that maintain 
functional fidelity while reducing complexity and 
financial requirements. 

Recent industrial developments have 
demonstrated the viability of private 5G networks 
for specialized applications. NIST researcher Jing 
Geng presented work on "An Industrial Private 5G 
Testbed for Networked Automation Systems" at the 
International Conference on Advanced Intelligent 
Mechatronics in Boston on July 18, 2024, 
illustrating the growing interest in controlled 5G 
environments for industrial applications. Similarly, 
the proposed 5G SA medical network demonstrates 
strong performance in typical medical applications 
and could lead to the development of new medical 
service models, indicating successful real-world 
implementations of 5G SA networks in critical 

sectors. Government agencies have also recognized 
the importance of standardized 5G testing frame-
works. NIST completed phase-1 implementation of 
OpenCoreNet using Open5GCore software in Fiscal 
Year 2023 and is now evolving the testbed to 
support more practical network configurations and 
advanced networking capabilities including E2E 
network slicing, QoS support, and network 
federation. These initiatives underscore the critical 
need for accessible, standardized approaches to 5G 
network testing and validation. 

The emergence of open-source cellular network 
implementations has democratized access to 5G 
technology research and development [8,9]. Private 
5G networks, also called 5G Non-Public Networks 
(5G-NPN), represent 3GPP-based standalone 5G 
networks positioned for enterprises or use cases that 
deliver dedicated network access, providing a 
foundation for specialized implementations using 
open-source components [10,11]. Several research 
initiatives have explored open source 5G imple-
menttations with varying degrees of success [12,13]. 
Field trials and experimentation are crucial for 
accelerating the adoption of standalone (SA) 5G in 
Africa, with the emergence of open-source cellular 
stacks and affordable software-defined radio (SDR) 
systems changing the landscape [14]. However, 
although these technologies are not yet fully 
developed for complete 5G systems, their progress 
is rapid, and the research community is using them 
to test different use cases like network slicing [15]. 
Recent comparative studies have evaluated different 
open-source platforms for 5G implementation 
[16,17]. Research published in May 2024 evaluated 
open source 5G SA testbeds, unveiling performance 
disparities in RAN scenarios, which highlights the 
need for a more comprehensive performance 
analysis of available solutions [18]. Additionally, 
experimental comparisons between 5G SDR 
platforms, specifically srsRAN and OpenAir-
Interface, have provided insights into platform-
specific capabilities and limitations [19,20]. 

The combination of srsRAN and Open5GS has 
emerged as a popular choice for academic and 
research 5G implementations [21,22]. Research has 
presented best practices for deploying and 
configuring a 5G SA testbed, focusing on the 
integration challenges of consumer-grade devices, 
specifically 5G mobile phones connected to a 5G 
testbed, and offering solutions for troubleshooting 
integration errors [23]. This work demonstrates the 
practical viability of srsRAN-Open5GS integration 

while identifying common implementation 
challenges. Open5GS is recognized as one of the 
most popular open sources 5GC projects, whose 
Core Network strictly follows the 3GPP standard 
and has been maturely developed [24]. However, the 
fact that the present Open5GS can only realize basic 
5GC functions [25] presents a key analytical ques-
tion regarding whether this baseline functionality is 
sufficient for advanced research and what level of 
performance it can realistically achieve. Perfor-
mance evaluation studies have provided quantitative 
assessments of open source 5G implementations. 
Performance evaluation of open-source implement-
tation of 5G Standalone platforms has been 
conducted in 2024, while performance evaluation of 
OpenAirInterface-based 5G Standalone testbeds 
was published in October 2024, demonstrating 
ongoing research interest in comprehensive 
platform assessment. 

Despite the increasing availability of open 
source 5G Standalone (SA) platforms, most current 
research concentrates on either functional validation 
or isolated performance benchmarks, leaving two 
critical areas underexplored. First, there is a notable 
absence of holistic architecture that seamlessly 
integrates the core, radio stack, database 
management, and RF emulation into a synchronized 
and reproducible framework. Previous studies have 
seldom addressed how configuration consistency 
across key network identifiers such as the Public 
Land Mobile Network (PLMN), Tracking Area 
Code (TAC), and Data Network Name (DNN), 
which identifies the specific data network a user 
connects to along with cryptographic material, 
influences end-to-end reliability and repeatability. 

Second, while throughput and latency are well-
documented, little attention has been given to iden-
tifying resource bottlenecks within these integrated 
testbeds. Furthermore, the potential of predictive 
analytics to extend these platforms beyond passive 
benchmarking remains largely untapped. In particu-
lar, the role of synthetic data augmentation using 
techniques like the Conditional Tabular Generative 
Adversarial Network (CTGAN), a deep learning 
model designed to generate realistic, synthetic tabu-
lar data has not been systematically investigated in 
combination with advanced forecasting models 
(e.g., SARIMAX, LSTM, and Transformers) for 
enabling proactive capacity planning and QoS 
monitoring. 

Recent studies have highlighted the potential of 
forecasting methods in 5G networks. For example, 
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[26] propose a lightweight hybrid-attention deep 
learning model for 5G traffic prediction, reporting 
lower MAE/RMSE than baseline methods. [27] 
demonstrates Transformer-based wireless traffic 
prediction in O-RAN and shows how predictions 
can trigger optimization apps for throughput and 
energy efficiency. Complementarily, [28] presents a 
space-time-aware proactive QoS monitoring method 
built on a double-LSTM model, underscoring the 
value of predictive analytics for capacity planning 
and self-organizing functions. Together, these 
studies motivate integrating forecasting capability 
into testbeds, bridging passive measurement and 
proactive network management. 

The absence of fully integrated and predictive 
open source 5G SA frameworks limits both 
reproducibility in experimental research and the 
practical utility of such testbeds for forward-looking 
network studies. Current solutions often benchmark 
isolated components, lack synchronized configura-
tion across network functions, and do not provide 
mechanisms to anticipate future KPI behavior. As a 
result, they remain constrained to passive evaluation 
rather than supporting proactive network 
management and self-organizing capabilities. 

Therefore, the objective of this study is twofold: 
(i) to design, implement, and evaluate a fully 
integrated open-source 5G SA architecture that 
unifies the core, radio, database, and RF emulation 
layers into a reproducible framework, and (ii) to 
extend this architecture with a forecasting layer 
based on both statistical (SARIMAX) and neural 
(LSTM, Trans-former) models applied to CTGAN-
augmented KPI datasets. This dual focus addresses 
the gap between existing fragmented testbeds and 
the need for predictive, forward-looking platforms 
that support both reproducibility in research and 
proactive network analytics. 

 
2. Materials and Methods 
 
This study employs an integrated software-

defined methodology to design, implement, and 
evaluate a reproducible open-source 5G Standalone 
(SA) architecture enhanced with both performance 
profiling and predictive analytics. In contrast to 
prior fragmented approaches, the proposed 
framework unifies the core, radio, database, and 
emulation layers into a single coherent system with 
synchronized configuration across PLMN, TAC, 
DNN, and key material. The Radio Access Network 

(RAN) is realized through the srsRAN project, 
providing both gNodeB functionality and UE 
emulation. The 5G Core Network is implemented 
using Open5GS, supported by MongoDB for 
subscriber and session state management. RF 
interactions are reproduced via a ZeroMQ-based 
emulation layer, which replaces hardware radios 
while maintaining protocol-level control and user-
plane fidelity. Beyond architectural integration, the 
methodology incorporates resource profiling to 
identify system bottlenecks and introduces a KPI 
forecasting layer that combines CTGAN-based data 
augmentation with both statistical (SARIMAX) and 
neural (LSTM, Transformer) models, enabling 
proactive capacity planning and QoS monitoring 
within the testbed. 

 
2.1. srsRAN Dual-Architecture Implementation 
The srsRAN implementation employs a dual-

architecture approach combining srsRAN Project 
for 5G gNodeB functionality and srsRAN 4G for 
advanced User Equip-ment simulation capabilities. 
The srsRAN Project (latest stable release) provides 
complete 5G NR implementation including gNB, 
CU (Central Unit), and DU (Distributed Unit) 
functionalities with support for standalone and non-
standalone deployment modes. The compilation 
configuration enables ZeroMQ integration through 
the parameter -DENABLE_ZEROMQ=ON and 
export functionality via -
DENABLE_EXPORT=ON, allowing external 
applications to access internal protocol stack 
functions. The build process includes optimized 
SIMD (Single Instruction, Multiple Data) operations 
for enhanced DSP performance and DPDK 
integration for accelerated packet processing. 

The Open5GS framework implements a 
complete 5G Service-Based Architecture (SBA) 
with microservices design pattern enabling 
independent scaling and management of network 
functions. The core implementation includes Access 
and Mobility Management Function (AMF) for 
registration and mobility procedures, Session 
Management Function (SMF) for PDU session 
establishment, User Plane Function (UPF) for 
packet forwarding and QoS enforcement, Network 
Repository Function (NRF) for service discovery 
and registration, Authentication Server Function 
(AUSF) for subscriber authentication, and Unified 
Data Management (UDM) for subscriber profile 
management. 
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Figure 1. 5G SA Network Testbed Architecture 
 
 
A critical capability of the Open5GS core is its 

comprehensive subscriber management, handled 
through an integrated WebUI. Figure 2 shows the 
details of the configured subscriber in the 
Open5GS WebUI. The screenshot shows the 
information about the sub-scriber with IMSI: 
001010123456780. The key parameters include: 
IMEISV (353490069873319); the subscriber key 
(K: 00112233445566778899aabbccddeeff), used 
for authentication; the operator key OPc, involved 
in the USIM authentication algorithms; and the 

AMF (8000) and SQN (64) parameters required to 
protect against replay attacks. Importantly, the 
subscriber status is marked as 
"SERVICE_GRANTED (0)", indicating 
permission to use network services. Also indicated 
are no service access restrictions (Operator 
Determined Barring: 0), UE throughput (1 Gbps 
DL / 1 Gbps UL), SST cut configuration: 1, DNN: 
srsapn, IP type: IPv4, and session parameters (5QI: 
9, ARP: 8). All this con-firms that the UE is 
correctly configured and ready to connect. 
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Figure 2. Details of the configured subscriber in the Open5GS WebUI 
 
 
2.2. Database and Core Network Initialization 
The experimental execution begins with 

MongoDB database initialization implementing 
replicas set configuration for high availability and 
automated failover capabilities. The database startup 
procedure includes index creation for optimized 
subscriber lookup operations, collection sharding 
for scalability, and authentication mechanism 
activation.  

The Open5GS core network services activation 
follows a hierarchical dependency model where 
NRF (Network Repository Function) is initialized 
first to provide service discovery capabilities, 
followed by AUSF (Authentication Server 
Function) and UDM (Unified Data Management) 
for authentication infrastructure, then AMF (Access 
and Mobility Management Function) and SMF 
(Session Management Function) for control plane 
operations, and finally UPF (User Plane Function) 
for data forwarding.  

The gNB startup procedure implements 
automatic AMF registration through N2 interface 
establishment using SCTP association setup and 
NGAP (Next Generation Application Protocol) 
signaling procedures. The gNB configuration 
includes cell parameters such as Physical Cell 
Identity (PCI), System Information Block (SIB) 
broadcasting parameters, and Random-Access 
Channel (RACH) configuration. 

 
2.3. Database and Core Network Initialization 
The PDU session activation testing implements 

end-to-end connectivity validation through ICMP 

ping tests executed within the UE network 
namespace, measuring round-trip latency, packet 
loss ratio, and jitter characteristics. The validation 
methodology also includes throughput testing using 
iperf3 tool for TCP and UDP performance 
assessment, measuring maximum achievable data 
rates, TCP window scaling behavior, and UDP 
packet loss characteristics under various load 
conditions. The performance metrics collection 
includes CPU utilization monitoring, memory 
consumption tracking, and net-work interface 
statistics analysis to ensure system stability 
throughout the testing duration. 

The evaluation methodology encompasses both 
qualitative and quantitative assessment criteria 
focusing on successful component integration 
verification through build completion status and 
version compatibility checks, network function 
registration success rates measured through AMF 
and NRF interface monitoring, UE attachment 
success ratio calculated from registration attempt to 
IP allocation completion time, and data plane 
connectivity assessment through round-trip time 
measurements and packet loss analysis during ping 
operations. The experimental framework also 
incorporates resource utilization monitoring 
including CPU usage during concurrent operation of 
all network functions, memory consumption 
patterns during peak signaling loads, and system 
stability assessment through extended operation 
periods to validate the sustainability of the software 
defined 5G SA implementation for research and 
educational applications. 
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NGAP (Next Generation Application Protocol) 
signaling procedures. The gNB configuration 
includes cell parameters such as Physical Cell 
Identity (PCI), System Information Block (SIB) 
broadcasting parameters, and Random-Access 
Channel (RACH) configuration. 

 
2.3. Database and Core Network Initialization 
The PDU session activation testing implements 

end-to-end connectivity validation through ICMP 

ping tests executed within the UE network 
namespace, measuring round-trip latency, packet 
loss ratio, and jitter characteristics. The validation 
methodology also includes throughput testing using 
iperf3 tool for TCP and UDP performance 
assessment, measuring maximum achievable data 
rates, TCP window scaling behavior, and UDP 
packet loss characteristics under various load 
conditions. The performance metrics collection 
includes CPU utilization monitoring, memory 
consumption tracking, and net-work interface 
statistics analysis to ensure system stability 
throughout the testing duration. 

The evaluation methodology encompasses both 
qualitative and quantitative assessment criteria 
focusing on successful component integration 
verification through build completion status and 
version compatibility checks, network function 
registration success rates measured through AMF 
and NRF interface monitoring, UE attachment 
success ratio calculated from registration attempt to 
IP allocation completion time, and data plane 
connectivity assessment through round-trip time 
measurements and packet loss analysis during ping 
operations. The experimental framework also 
incorporates resource utilization monitoring 
including CPU usage during concurrent operation of 
all network functions, memory consumption 
patterns during peak signaling loads, and system 
stability assessment through extended operation 
periods to validate the sustainability of the software 
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2.4. KPI Forecasting Workflow 
In addition to the main evaluation of the test 

platform, a supplementary forecasting study was 
conducted using downstream channel throughput 
(brate_dl) as the target metric. The goal was to 
assess whether key radio and channel-level KPIs 
could be used to predict throughput dynamics. 

 
2.4.1. Data preparation and synthetic augment-

tation 
The KPIs for this study were gathered from the 

designed testing architecture. Numeric KPIs such as 
SNR, RSRP, MCS indices, BLER values, and 
uplink throughput were retained as candidate 
exogenous regressors. Missing entries were handled 
through linear interpolation, followed by forward  

and backward filling. The column time_step was 
treated as the chronological index to preserve the 
sequential ordering of observations. To mitigate the 
scarcity of raw traces, the dataset was expanded 
from a limited number of points to 10,000 samples 
using a Conditional Tabular Generative Adversarial 
Network (CTGAN). CTGAN extends the standard 
generative adversarial network to handle mixed 
continuous and categorical data. Discrete features 
such as downlink MCS were modeled as categorical 
variables, while continuous KPIs (e.g., SNR, RSRP, 
throughput) were modeled with conditional 
distributions. 

The training objective follows the standard 
GAN min–max game between generator 𝐺𝐺𝐺𝐺 and 
discriminator 𝐷𝐷𝐷𝐷:

 
 

min
𝐺𝐺𝐺𝐺

max
𝐷𝐷𝐷𝐷

𝔼𝔼𝔼𝔼𝑥𝑥𝑥𝑥~𝑝𝑝𝑝𝑝𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑[𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝐷𝐷𝐷𝐷(𝑥𝑥𝑥𝑥)] + 𝔼𝔼𝔼𝔼𝑧𝑧𝑧𝑧~𝑝𝑝𝑝𝑝𝑧𝑧𝑧𝑧[log (1 − 𝐷𝐷𝐷𝐷(𝐺𝐺𝐺𝐺(𝑧𝑧𝑧𝑧|𝑐𝑐𝑐𝑐)))] (1) 
 
where 𝑧𝑧𝑧𝑧~𝑝𝑝𝑝𝑝𝑧𝑧𝑧𝑧 is sampled noise and 𝑐𝑐𝑐𝑐 is a conditional 
vector representing the chosen category of a discrete 
column. The generator 𝐺𝐺𝐺𝐺 learns to produce synthetic 
KPI rows 𝑥𝑥𝑥𝑥� conditioned on 𝑐𝑐𝑐𝑐, such that the joint 
distribution approximates the original data 
distribution.  

To handle skewed continuous distributions, 
CTGAN employs mode-specific normalization, 
where each continuous feature is modeled as a 
mixture of Gaussians. During training, a discrete 
column 𝑐𝑐𝑐𝑐 is randomly selected, a category is 
sampled, and the generator is conditioned on this 
category. This approach ensures that generated rows 
preserve realistic categorical semantics while 
maintaining plausible continuous values. 

To visualize the relationships within the 
synthetically augmented dataset, Figure 3 plots the 
correlation between the Downlink Modulation and 
Coding Scheme (mcs_dl) and the target variable, 
Downlink Throughput (brate_dl). The figure reveals 
a strong positive correlation, confirming that higher 
MCS indices, which correspond to more efficient 
modulation and coding, result in increased data 
throughput. This relationship is fundamental to the 
physical layer and validates that the CTGAN-
generated data preserves realistic network behavior. 
The clear trend underscores the suitability of mcs_dl 
as a powerful exogenous regressor for the 
forecasting models discussed in the following 
section. 

 

 
Figure 3. Correlation between Downlink MCS and  

Downlink Throughput in the CTGAN-augmented dataset 
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After convergence, 10,000 synthetic KPI rows 
were generated. Post-processing included rounding 
categorical fields such as MCS indices and clipping 
continuous features to the observed domain ranges 
to prevent unrealistic values.  

 
2.4.2. Modeling and evaluation 
A Seasonal ARIMA with Exogenous Variables 

(SARIMAX) model without seasonal terms was 
employed to forecast the downlink throughput. The 
order (𝑝𝑝𝑝𝑝,𝑑𝑑𝑑𝑑, 𝑞𝑞𝑞𝑞) was selected via grid search based on 
the Akaike Information Criterion (AIC). Exogenous 
features were standardized using statistics from the 
training split only, and a log (1 + 𝑥𝑥𝑥𝑥) transformation 
was applied to the target variable to stabilize 
variance, followed by inverse transformation for 
evaluation. 

The general SARIMAX specification can be 
written as: 

 
𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 = 𝑐𝑐𝑐𝑐 + 𝜑𝜑𝜑𝜑1𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡−1 + ⋯+ 𝜑𝜑𝜑𝜑𝑝𝑝𝑝𝑝𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡−𝑝𝑝𝑝𝑝 + 𝜃𝜃𝜃𝜃1𝜀𝜀𝜀𝜀𝑡𝑡𝑡𝑡−1 + 

+⋯+ 𝜃𝜃𝜃𝜃𝑞𝑞𝑞𝑞𝜀𝜀𝜀𝜀𝑡𝑡𝑡𝑡−𝑞𝑞𝑞𝑞 + 𝛽𝛽𝛽𝛽1𝑥𝑥𝑥𝑥1,𝑡𝑡𝑡𝑡 + ⋯+ 𝛽𝛽𝛽𝛽𝑘𝑘𝑘𝑘𝑥𝑥𝑥𝑥𝑘𝑘𝑘𝑘,𝑡𝑡𝑡𝑡 + 𝜀𝜀𝜀𝜀𝑡𝑡𝑡𝑡 
(2) 

 
Where 𝑦𝑦𝑦𝑦𝑡𝑡𝑡𝑡 denotes the target series (downlink 

throughput), 𝜑𝜑𝜑𝜑𝑖𝑖𝑖𝑖 are autoregressive coefficients of 
order 𝑝𝑝𝑝𝑝,𝜃𝜃𝜃𝜃𝑗𝑗𝑗𝑗 are moving average coefficients of order 
𝑞𝑞𝑞𝑞, 𝜀𝜀𝜀𝜀𝑡𝑡𝑡𝑡 is white noise, and 𝑥𝑥𝑥𝑥1,𝑡𝑡𝑡𝑡 , … , 𝑥𝑥𝑥𝑥𝑘𝑘𝑘𝑘,𝑡𝑡𝑡𝑡 are the 
exogenous regressors with corresponding 
coefficients 𝛽𝛽𝛽𝛽𝑗𝑗𝑗𝑗. Differencing of order 𝑑𝑑𝑑𝑑 is applied 
when necessary to enforce stationarity. 

In addition to the SARIMAX baseline, a Long 
Short-Term Memory (LSTM) neural network was 
employed. LSTM belongs to the class of recurrent 
neural networks specifically designed to address the 
problem of vanishing and exploding gradients when 
modeling long sequences. Its key advantage lies in a 
memory cell structure that selectively retains or 
discards information through gating mechanisms 
(input, forget, and output gates). 

The fundamental update equations can be 
expressed as: 

ℎ𝑡𝑡𝑡𝑡 = 𝑙𝑙𝑙𝑙𝑡𝑡𝑡𝑡 ⊙ tanh(𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡),  
𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡 = 𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡 ⊙ 𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡−1 + 𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡 ⊙ 𝑐̃𝑐𝑐𝑐𝑡𝑡𝑡𝑡 

(3) 

Where: 
ℎ𝑡𝑡𝑡𝑡 is hidden state at time t, 
𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡 is the memory cell vector, 
𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡 ,𝑓𝑓𝑓𝑓𝑡𝑡𝑡𝑡 , 𝑙𝑙𝑙𝑙𝑡𝑡𝑡𝑡 are the input, forget and output gates 

respectively, 
𝑐̃𝑐𝑐𝑐𝑡𝑡𝑡𝑡 is the candidate cell state update. 
A Transformer-based forecasting model was 

also evaluated. Unlike recurrent architectures, 
Transformers rely on the self-attention mechanism, 
which directly models dependencies between any 
two points in the sequence, independent of their 
distance. This property allows Transformers to 
handle long sequences efficiently and to highlight 
the most relevant observations for each prediction. 

The central operation of the Transformer is the 
scaled dot-product attention, defined as: 

 

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝐴𝐴𝐴𝐴(𝑄𝑄𝑄𝑄,𝐾𝐾𝐾𝐾,𝑉𝑉𝑉𝑉) = 𝑠𝑠𝑠𝑠𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑥𝑥𝑥𝑥(
𝑄𝑄𝑄𝑄𝐾𝐾𝐾𝐾𝑇𝑇𝑇𝑇

�𝑑𝑑𝑑𝑑𝑘𝑘𝑘𝑘
)𝑉𝑉𝑉𝑉 

(4) 

 
Where: 
𝑄𝑄𝑄𝑄,𝐾𝐾𝐾𝐾,𝑉𝑉𝑉𝑉 denote the query, key and value 

matrices, 
𝑑𝑑𝑑𝑑𝑘𝑘𝑘𝑘 is the dimensionality of the key vectors. 
This mechanism computes context-aware 

representations of the input sequence, which are 
then processed by feed-forward layers to produce 
forecasts. 

Model evaluation was conducted using a 
chronological split with 80% of the data for training 
and 20% for testing. The following metrics were 
computed to assess accuracy and calibration: mean 
absolute error (MAE), root mean squared error 
(RMSE), mean absolute percentage error (MAPE), 
symmetric mean absolute percentage error 
(sMAPE), mean absolute scaled error (MASE), and 
the coefficient of determination (𝑅𝑅𝑅𝑅2). In addition, 
95% forecast intervals were produced to quantify 
predictive uncertainty. 

The overall workflow designed for KPI-driven 
throughput forecasting, from raw data preparation to 
SARIMAX evaluation, is summarized in Figure 4.

 
 

 
 

Figure 4. KPI Forecasting Workflow 
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After convergence, 10,000 synthetic KPI rows 
were generated. Post-processing included rounding 
categorical fields such as MCS indices and clipping 
continuous features to the observed domain ranges 
to prevent unrealistic values.  
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was applied to the target variable to stabilize 
variance, followed by inverse transformation for 
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In addition to the SARIMAX baseline, a Long 
Short-Term Memory (LSTM) neural network was 
employed. LSTM belongs to the class of recurrent 
neural networks specifically designed to address the 
problem of vanishing and exploding gradients when 
modeling long sequences. Its key advantage lies in a 
memory cell structure that selectively retains or 
discards information through gating mechanisms 
(input, forget, and output gates). 

The fundamental update equations can be 
expressed as: 
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Where: 
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respectively, 
𝑐̃𝑐𝑐𝑐𝑡𝑡𝑡𝑡 is the candidate cell state update. 
A Transformer-based forecasting model was 

also evaluated. Unlike recurrent architectures, 
Transformers rely on the self-attention mechanism, 
which directly models dependencies between any 
two points in the sequence, independent of their 
distance. This property allows Transformers to 
handle long sequences efficiently and to highlight 
the most relevant observations for each prediction. 

The central operation of the Transformer is the 
scaled dot-product attention, defined as: 
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𝑄𝑄𝑄𝑄𝐾𝐾𝐾𝐾𝑇𝑇𝑇𝑇

�𝑑𝑑𝑑𝑑𝑘𝑘𝑘𝑘
)𝑉𝑉𝑉𝑉 
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This mechanism computes context-aware 

representations of the input sequence, which are 
then processed by feed-forward layers to produce 
forecasts. 

Model evaluation was conducted using a 
chronological split with 80% of the data for training 
and 20% for testing. The following metrics were 
computed to assess accuracy and calibration: mean 
absolute error (MAE), root mean squared error 
(RMSE), mean absolute percentage error (MAPE), 
symmetric mean absolute percentage error 
(sMAPE), mean absolute scaled error (MASE), and 
the coefficient of determination (𝑅𝑅𝑅𝑅2). In addition, 
95% forecast intervals were produced to quantify 
predictive uncertainty. 

The overall workflow designed for KPI-driven 
throughput forecasting, from raw data preparation to 
SARIMAX evaluation, is summarized in Figure 4.

 
 

 
 

Figure 4. KPI Forecasting Workflow 
 
 

3. Results 
 
The experimental results are presented in two 

stages. First, we evaluate the performance of the 
integrated open-source 5G SA architecture, focusing 
on end-to-end connectivity, latency, throughput, and 
session setup time under controlled single-UE 
conditions. These measurements highlight the 
impact of architectural integration and configuration 
synchronization on system reliability and 
reproducibility. Second, we extend the analysis to 
predictive modeling, where KPI datasets are 
augmented and used to train time-series forecasting 
models. This stage demonstrates how the testbed can 
evolve beyond passive evaluation into a proactive 
platform for capacity planning and QoS monitoring. 

After successful configuration of the Open5GS 
network core and creation of the subscriber profile, 
the srsRAN radio access components were launched 

to check the operation of the 5G network in 
Standalone mode. Figure 5 shows the srsgNB 
startup logs demonstrating the correct initialization 
of the 5G base station (gNB) from the 
srsRAN_Project project. The logs show that the 
gNB is configured to work with the emulated 
ZeroMQ radio interface, which is confirmed by the 
parameters: PCI (Physical Cell ID) = 1, bandwidth 
= 20 MHz, antenna configuration 1T1R, frequencies 
dl_arfcn=368500 (1842.5 MHz) and 
ul_freq=1747.5 MHz.  

Figure 6 shows the startup logs of the srsUE user 
equipment from srsRAN_4G. The logs record the 
connection of the zmq radio interface plugins and 
the successful reading of the ue_zmq.conf 
configuration file. The ZeroMQ channel parameters 
are reflected, such as IP and TX (127.0.0.1:2001) 
and RX (127.0.0.1:2000) ports, as well as the base 
sampling frequency. 

  
 

 
 

Figure 5. srsgNB startup logs 
 
 

 
 

Figure 6. srsUE user equipment startup logs 
 

 
The UE connection steps include "Attaching 

UE...", random access procedure ("Random Access 
Complete"), RRC connection establishment ("RRC 
Connected") and PDU session termination with IP 

address assignment ("PDU Session Establishment 
successful. IP: 10.45.0.2"). This indicates that the 
UE has successfully registered with the network and 
received an IP address from the Open5GS core. The 
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message "RRC NR reconfiguration successful." is 
also recorded, confirming the correct 
reconfiguration after session establishment. 

Figure 7 shows the verification of data 
transmission – a ping test to the UE IP address 
(10.45.0.2), performed from the ue1 namespace.

 
 

 
 

Figure 7. Verification of data transfer 
 
 
Successful ICMP responses ("64 bytes from 

10.45.0.2: icmp_seq=...") confirm that the UE has 
not only registered and received an IP address but is 
also fully capable of participating in the 
transmission of IP packets. This means that the 
emulated 5G SA network is fully operational from 
the user equipment to the network core and back 

 
3.1. Quantitative Performance Analysis 
Following the successful establishment and 

verification of an end-to-end connection, a detailed 

quantitative analysis was conducted to characterize 
the system's performance. The evaluation was 
twofold: first, to assess the resource footprint of the 
core network components, and second, to measure 
the data plane's throughput and latency. 

To establish a performance baseline, the 
resource utilization of each key network function 
was monitored during idle operation. Table 1 
summarizes these metrics, providing insight into the 
computational cost of each component, while Figure 
8 offers a graphical comparison.

 
 

Table 1. Control Plane Performance and Resource Utilization 
 

Network Function CPU Usage (%) Memory Usage 
(MB) Startup Time (s) Service Status Response Time 

(ms) 
NRF (Network 

Repository 
Function) 

2.3 45.2 1.8 Active 12.5 

AMF (Access and 
Mobility 

Management) 
8.7 128.6 3.2 Active 18.3 

SMF (Session 
Management 

Function) 
6.1 96.4 2.9 Active 15.7 

UPF (User Plane 
Function) 12.4 156.8 4.1 Active 8.2 

AUSF 
(Authentication 
Server Function) 

3.8 67.3 2.1 Active 22.1 

UDM (Unified 
Data Management) 4.9 89.7 2.7 Active 19.8 

MongoDB 
Database 7.2 245.1 5.6 Active 6.4 
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For a more visual interpretation of the data 
presented in Table 1, Figure 8 shows a graphical 
comparison of CPU and memory resource usage for 
each network function.  

As seen in the diagrams, the User Plane Function 
(UPF) shows the highest CPU consumption 
(12.4%), which is expected, as this function is 
responsible for processing user traffic data packets. 
At the same time, the MongoDB database and the 
UPF are the most memory-intensive, consuming 
245.1 MB and 156.8 MB, respectively. This 

visualization clearly confirms that the data plane 
components and their supporting database 
infrastructure are the main contributors to the 
overall resource consumption of the deployed 
system. 

With the baseline resource cost established, the 
analysis proceeded to characterize the performance 
of the data plane. A series of tests were conducted to 
measure key performance indicators such as latency, 
throughput, and stability under various conditions. 
The results are summarized in Table 2.

 
 

 
Figure 8. Graphical Analysis of Resource Utilization by Core Network Functions 

 
 
 
Table 2. Control Plane Performance and Resource Utilization 
 

Test Scenario Metric Measured Value Test Duration/Parameters 

ICMP Ping (10.45.0.2) 
Average RTT 1.34 ms±0.23 ms 300 seconds 

Ping Packet Loss 0.03%±0.01% 10,000 packets 
Ping Jitter 0.087 ms±0.041 ms 1,000 samples 

TCP Throughput (iperf3) 
Download Speed 847.3 Mbps±12.4 Mbps 60 seconds 

Upload Speed 823.7 Mbps±15.2 Mbps 60 seconds 

UDP Throughput (iperf3) 
Packet Rate 94,582 pps±1,247 pps 30 seconds 

UDP Packet Loss 0.12%±0.03% 100,000 packets 
Concurrent TCP Streams 10 parallel streams 789.4 Mbps total±23.1 Mbps 60 seconds 

HTTP Download 100MB file transfer 34.7 seconds±2.1 seconds 5 iterations 
Small Packet Latency 64-byte packets 0.94 ms±0.15 ms 1,000 samples 

 
 
The metrics presented in Table 2 confirm a 

robust and high-performance data plane. The low 
average round-trip time of 1.34 ms and minimal 
packet loss rates indicate a stable connection. 
Furthermore, TCP throughput speeds exceeding 800 
Mbps for both download and upload demonstrate 

the system's capacity to handle high-bandwidth 
applications, validating the effectiveness of the 
emulated end-to-end network. 

The implementation achieved perfect configu-
ration alignment across all network components. 
Critical parameters were successfully synchronized: 
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• PLMN Configuration: Mobile Country Code 
(MCC) "001" and Mobile Network Code (MNC) 
"01" were consistently applied across AMF, NRF, 
gNB, and UE configurations. 

• Security Parameters: The subscriber authen-
tication used IMSI 001010123456789 with mat-
ching cryptographic keys (K and OPc values) 
between the Open5GS subscriber database and UE 
configuration. 

• Tracking Area Management: Tracking Area 
Code (TAC) value of 7 was properly configured 
across both AMF and gNB components, ensuring 
correct location management functionality. 

To better understand the results obtained from 
the testbed deployed in this study, comparisons were 
made with results reported in Evaluating 
Open‑Source 5G SA Testbeds: Unveiling 

Performance Disparities in RAN Scenarios [29], 
which analyzed alternative RAN deployment 
approaches. Three methods are considered: 
ZeroMQ‑based simulation (this study), 
UERANSIM (packet‑level simulation), and 
RFsimulator (PHY‑aware emulation). The same 
headline metrics CPU utilization and round‑trip time 
(RTT) are presented for a consistent view.  

The ZeroMQ simulation exhibits 45.4% CPU 
utilization (see Figure 9), positioned between 
UERANSIM (≈30%) and RFsimulator (≈140%) as 
reported in [29]. CPU usage above 100% for 
RFsimulator indicates multi‑threaded use of several 
cores due to PHY‑layer emulation. ZeroMQ 
therefore provides a compromise: more realistic 
than purely packet‑based simulation but 
significantly lighter than full PHY emulation. 

 

 
Figure 9. CPU utilization per RAN deployment (idle) 

 
 

 
Figure 10. Round‑trip time (RTT) per RAN deployment (idle) 
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Figure 10. Round‑trip time (RTT) per RAN deployment (idle) 

 

The RTT measured with ZeroMQ is 1.34 ms, 
compared with ≈0.9 ms for UERANSIM and ≈7.0 
ms for RFsimulator in [29]. This difference reflects 
the abstraction levels: UERANSIM’s UDP link 
yields very low RTT, RFsimulator adds stack 
overhead, and ZeroMQ offers a middle ground with 
sub‑2 ms RTT under idle conditions (see Figure 10). 

The results highlight that ZeroMQ provides a 
balanced solution, delivering RTT and CPU profiles 
between packet‑level and PHY‑aware methods. This 
placement makes it suitable for reproducible 
experimentation where realism and resource 
efficiency must be balanced. 

To complement these findings, results from 
Open‑Source 5G Core Platforms: A Low‑Cost 
Solution and Performance Evaluation [30] are 
included. Unlike the work of Barbosa et al. where 
measurements were performed with SDR and real 
UEs, in this study software‑based ZeroMQ 
emulation is used. Therefore, the absolute values are 
different, but the trends in key metrics (such as faster 
registration in Open5GS) remain relevant. This 
comparison shows that simulation can be applied as 
a reliable tool before moving to hardware 
prototyping (see Table 3).

 
 

Table 3. Control‑plane performance timings 
 

5GC Platform Registration Time ΔTr (s) PDU Session Time ΔTs (s) 
Open5GS+srsRAN 0.47 ~0.24 

Free5GC[30] 0.52 ~0.27 
OAI[30] 0.66 ~0.28 

 
 
The table highlights that Open5GS consistently 

achieves the fastest registration and session setup 
times, while Free5GC and OAI show slightly higher 
delays. These outcomes illustrate common patterns 
across platforms: lightweight design choices in 
Open5GS favor efficiency, whereas other 
implementations introduce additional overhead. 
Although the SDR‑based results cannot be directly 
equated with simulation findings, they provide 
useful context for interpreting the performance of 
the proposed ZeroMQ testbed. Taken together, the 
table and accompanying figures demonstrate how 
simulation and hardware studies complement each 
other by showing similar relative trends despite 
differences in absolute values. 

 
3.2. KPI Forecasting 
To extend the evaluation of the proposed testbed 

beyond static benchmarking, a comparative 
forecasting study was conducted using three 
different approaches: a statistical baseline 

(SARIMAX) and two neural network models 
(LSTM and Transformer). For reproducibility, all 
neural network experiments were initialized with a 
random seed of 42. 

The LSTM model was constructed with a single 
LSTM layer containing 128 hidden units, followed 
by a dense output layer. The model utilized a look-
back window of 48 steps to make predictions. It was 
trained for a maximum of 200 epochs using the 
Adam optimizer with a learning rate of 3e-4 and a 
batch size of 256. Early stopping with a patience of 
20 epochs was employed to prevent overfitting. 

The Transformer model consisted of 3 encoder 
layers, each with 4 attention heads and a model 
dimension of 64. Like the LSTM, it used a look-back 
window of 48 steps. The training parameters were 
identical: a maximum of 200 epochs, the Adam 
optimizer with a learning rate of 3e-4, a batch size 
of 256, and early stopping with a patience of 20. 

The training history, showing validation and 
training loss over epochs, is visualized in Figure 11.
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(a) 

 

 
(b) 

 
Figure 11. Validation and training loss over epochs. (a) LSTM; (b) Transformers 

 
 

The target metric for forecasting was the 
downlink throughput (brate_dl), with exogenous 
regressors provided by other radio- and channel-
level KPIs. The results of the three forecasting 
models are summarized in Table 4. 

The SARIMAX model achieved a baseline level 
of performance with 𝑅𝑅𝑅𝑅2 ≈ 0.86 and mean absolute 
percentage error (MAPE) of approximately 6.8%. 

However, both neural models demonstrated substan-
tially superior accuracy, reducing the errors by 
almost an order of magnitude. The LSTM provided 
the best results overall, achieving MAE = 13.51 and 
RMSE = 21.87 with 𝑅𝑅𝑅𝑅2 ≈ 0.998. The Transformer 
model also performed very well, slightly less 
accurate than LSTM but still considerably 
outperforming SARIMAX across all metrics. 

 
 

Table 4. Forecasting performance comparison of SARIMAX, LSTM, and Transformer models 
 

Model MAE RMSE MAPE sMAPE MASE R² 
SARIMAX 133.15 178.95 6.84 6.78 0.2460 0.8620 

LSTM 13.51 21.87 0.85 0.85 0.0250 0.9979 
Transformer 21.17 27.10 1.16 1.15 0.0391 0.9968 
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Figure 12 illustrates the actual downlink 
throughput compared with the forecasts produced by 
SARIMAX, LSTM, and Transformer models. The 
SARIMAX predictions generally follow the trend 
but deviate at peaks and sharp transitions, 

underestimating the dynamics of the series. By 
contrast, both LSTM and Transformer closely align 
with the observed throughput. The LSTM captures 
fluctuations with the highest fidelity, whereas the 
Transformer produces slightly smoother estimates. 

 
 

 
Figure 12. Actual vs. Forecasted Throughput (100-step test window) 

 
 
The residual plots (see Figure 13) provide 

additional insight into the accuracy of each 
forecasting model. The SARIMAX residuals exhibit 
wide fluctuations, ranging roughly from –600 to 
+400, reflecting difficulties in capturing rapid 
throughput changes and peak values. In contrast, the 
LSTM and Transformer residuals are narrowly 
distributed around zero, with small variance and no 

evident autocorrelation. This indicates that both 
neural models successfully capture the underlying 
temporal dynamics, leaving only near-random noise 
in the errors. The comparison clearly shows the 
advantage of deep learning approaches over the 
statistical baseline: while SARIMAX produces 
systematic deviations, the neural models reduce 
errors to a negligible level. 

 
 

 
Figure 13. Residuals of SARIMAX, LSTM, and Transformer (100-step test window) 

 
 
To further assess the practical utility of the 

models, their multi-step forecasting performance 
was evaluated for future time horizons. Figure 14 
displays the forecasts for 10, 20, and 50 steps into 

the future (H=10, H=20, H=50). The plots illustrate 
that while the performance of all models degrades as 
the forecast horizon increases, the LSTM and 
Transformer models continue to track the general 
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pattern of the actual throughput more effectively 
than the SARIMAX model. The SARIMAX 
forecast, particularly for a short horizon (H=10), 
exhibits significant deviation from the actual values. 

This analysis rein-forces the superior capability of 
the neural network models to generalize and predict 
fu-ture trends, making them more reliable for 
proactive network management tasks. 

 
 

 
 

Figure 14. Multi-step future forecasts for horizons H=10, H=20, and H=50 
 
 
The comparative analysis highlights a clear 

distinction between classical statistical and deep 
learning approaches. While SARIMAX provides a 
useful and interpretable baseline, its errors are 
significantly larger and more volatile. Both LSTM 
and Transformer deliver highly accurate short-term 
forecasts, with LSTM performing best across all 
evaluation criteria. These results demonstrate that 
the testbed is not only capable of supporting KPI-
driven statistical modeling but also serves as a 
powerful platform for experimenting with modern 
machine learning approaches to predictive network 
analytics 

 
4. Discussion 
 
The results demonstrate that a tightly integrated 

open source 5G SA testbed combining Open5GS, 
srsRAN, MongoDB, and ZeroMQ can provide 

reliable end-to-end operation with minimal 
overhead. Synchronization of PLMN, TAC, DNN, 
and security parameters ensured stable 
AMF/SMF/UPF operation, while experiments 
confirmed ultra-low latency and near-gigabit 
throughput in controlled single-UE scenarios. 
Resource profiling identified the UPF and database 
as dominant scaling factors, suggesting clear 
optimization paths such as CPU pinning, kernel-
bypass I/O, and improved indexing. 

Comparisons with alternative architectures 
provide additional perspective. ZeroMQ-based 
emulation delivered ~1.34 ms RTT and moderate 
CPU usage (~45%), placing it between UERANSIM 
(lower latency, lighter cost) and RFsimulator 
(higher overhead, PHY-level realism). Similarly, 
Open5GS demonstrated the lowest registration and 
session setup delays compared with Free5GC and 
OAI, confirming its efficiency as a 5G Core 
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confirmed ultra-low latency and near-gigabit 
throughput in controlled single-UE scenarios. 
Resource profiling identified the UPF and database 
as dominant scaling factors, suggesting clear 
optimization paths such as CPU pinning, kernel-
bypass I/O, and improved indexing. 

Comparisons with alternative architectures 
provide additional perspective. ZeroMQ-based 
emulation delivered ~1.34 ms RTT and moderate 
CPU usage (~45%), placing it between UERANSIM 
(lower latency, lighter cost) and RFsimulator 
(higher overhead, PHY-level realism). Similarly, 
Open5GS demonstrated the lowest registration and 
session setup delays compared with Free5GC and 
OAI, confirming its efficiency as a 5G Core 

implementation. These results position the proposed 
testbed as a balanced solution between realism, 
reproducibility, and cost. 

The forecasting extension further illustrates the 
flexibility of the platform. SARIMAX served as an 
interpretable baseline but showed wide residual 
fluctuations. LSTM and Transformer models, by 
contrast, reduced errors by nearly an order of 
magnitude and achieved residuals centered narrowly 
around zero, confirming their ability to capture 
nonlinear throughput dynamics. This demonstrates 
that the testbed can support both classical statistical 
approaches and advanced neural models, enabling 
proactive capacity planning, QoS management, and 
self-organizing network research. 

The methodological contribution lies in the 
unified workflow: software-only integration 
validation, synthetic data augmentation, forecasting 
model training, and visual error analysis. This 
reproducible pipeline allows laboratories to explore 
both system-level networking and applied machine 
learning in a single environment. Nevertheless, 
limitations remain, including evaluation under 
single-UE and RF-free conditions, reliance on 
CTGAN augmentation, and the assumption of 
exogenous KPI availability at prediction time. 
Future work should extend the framework with 
multi-UE traffic, real RF channels, and broader 
classes of models such as boosting or hybrid neural 
approaches. 

 
5. Conclusions 
 
This study presented an integrated open source 

5G SA testbed unifying Open5GS, srsRAN, 
MongoDB, and ZeroMQ into a reproducible 

framework. The system achieved reliable end-to-
end connectivity, sub-2 ms latency, near-gigabit 
throughput, and efficient session setup, while 
profiling identified UPF and database operations as 
primary optimization targets. Comparisons with 
alternative platforms showed that ZeroMQ emula-
tion offers a balanced trade-off between realism and 
efficiency, and Open5GS provides faster control-
plane performance than Free5GC and OAI. 

Beyond system validation, the testbed was 
extended with a forecasting layer based on CTGAN-
augmented KPI datasets. A comparative evaluation 
of SARIMAX, LSTM, and Transformer models 
showed that while SARIMAX provides a statistical 
baseline, neural models deliver near-perfect 
accuracy, with LSTM performing best across all 
metrics. 

Overall, the study demonstrates that open source 
5G SA testbeds can evolve from static 
benchmarking tools into predictive research and 
teaching environments. The combined architectural 
and forecasting analysis establishes a 
methodological foundation that is reproducible, 
extensible, and valuable for both academic 
exploration and practical 5G deployment. 
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Abstract. The digital transformation of small and medium-sized businesses (SMEs) is a key factor in 

sustainable economic growth, increased competitiveness, and the integration of national economies into 
global value chains. In the developing platform economy, digital platforms act not only as technological 
solutions but also as institutional coordination mechanisms, facilitating interactions between businesses, 
government, financial institutions, and consumers. This article examines the conceptual model of the 
QADAM digital platform, focused on SMEs, as a unified digital ecosystem. The platform integrates a B2B 
portal, an AI assistant for businesses, a digital commercial platform, P2P interactions, and a set of business 
tools, creating an end-to-end chain of digital services – from business registration and support to management 
and commercial decision-making. The objective of this study is to develop and validate the conceptual model 
of the QADAM digital platform, including a business model, decision-making model, and monetization 
model, as well as to analyze its potential for SME development. 

Keywords: digital platform, digital transformation, small and medium businesses, platform economy, 
digital ecosystem, artificial intelligence. 

 
 
1. Introduction 
 
1.1. Purpose and Objective of the Study 
The digital transformation of small and medium-

sized businesses (SMEs) is currently considered a 
key factor in sustainable economic growth, 
increased productivity, innovation, and the 
competitiveness of national economies. In the 
context of globalization and the development of the 
digital economy, SMEs face a number of systemic 
barriers, including limited access to financial 
resources, fragmented digital services, insufficient 
digital maturity, and high transaction costs when 
interacting with government agencies, financial 
institutions, and sales markets. 

The current stage of development of the 
platform economy is characterized by a shift in 
focus from individual digital tools to complex 
digital ecosystems that integrate multiple 
participants and services within a single digital 
space. Digital platforms in this context act not only 
as technological solutions but also as institutional 
mechanisms for coordinating economic processes, 
shaping new models of interaction between 
businesses, government, financial institutions, and 
end consumers. For SMEs, this opens opportunities 
to reduce barriers to market entry, accelerate 
business processes, and improve the quality of 

management decisions using data and intelligent 
services. 

Despite the active development of digital 
platforms, a significant portion of existing solutions 
are focused on specific functions (e-commerce, 
accounting, fintech services, marketplaces) and do 
not provide comprehensive support for the SME 
lifecycle. As a result, entrepreneurs are forced to use 
disparate digital tools, which leads to increased 
operating costs and reduced efficiency of digital 
transformation. Therefore, a pressing scientific and 
practical challenge is the development of integrated 
platform models capable of functioning as unified 
digital ecosystems for SMEs. 

This article examines the conceptual model of 
the QADAM digital platform, aimed at small and 
medium-sized businesses and implementing a 
unified digital ecosystem approach. The QADAM 
platform integrates a B2B portal, an intelligent AI 
assistant for supporting entrepreneurial decisions, a 
digital commercial platform, P2P interaction 
mechanisms, and a set of applied business tools. 
This architectural solution creates an end-to-end 
chain of digital services–from business registration 
and support to data analysis, management decision-
making, and commercial operations. 

The purpose of this study is to develop and 
theoretically substantiate a conceptual model of the 

https://creativecommons.org/licenses/by-nc/4.0/
https://doi.org/10.26577/jpcsit41202610
https://orcid.org/0009-0007-9758-9657
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QADAM digital platform as a unified digital 
ecosystem for SMEs, as well as to analyze its 
potential for improving the performance of small 
and medium-sized businesses. 

To achieve this goal, the article addresses the 
following research objectives: 

• Analyze modern approaches to digital plat-
forms and ecosystems in the context of SME 
development. 

• Substantiate the architectural and functional 
components of the QADAM digital platform. 

• Develop a conceptual business model for the 
platform, including key user groups and value 
propositions. 

• Formulate a model for making management 
decisions based on data and AI tools. 

• Propose a monetization model for the digital 
platform focused on the sustainable development of 
the ecosystem. 

• Evaluate the potential effects of implementing 
the QADAM platform for SMEs. 

 
1.2. Literature Review and Comparative 

Analysis 
Contemporary research on the platform 

economy emphasizes the role of digital ecosystems 
as multi-sided markets that enable network effects 
and reduce transaction costs (Gawer, 2014; Parker et 
al., 2016). For small and medium-sized enterprises 
(SMEs), digital platforms are increasingly viewed as 
strategic instruments that provide access to markets, 
finance, data, and innovation capabilities (OECD, 
2019). In contrast to traditional standalone digital 
tools, platforms facilitate coordinated interactions 
among multiple actors, thereby enhancing 
scalability and value co-creation [1]-[2]. 

A growing body of literature highlights the 
integration of artificial intelligence (AI) and ma-
chine learning (ML) into platform-based solutions 
as a key driver of automation, personalization, and 
operational efficiency (Brynjolfsson & McAfee, 
2017; Davenport & Ronanki, 2018). In the context 
of B2B platforms, AI technologies are applied to 
demand analytics, credit scoring, recommendation 
systems, and supply chain optimization (Rans-
botham et al., 2020). These developments reinforce 
the view that AI is no longer a peripheral add-on but 
an integral component of contemporary digital 
platforms [3]-[5]. 

Research on digital ecosystems further stresses 
the importance of modular architecture, API-
oriented design, and open standards (Jacobides et 

al., 2018). For SMEs, peer-to-peer (P2P) 
mechanisms and digital marketplaces are 
particularly relevant, as they enable horizontal 
linkages between ecosystem participants and lower 
entry barriers to collaboration and market 
participation (Kenney & Zysman, 2016) [6]-[7]. 

 
1.2.1. Digital Platforms and SME Digital 

Transformation: General Approaches 
In a systematic literature review on business 

digital transformation, Suuronen et al. (2022) argue 
that for SMEs, digital platforms represent not 
merely automation tools but architectural founda-
tions for business model transformation. The 
authors demonstrate that successful SME digital 
transformation requires a shift from fragmented 
digital solutions toward platform-based approaches 
that integrate processes, data, and partner relation-
ships. Compared to traditional IT systems, platforms 
generate stronger scalability effects but simulta-
neously demand higher levels of organizational 
readiness [8]. 

The OECD (2021) highlights that digital 
platforms – including cloud services, e-commerce 
solutions, and digital financial services–constitute a 
critical factor in enhancing SME competitiveness. 
However, the report emphasizes that SMEs in 
emerging economies face asymmetric access to 
platform ecosystems, which constrains the depth 
and impact of digital transformation. Compared to 
developed economies, the effects of platform 
adoption in such contexts tend to remain fragmented 
and uneven [9] 

 
Platform Ecosystems as a Value Creation 

Mechanism for SMEs 
Hein et al. (2024) conduct a comparative 

analysis of business, innovation, and platform 
ecosystems and demonstrate that platform-based 
solutions exhibit the highest potential for SMEs due 
to reduced transaction costs and access to external 
resources. Platforms function as coordination 
mechanisms that allow small firms to compensate 
for internal resource constraints. At the same time, 
dependence on platform governance rules 
introduces new forms of risk for SMEs [10]. 

Khademi (2020) analyzes value creation and 
value capture processes in digital ecosystems and 
concludes that platforms targeting SMEs are most 
effective when they enable complementary services 
such as finance, training, and marketing. Without a 
well-developed partner ecosystem, a platform risks 
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QADAM digital platform as a unified digital 
ecosystem for SMEs, as well as to analyze its 
potential for improving the performance of small 
and medium-sized businesses. 

To achieve this goal, the article addresses the 
following research objectives: 

• Analyze modern approaches to digital plat-
forms and ecosystems in the context of SME 
development. 

• Substantiate the architectural and functional 
components of the QADAM digital platform. 

• Develop a conceptual business model for the 
platform, including key user groups and value 
propositions. 

• Formulate a model for making management 
decisions based on data and AI tools. 

• Propose a monetization model for the digital 
platform focused on the sustainable development of 
the ecosystem. 

• Evaluate the potential effects of implementing 
the QADAM platform for SMEs. 

 
1.2. Literature Review and Comparative 

Analysis 
Contemporary research on the platform 

economy emphasizes the role of digital ecosystems 
as multi-sided markets that enable network effects 
and reduce transaction costs (Gawer, 2014; Parker et 
al., 2016). For small and medium-sized enterprises 
(SMEs), digital platforms are increasingly viewed as 
strategic instruments that provide access to markets, 
finance, data, and innovation capabilities (OECD, 
2019). In contrast to traditional standalone digital 
tools, platforms facilitate coordinated interactions 
among multiple actors, thereby enhancing 
scalability and value co-creation [1]-[2]. 

A growing body of literature highlights the 
integration of artificial intelligence (AI) and ma-
chine learning (ML) into platform-based solutions 
as a key driver of automation, personalization, and 
operational efficiency (Brynjolfsson & McAfee, 
2017; Davenport & Ronanki, 2018). In the context 
of B2B platforms, AI technologies are applied to 
demand analytics, credit scoring, recommendation 
systems, and supply chain optimization (Rans-
botham et al., 2020). These developments reinforce 
the view that AI is no longer a peripheral add-on but 
an integral component of contemporary digital 
platforms [3]-[5]. 

Research on digital ecosystems further stresses 
the importance of modular architecture, API-
oriented design, and open standards (Jacobides et 

al., 2018). For SMEs, peer-to-peer (P2P) 
mechanisms and digital marketplaces are 
particularly relevant, as they enable horizontal 
linkages between ecosystem participants and lower 
entry barriers to collaboration and market 
participation (Kenney & Zysman, 2016) [6]-[7]. 

 
1.2.1. Digital Platforms and SME Digital 

Transformation: General Approaches 
In a systematic literature review on business 

digital transformation, Suuronen et al. (2022) argue 
that for SMEs, digital platforms represent not 
merely automation tools but architectural founda-
tions for business model transformation. The 
authors demonstrate that successful SME digital 
transformation requires a shift from fragmented 
digital solutions toward platform-based approaches 
that integrate processes, data, and partner relation-
ships. Compared to traditional IT systems, platforms 
generate stronger scalability effects but simulta-
neously demand higher levels of organizational 
readiness [8]. 

The OECD (2021) highlights that digital 
platforms – including cloud services, e-commerce 
solutions, and digital financial services–constitute a 
critical factor in enhancing SME competitiveness. 
However, the report emphasizes that SMEs in 
emerging economies face asymmetric access to 
platform ecosystems, which constrains the depth 
and impact of digital transformation. Compared to 
developed economies, the effects of platform 
adoption in such contexts tend to remain fragmented 
and uneven [9] 

 
Platform Ecosystems as a Value Creation 

Mechanism for SMEs 
Hein et al. (2024) conduct a comparative 

analysis of business, innovation, and platform 
ecosystems and demonstrate that platform-based 
solutions exhibit the highest potential for SMEs due 
to reduced transaction costs and access to external 
resources. Platforms function as coordination 
mechanisms that allow small firms to compensate 
for internal resource constraints. At the same time, 
dependence on platform governance rules 
introduces new forms of risk for SMEs [10]. 

Khademi (2020) analyzes value creation and 
value capture processes in digital ecosystems and 
concludes that platforms targeting SMEs are most 
effective when they enable complementary services 
such as finance, training, and marketing. Without a 
well-developed partner ecosystem, a platform risks 

devolving into a collection of isolated services that 
fail to generate transformational impact [11]. 

 
1.2.2. Artificial Intelligence as a Component of 

SME Digital Platforms 
In a comprehensive review of AI applications in 

SMEs, Le Dinh et al. (2025) demonstrate that AI 
significantly amplifies the transformational 
potential of digital platforms through data analytics, 
forecasting, and automation of managerial decision-
making. However, the authors emphasize that most 
SMEs are not prepared to independently implement 
AI solutions, thereby increasing the relevance of 
platform-based AI-as-a-Service models [12]. 

Kramarenko (2025) further argues that AI 
adoption among SMEs remains limited and largely 
experimental, particularly in emerging markets. 
Compared to large enterprises, SMEs suffer from 
data scarcity, financial constraints, and limited 
digital competencies, which diminish the realized 
benefits of AI-enabled platforms [13]. 

 
1.2.3. Empirical Studies on SME Digital 

Maturity in Kazakhstan 
Yezhebay et al. (2021) develop a digital maturity 

model for SMEs in Kazakhstan encompassing 
technological, organizational, and institutional 
dimensions. Their findings indicate that the majority 
of SMEs remain at early stages of digitalization, 
which restricts their ability to leverage platform-
based solutions. In contrast to digitally advanced 
economies, digital platforms in Kazakhstan are 
often used in a fragmented manner [14]. 

Empirical studies published in Business 
Perspectives and Problems and Perspectives in 
Management (2023) confirm that the primary bar-
riers to SME digital transformation in Kazakhstan 
include limited financial resources, shortages of 
skilled personnel, and low levels of digital service 
integration. According to these studies, existing 
digital initiatives fail to form a coherent ecosystem 
for SMEs [15]. 

 
1.2.4. Comparative Analysis of Existing 

Solutions 
A synthesis of international and national studies 

indicates that in developed economies, SME digital 
platforms are increasingly designed as integrated 
ecosystems that combine e-commerce, financial 
services, analytics, and business support. In contrast, 
in emerging markets – including Kazakhstan – 
digital solutions for SMEs are often offered as 

disconnected services or support programs that do 
not facilitate systemic business transformation. 

The U.S. e-commerce market began to take 
shape in the late 1990s with Amazon and eBay; 
however, a major shift occurred after 2010 with the 
introduction of Amazon’s Fulfillment by Amazon 
(FBA) model, which outsourced logistics, ware-
housing, and customer service for entrepreneurs. 
Subsequently, platforms such as Walmart 
Marketplace, Etsy, and Target Plus emerged, while 
Shopify developed a marketplace-like ecosystem 
integrating millions of independent stores. As a 
result, marketplaces effectively became a new form 
of digital retail infrastructure for SMEs [16,17]. 

The Kazakhstani trajectory differs significantly. 
Rather than a single dominant global player, 
platform development has been driven by a 
combination of factors, including: 

• Kaspi.kz, which integrates marketplace 
functions with mobile payments, logistics, and 
lending. 

• the entry of Wildberries and Ozon, which 
introduced new market standards. 

• Satu.kz as a platform oriented towards SME 
catalogs and B2B trade. 

• the parallel development of domestic logistics 
and courier infrastructure. 

Notably, marketplace development in 
Kazakhstan has been closely intertwined with 
fintech expansion. Installment payments, instant 
transfers, and user-friendly mobile interfaces have 
accelerated the mainstream adoption of e-
commerce. Consequently, marketplaces have 
evolved into comprehensive platforms for SMEs 
that previously lacked offline equivalents [18,19]. 

 
1.2.5. Summary and Research Gap Formulation 
The literature review reveals a lack of 

comprehensive conceptual models of digital 
platforms specifically designed for SMEs and 
integrating an AI business assistant, a B2B portal, 
and a digital commerce platform within a unified 
ecosystem. This gap defines the core scientific 
novelty of the present study. 

Despite the existence of successful international 
platform solutions and theoretically grounded 
models of SME digital transformation, key 
challenges remain unresolved in the Kazakhstani 
context. Low levels of SME digital maturity, 
fragmentation of existing digital services, and 
limited adoption of platform-based and AI-driven 
solutions hinder genuine digital transformation. This 
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research gap justifies the relevance of developing an 
integrated digital platform model as a systemic 
instrument for SME transformation. 

 
1.2.6. Scientific Novelty and Practical 

Significance 
The scientific novelty of the study lies in the 

development and justification of a platform-
ecosystem model for the digital transformation of 
SMEs, adapted to the conditions of Kazakhstan and 
focused on the phased improvement of their digital 
maturity. Unlike works where the digitalization of 
small businesses is viewed primarily as the 
implementation of individual technologies or local 
automation of business processes, this study 
proposes a holistic approach where the digital 
platform acts as a mechanism for the structural 
transformation of the entrepreneurial environment. 

The first aspect of scientific novelty is related to 
the transfer of platform logic to the context of a 
developing economy with a heterogeneous level of 
digital maturity among enterprises. The study shows 
that for Kazakhstan; the key task is not only 
expanding access to digital tools but also forming a 
unified environment capable of overcoming the 
fragmentation of current solutions. Thus, the article 
develops theoretical ideas about digital platforms, 
demonstrating their significance not only as a tran-
saction channel but also as a tool for reducing insti-
tutional and organizational barriers to digitalization. 

The second aspect of novelty consists of 
integrating platform and ecosystem approaches into 
a single analysis model. Within the article, QADAM 
is considered a coordination environment where 
value is created not in isolation within a single 
enterprise, but in the process of interaction between 
SMEs and external participants. 

The third aspect of scientific novelty lies in the 
inclusion of AI components into the platform model 
as a systemic layer rather than a separate 
technological tool. In this study, AI is integrated into 
the structure of the QADAM platform as an 
embedded service circuit providing intelligent 
decision support, lowering the entry barrier to 
analytics, and increasing the accessibility of digital 
competencies for small businesses. 

The scientific novelty of the study is also 
manifested in the development of an analytical 
framework for evaluating the effects of the platform 
transformation of SMEs. The article proposes a 
system of criteria including economic, technolo-
gical, organizational, and ecosystem indicators. 

Thus, the scientific novelty of the revised study 
is that it is the first, for the context under considera-
tion, to propose and justify a comprehensive model 
of platform transformation for SMEs, combining 
multi-layered digital platform architecture, 
ecosystem coordination, an embedded AI circuit, 
and a system for measuring effects. This allows 
QADAM to be viewed not only as a project solution 
but also as a theoretically significant model for the 
digital modernization of the entrepreneurial sector. 

 
2. Materials and Methods 
 
2.1. Research Design and Methodological 

Framework 
The methodological basis of the study combines 

theoretical analysis, conceptual modeling and pilot 
empirical validation. The first methodological 
foundation is based on systems approach that is used 
as the basic methodological position in the study. 
QADAM digital platform is viewed not as an 
individual software product, but as a complex multi-
level socioeconomic system in which technological, 
organizational, and institutional components are 
interconnected. The systems approach allowed for 
the identification of the platform's internal structure, 
the determination of the interdependence of its 
levels, and the description of the mechanisms for 
forming the aggregate effect for SMEs. 

The second methodological foundation is the 
ecosystem approach. The ecosystem framework 
allowed for QADAM to be interpreted not as a tool 
for the internal digitalization of a single company, 
but as a coordination mechanism providing stable 
ties between participants in the entrepreneurial 
environment. This is particularly important for 
Kazakhstan, where the digital transformation of 
SMEs is often limited by weak connectivity between 
market participants and support infrastructure. 

The third methodological foundation is the 
platform approach, applied to analyze modularity, 
network effects, scalability, and service integration 
mechanisms. Using this framework allowed for a 
transition from describing functionality to 
explaining why a platform-based form of organizing 
digital solutions provides higher potential for SME 
transformation compared to the fragmented 
implementation of individual tools. 

Additionally, the SME digital maturity 
framework is used in the study, allowing digital 
transformation to be viewed as a phased process. As 
a result, the QADAM platform is analyzed not only 
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research gap justifies the relevance of developing an 
integrated digital platform model as a systemic 
instrument for SME transformation. 

 
1.2.6. Scientific Novelty and Practical 

Significance 
The scientific novelty of the study lies in the 

development and justification of a platform-
ecosystem model for the digital transformation of 
SMEs, adapted to the conditions of Kazakhstan and 
focused on the phased improvement of their digital 
maturity. Unlike works where the digitalization of 
small businesses is viewed primarily as the 
implementation of individual technologies or local 
automation of business processes, this study 
proposes a holistic approach where the digital 
platform acts as a mechanism for the structural 
transformation of the entrepreneurial environment. 

The first aspect of scientific novelty is related to 
the transfer of platform logic to the context of a 
developing economy with a heterogeneous level of 
digital maturity among enterprises. The study shows 
that for Kazakhstan; the key task is not only 
expanding access to digital tools but also forming a 
unified environment capable of overcoming the 
fragmentation of current solutions. Thus, the article 
develops theoretical ideas about digital platforms, 
demonstrating their significance not only as a tran-
saction channel but also as a tool for reducing insti-
tutional and organizational barriers to digitalization. 

The second aspect of novelty consists of 
integrating platform and ecosystem approaches into 
a single analysis model. Within the article, QADAM 
is considered a coordination environment where 
value is created not in isolation within a single 
enterprise, but in the process of interaction between 
SMEs and external participants. 

The third aspect of scientific novelty lies in the 
inclusion of AI components into the platform model 
as a systemic layer rather than a separate 
technological tool. In this study, AI is integrated into 
the structure of the QADAM platform as an 
embedded service circuit providing intelligent 
decision support, lowering the entry barrier to 
analytics, and increasing the accessibility of digital 
competencies for small businesses. 

The scientific novelty of the study is also 
manifested in the development of an analytical 
framework for evaluating the effects of the platform 
transformation of SMEs. The article proposes a 
system of criteria including economic, technolo-
gical, organizational, and ecosystem indicators. 

Thus, the scientific novelty of the revised study 
is that it is the first, for the context under considera-
tion, to propose and justify a comprehensive model 
of platform transformation for SMEs, combining 
multi-layered digital platform architecture, 
ecosystem coordination, an embedded AI circuit, 
and a system for measuring effects. This allows 
QADAM to be viewed not only as a project solution 
but also as a theoretically significant model for the 
digital modernization of the entrepreneurial sector. 

 
2. Materials and Methods 
 
2.1. Research Design and Methodological 

Framework 
The methodological basis of the study combines 

theoretical analysis, conceptual modeling and pilot 
empirical validation. The first methodological 
foundation is based on systems approach that is used 
as the basic methodological position in the study. 
QADAM digital platform is viewed not as an 
individual software product, but as a complex multi-
level socioeconomic system in which technological, 
organizational, and institutional components are 
interconnected. The systems approach allowed for 
the identification of the platform's internal structure, 
the determination of the interdependence of its 
levels, and the description of the mechanisms for 
forming the aggregate effect for SMEs. 

The second methodological foundation is the 
ecosystem approach. The ecosystem framework 
allowed for QADAM to be interpreted not as a tool 
for the internal digitalization of a single company, 
but as a coordination mechanism providing stable 
ties between participants in the entrepreneurial 
environment. This is particularly important for 
Kazakhstan, where the digital transformation of 
SMEs is often limited by weak connectivity between 
market participants and support infrastructure. 

The third methodological foundation is the 
platform approach, applied to analyze modularity, 
network effects, scalability, and service integration 
mechanisms. Using this framework allowed for a 
transition from describing functionality to 
explaining why a platform-based form of organizing 
digital solutions provides higher potential for SME 
transformation compared to the fragmented 
implementation of individual tools. 

Additionally, the SME digital maturity 
framework is used in the study, allowing digital 
transformation to be viewed as a phased process. As 
a result, the QADAM platform is analyzed not only 

as a technical environment but also as a tool for 
business transition from basic digitalization to more 
mature management models based on data and 
intelligent services. 

The methodological structure of the study is 
built based on the following stages: 

1. Analysis of scientific literature on SME 
digital transformation, the platform economy, and 
the use of AI in small business (identifying the 
research gap). 

2. Comparative analysis of existing approaches 
to SME digitalization (fragmented solutions vs. 
marketplaces vs. platform-ecosystem approaches). 

3. Development of the conceptual and 
formalized QADAM model. 

4. Pilot empirical validation through an SME 
survey and assessment of expected effects. 

5. Interpretation of results while accounting for 
research limitations. 

To ensure methodological reproducibility, the 
criteria for the development of the QADAM model 
are separately developed and recorded. These 
include relevance to the conditions of Kazakhstan’s 
SMEs, integration of digital services, modularity of 
implementation, accessibility of AI components in a 
service format, and ecosystem compatibility with 
external participants.  

Also, the methodological framework of this 
work includes the research limitations too. First, the 
empirical part was performed in a pilot format and 
reflects a preliminary check of the model rather than 
a final statistical evaluation for the entire SME 
sector. Second, part of the assessments is scenario-
based, as the platform is currently at the stage of 
conceptual and pilot implementation. Third, long-
term network effects, including participant retention 
and ecosystem growth dynamics, require separate 
observation over time. Fourth, the impact of indus-
try specifics on the effect of platform transformation 
requires further detailing in subsequent studies. 

Thus, the methodological rigor of the study is 
ensured through the combination of four elements: 
theoretical substantiation, model formalization, pilot 
empirical verification, and explicit documentation 
of limitations. 

 
2.2. Research Methods 
To achieve the research objectives, a combina-

tion of complementary research methods was 
employed: 

 Systematic literature analysis. A structured 
review of academic publications indexed in Scopus, 
Web of Science, and related databases was 
conducted to identify dominant trends, theoretical 
approaches, and limitations in SME digital 
transformation and platform research. 
 Comparative analysis. Comparative analysis 

was applied to contrast international and Kazakh-
stani approaches to digital platforms for SMEs. This 
method enabled the identification of contextual 
differences between developed and emerging 
economies and informed the localization logic of the 
proposed model. 
 Conceptual modeling. Conceptual modeling 

served as the core research method and was used to 
develop the QADAM digital platform architecture, 
define its structural layers, and formalize 
interactions between platform components and 
ecosystem actors. 
 Analytical synthesis. Analytical generaliza-

tion was employed to integrate findings from the 
literature and modeling stages and to formulate de-
sign principles for SME-oriented digital platforms. 
 Prospective empirical validation. – Empirical 

testing and quantitative assessment of the proposed 
model are identified as directions for future 
research, including pilot implementation and 
performance evaluation of the platform. 

This combination of methods ensures 
methodological rigor while remaining appropriate 
for the conceptual nature of the study. 

 
2.3. Conceptual Model of the QADAM Digital 

Platform and Its Formalization 
Within the methodological framework, an origi-

nal conceptual model of the QADAM digital plat-
form is designed and proposed its formalization 
principles. The model is designed to support the 
comprehensive digital transformation of SMEs 
through the integration of key digital services and 
decision-support tools within a single platform 
ecosystem. 

Conceptually, the QADAM platform consists of 
four interrelated layers (Fig. 1).  

Infrastructure layer. This layer represents the 
cloud-based digital environment that обеспечивает 
data storage, computing capacity, scalability, and 
platform reliability. It forms the technological 
foundation of the QADAM ecosystem. 
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Figure 1. QADAM Digital Platform Structure 
 
 
Functional services layer. This layer includes 

modular digital services for SMEs, such as: 
 customer and sales management (CRM), 
 core ERP functionalities (accounting, 

inventory management), 
 e-commerce and digital sales channels, 
 financial and FinTech services, 
 analytical dashboards for managerial decision 

support. 
Intelligent layer (AI components). The 

intelligent layer implements AI technologies in the 
form of AI-as-a-Service, including: 
 predictive analytics and demand forecasting, 
 personalized business recommendations, 
 automated support chatbot, 
 intelligent assessment of SME digital 

maturity. 
Ecosystem layer. This layer facilitates interac-

tion between SMEs and external stakeholders, in-
cluding government services, educational platforms, 
consulting firms, investors, and technology partners. 
It enables network effects and contributes to the 
long-term sustainability of the platform. 

The original QADAM model is presented not 
merely as a description of platform modules, but as 
a formalized multi-layered system with defined 
structures, value creation mechanisms, network 
effect logic, and performance evaluation criteria. 
QADAM platform is viewed as a multi-layered 
system including infrastructure, functional, 
intellectual, and ecosystem levels. The 
infrastructure level provides the basic technological 
conditions for platform functioning, including data 
storage, integration interfaces, information security, 
and scalability. The functional level integrates 

applied services for SMEs, such as accounting, 
sales, customer interaction, a digital showcase, and 
basic analytics. The intellectual level includes AI 
modules designed for recommendations, 
forecasting, automated support, and digital maturity 
assessment. The ecosystem level ensures the 
interaction of SMEs with external participants, 
including partners, financial institutions, 
educational structures, and government support 
mechanisms 

That is, from the perspective of formalizing this 
structure, the platform is viewed not simply as a 
technological development, but as a system of 
interconnected subsystems, not as a set of individual 
functions. This means that QADAM's value is 
formed not at the level of each individual module, 
but rather through their combined use within a 
unified environment. This principle distinguishes 
the platform model from the traditional approach, 
which builds SME digitalization through the 
sequential integration of disparate services.  

A key element of formalization is the description 
of the value creation and distribution mechanism. 
The study identifies the main groups of participants 
in the platform ecosystem:  

- SME entities,  
- clients and counterparties,  
- partners and service providers,  
- institutional participants.  
For each group, the platform creates its own type 

of value. However, the SME remains the central 
object of the study as the primary recipient of the 
transformational effect.  

The value of the platform for SMEs in the 
QADAM model is defined as a combination of five 
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That is, from the perspective of formalizing this 
structure, the platform is viewed not simply as a 
technological development, but as a system of 
interconnected subsystems, not as a set of individual 
functions. This means that QADAM's value is 
formed not at the level of each individual module, 
but rather through their combined use within a 
unified environment. This principle distinguishes 
the platform model from the traditional approach, 
which builds SME digitalization through the 
sequential integration of disparate services.  

A key element of formalization is the description 
of the value creation and distribution mechanism. 
The study identifies the main groups of participants 
in the platform ecosystem:  

- SME entities,  
- clients and counterparties,  
- partners and service providers,  
- institutional participants.  
For each group, the platform creates its own type 

of value. However, the SME remains the central 
object of the study as the primary recipient of the 
transformational effect.  

The value of the platform for SMEs in the 
QADAM model is defined as a combination of five 

components: access to digital services, reduction of 
transaction costs, access to data and analytics, 
intelligent decision support, and the network effect 
from the expansion of the number of platform 
participants. From the perspective of economic 
logic, the QADAM model relies on the principle of 
network effects. The utility of the platform for an 
individual enterprise increases as the number of 
active clients, partners, and service providers within 
the ecosystem grows. 

The logic of enterprise transition through digital 
maturity levels is formalized separately. The work 
shows that the digital transformation of SMEs is not 
a one-time event. It develops in stages, starting from 
the basic digitalization of individual processes and 
ending with an integrated ecosystem model of 
operation, where analytics and AI are used in regular 
management. In this logic, the QADAM platform 
acts as an accelerator for the transition between 
maturity levels, as it reduces the cost and complexity 
of implementing each subsequent digital level. 

To ensure the model can be tested empirically, 
the study introduces evaluation criteria across four 
indicator groups. Economic indicators record 
changes in costs, time, and interaction efficiency. 
Technological indicators reflect the level of service 
integration, the availability of analytics, and the use 
of intelligent modules. Organizational indicators 
allow for an assessment of the speed of 
implementation and ease of use of the platform. 

Ecosystem indicators characterize the density of 
interactions, the number of connected participants, 
and the stability of network ties. 

Thus, QADAM is presented as a formalized 
platform for the digital transformation of SMEs, 
combining multi-layered architecture, the economic 
logic of platform effects, and a system of measurable 
performance criteria. 

 
2.4. Stages of QADAM Platform Development 

and Implementation 
The methodology for developing and 

implementing the QADAM platform follows a 
stage-based approach (Fig. 2), which aligns with 
SME digital maturity progression: 

- Assessment of SME digital maturity. 
Collection and analysis of data on the current 

level of digitalization of SMEs. 
- Platform architecture design. 
Development of a modular architecture for 

services, data flows, and integrations. 
- Development of core digital modules. 
Implementation of foundational services and 

AI-driven tools. 
- Integration of partner services. 
Connection of external ecosystem participants 

and third-party services. 
- Pilot implementation and scaling. 
Testing the platform in pilot environments and 

adapting it for different SME segments. 
 

 
 

Figure 2. Algorithm for the Development of the QADAM Platform Model 
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2.5. Technologies and Implementation Tools 
The study considers the use of modern digital 

technologies as enabling mechanisms for the 
implementation of the QADAM platform, 
including: 
 cloud computing technologies, 
 microservice architecture, 
 big data technologies, 
 machine learning and data analytics, 
 API-based integration with governmental and 

commercial services, 
 cybersecurity and data protection tools. 
The application of these technologies ensures 

flexibility, scalability, and adaptability of the 
platform to the diverse needs of SMEs. 

 
2.6. Methodological Limitations 
The primary limitation of the study lies in the 

conceptual nature of the proposed model, which 

reflects the current lack of large-scale empirical data 
on unified SME digital platforms in Kazakhstan. 
However, this limitation also defines the study’s 
contribution by establishing a theoretical and 
methodological foundation for subsequent applied 
research, pilot projects, and empirical validation. 

 
3. Results and Discussion 
 
3.1. Result 1. Confirmation of the Reduction of 

Barriers to Digitalization of SMEs 
An analysis of the proposed conceptual model of 

the QADAM digital platform shows that the use of 
a platform approach can significantly reduce 
barriers to entry for small and medium-sized 
businesses into the digital economy. The main effect 
is achieved through the transition from disparate 
digital solutions to a "single digital window" model 
(Table 1).

 
 

Table 1. Comparative Analysis of SME Digitalization Barriers 
 

# Criterion Traditional Approach Platform Approach (QADAM) 
1 Initial Investment High (software, servers, IT staff) Low (subscription, SaaS) 
2 Implementation Complexity High Medium / Low 
3 Access to Analytics Limited Built-in 
4 AI Usage Virtually nonexistent Available as a service 
5 Scalability Limited High 
 
 
Explanation: From Table 1 according to the data 

obtained, the platform model reduces financial, 
technological and personnel barriers, which is 
especially critical for SMEs in Kazakhstan. 

From an economic interpretation perspective, 
the results demonstrate the potential for reducing 
transaction costs in SMEs. This refers to the time 
and resource costs of searching for counterparties, 
coordinating actions, processing data, and making 
decisions in the face of a deficit of analytical tools. 
The QADAM platform reduces these costs by 
standardizing interactions, combining services into 

a single digital circuit, and increasing data trans-
parency. This effect is particularly significant for 
small businesses, where management functions are 
often concentrated in a single owner or a small team. 

 
3.2. Result 2. Conceptual Architecture of Digital 

Platform QADAM 
During this study the multi-level platform 

architecture has been developed that combines 
services for SMEs in a single ecosystem. The 
conceptual scheme of digital ecosystem QADAM is 
presented below in Figure 3.
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2.5. Technologies and Implementation Tools 
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Figure 3. Conceptual Scheme of Digital Ecosystem QADAM (B2B portal → 

 AI Assistant → Commercial Platform → P2P → Business Tools) 
 
 
Explanation: The architecture provides end-to-

end integration of data and services, lowering 
barriers to entry for SMEs. 

This Figure are included the following 
components: 

• QADAM Platform Core 
• Main Modules: 
- QADAM B2B Portal 
- AI Business Assistant 
- Digital Commerce Platform 

- P2P Interaction Layer 
- Business Tools 
• Streams: 
- Data 
- Analytics 
- Management Decisions 
- Feedback. 
The architecture of digital platforms is presented 

below in Figure 4.

 
 

 
 

Figure 4. The architecture of digital platforms 
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Analysis of the pilot validation results confirms 
that the greatest value for SMEs is provided not by 
an individual platform module, but by their 
combined operation within a single structure. At the 
level of user ratings, the most significant functions 
were those related to reducing operational 
complexity: a unified interaction environment, 
integrated analytics, tools for finding clients and 
partners, and AI support for current business issues. 
This leads to an important conclusion: the 
transformational effect of the platform is formed 
primarily through service integration rather than a 
simple expansion of functionality. 

 
3.3. Result 3. Stages of QADAM Platform 

Business Model 
Another main result is based on AI use. Here, 

the platform business model based on an AI assistant 
and a B2B portal is designed and proposed. 

The platform business model includes the 
following stages: 

1. QADAM B2B Portal. 

2. AI Business Assistant. 
3.Digital Commerce Platform. 
4. P2P interactions. 
5. Advanced business tools & ecosystem 

scaling. 
The QADAM platform business model is 

created like a roadmap (lifecycle model) and shown 
in Figure 5. 

Explanation: The AI assistant serves as the core 
of the decision-making model, improving efficiency 
in business management. 

The analysis shows that the QADAM model is 
relevant not only for enterprises with an already high 
level of digitalization but also for companies in the 
early stages. Through modularity and phased service 
connection, the platform allows for building a 
growth trajectory for digital maturity without the 
need for the simultaneous implementation of 
complex IT infrastructure. This is particularly 
important for the Kazakhstan context, where a 
significant portion of SMEs are limited in budget 
and human resources. 

 
 

 
Figure 5. Stages of QADAM Platform Development 

 
 
3.4. Result 4. Platform-Based Business Model of 

QADAM 
Next main result of the study is new business 

model that is based on the platform description and 

use AI. Here the platform business model based on 
an AI assistant and a B2B portal is proposed and 
created in the framework of research work  
(Fig. 6). 

 

 
 

Figure 6. Platform-Based Business Model of QADAM 
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Analysis of the pilot validation results confirms 
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Figure 6. Platform-Based Business Model of QADAM 

Explanation: The AI assistant serves as the core 
of the decision-making model, improving efficiency 
in business management. 

This model includes the following: 
• Key actors: 
• SMEs, 
• suppliers, 
• partners, 
• fintech/government. 
• Value propositions for each party. 
• Network effects. 
This model demonstrates the difference between 

QADAM and conventional CRM/marketplaces and 
structures the economic logic of the ecosystem  
well. 

An important analytical result was obtained by 
comparing QADAM with alternative approaches to 

SME digitalization. A fragmented approach 
provides partial automation but does not solve the 
problem of holistic management. Marketplace-
oriented models strengthen the transactional 
function but, as a rule, do not cover the analytical 
and organizational side of business digital maturity. 
In contrast, the QADAM model combines 
operational, analytical, intellectual, and ecosystem 
mechanisms in a single circuit. This allows it to be 
considered a next-level model relative to existing 
digital support tools for SMEs. 

 
3.4. Result 5. AI-Based Decision-Making Model 
In this stage its model has been developed – the 

decision-making model integrated with an AI 
module (Fig. 7). This is another new result and 
contribution to the research gap.

 
 

 
 

Figure 7. AI-Driven Decision-Making Model in the QADAM Platform 
 
 
Explanation: The model presented in Figure 3 

provides personal recommendations for SMEs. 
This model includes the following blocks: 
• SME data sources 
• Data processing & analytics 
• ML/AI models 
• Explainable recommendations 
• Decision implementation 
• Feedback loop (learning). 
Therefor the suggested model is designed such 

as AI decision support diagram where are 
components are schematically presented in the next 
order: data → analytics → recommendations → 
business actions. 

A significant result is also the confirmation of 
the high applied relevance of the platform's 
intellectual circuit. The research shows that AI 
tools are most in demand not as a standalone 
technological module, but as an embedded service 
for assisting the entrepreneur. In practice, this 

means that the AI component increases the 
managerial value of the platform only when 
combined with data, workflows, and analytics 
already built into the platform environment. This 
conclusion strengthens the overall QADAM 
concept and confirms the correctness of the 
chosen architecture. 

 
3.5. Result 6. Digital Platform Monetization 

Model 
Finally, in last stage it was proposed the hybrid 

monetization model that includes the following: 
• AI service subscriptions. 
• B2B and P2P transaction fees. 
• Paid business tools. 
• Analytics and data services. 
The working process of the designed platform is 

shown in Figure 8, below.  
The designed digital platform monetization 

model is shown in Table 2, below. 
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Figure 8. QADAM Intelligent Platform Working Process 
 
 
Table 2. Elements of the QADAM Monetization Model 
 

Income Source Description Target Group Platform Stage 
Freemium Basic Access Micro-SMEs Stage 1–2 

Subscription AI Analytics SMEs Stage 2–3 
Fees B2B/P2P Transactions All Participants Stage 3–4 

Premium Services Advanced Tools Mature SMEs Stage 4–5 
 
 
Explanation: Diversifying revenue sources 

increases the sustainability of the platform. 
The study results also show that the QADAM 

platform possesses significant ecosystem potential. 
The inclusion of partners, educational and financial 
participants, and service providers creates 
conditions for the formation of stable network 
effects. As the number of participants grows, the 
utility of the platform for each individual enterprise 
increases, access to resources expands, and the cost 
of entering new digital practices decreases. In the 
study, this is interpreted as a key mechanism for 
scaling the effect of digital transformation. 

 
4. Empirical Validation of the QADAM 

Model 
 
To confirm the applied viability of the proposed 

QADAM digital platform model, the study included 
an empirical block focused on a preliminary 
verification of the platform approach's relevance for 
small and medium-sized enterprises (SMEs) in 
Kazakhstan. The empirical validation was conduc-

ted in a pilot format and combines two components: 
a survey of SME representatives and a quantitative 
assessment of the expected effects of platform 
implementation across key indicator groups. 

The pilot study was conducted among SME 
entities representing several of the most common 
business segments: trade, services, catering, 
education, logistics, and small-scale manufacturing. 
This coverage allowed for the identification of not 
only universal barriers to digitalization but also 
differences in enterprise needs depending on their 
operational profile. The sample included active 
entrepreneurs and managers of small companies 
responsible for decision-making regarding the 
implementation of digital tools. 

The survey structure was designed in 
accordance with the logic of the original QADAM 
model and included five substantive blocks: the 
current level of enterprise digitalization, primary 
barriers to digital transformation, digital services 
currently in use, an assessment of the demand for 
platform modules, and expectations regarding the 
implementation of a unified digital environment. 
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Explanation: Diversifying revenue sources 

increases the sustainability of the platform. 
The study results also show that the QADAM 

platform possesses significant ecosystem potential. 
The inclusion of partners, educational and financial 
participants, and service providers creates 
conditions for the formation of stable network 
effects. As the number of participants grows, the 
utility of the platform for each individual enterprise 
increases, access to resources expands, and the cost 
of entering new digital practices decreases. In the 
study, this is interpreted as a key mechanism for 
scaling the effect of digital transformation. 

 
4. Empirical Validation of the QADAM 

Model 
 
To confirm the applied viability of the proposed 

QADAM digital platform model, the study included 
an empirical block focused on a preliminary 
verification of the platform approach's relevance for 
small and medium-sized enterprises (SMEs) in 
Kazakhstan. The empirical validation was conduc-

ted in a pilot format and combines two components: 
a survey of SME representatives and a quantitative 
assessment of the expected effects of platform 
implementation across key indicator groups. 

The pilot study was conducted among SME 
entities representing several of the most common 
business segments: trade, services, catering, 
education, logistics, and small-scale manufacturing. 
This coverage allowed for the identification of not 
only universal barriers to digitalization but also 
differences in enterprise needs depending on their 
operational profile. The sample included active 
entrepreneurs and managers of small companies 
responsible for decision-making regarding the 
implementation of digital tools. 

The survey structure was designed in 
accordance with the logic of the original QADAM 
model and included five substantive blocks: the 
current level of enterprise digitalization, primary 
barriers to digital transformation, digital services 
currently in use, an assessment of the demand for 
platform modules, and expectations regarding the 
implementation of a unified digital environment. 

The collected data confirmed that the key 
problem of SME digitalization remains not the 
absence of individual digital solutions, but their 
fragmentation. Most respondents indicated that they 
use separate services for communication, 
accounting, sales, and advertising; however, these 
tools do not form a unified management system. 
Consequently, the operational burden on the 
entrepreneur increases, actions are duplicated, data 
transparency decreases, and decision-making 
becomes more difficult. Thus, the main barrier is not 
only technological but also organizational. 

A high demand for integrated solutions was 
recorded separately. Respondents reacted positively 
to the idea of a unified platform environment where 
basic business functions, analytics, partner 
interaction, and digital support are combined into a 
single interface. The most sought-after elements 
were the digital showcase for goods and services, 
tools for finding clients and partners, a sales 
analytics module, and AI support for operational 
issues. This confirms that a platform like QADAM 
is perceived by entrepreneurs not as an additional IT 
product, but to reduce the daily management 
workload. 

A significant result of the pilot validation was 
the confirmation of the readiness of a portion of 
SMEs for a phased transition to a platform-based 
operational model. At the same time, an important 
pattern is observed in the respondents' answers. 
Entrepreneurs are ready to use a digital platform 
subject to three conditions: clear implementation 
logic, affordable cost, and the presence of practical 
value even at the early stage of connection. This 
conclusion aligns with the QADAM concept, which 
provides for a modular architecture and the gradual 
expansion of functionality as the business's digital 
maturity grows. 

Based on the survey results, a preliminary 
quantitative assessment of the expected effects of 
platform implementation was performed. For this 
purpose, a scale of expert and user ratings was used, 
allowing for a comparison between the current state 
of processes in SMEs and the expected changes 
during the transition to an integrated platform 
environment. The analysis showed that the greatest 
effect is expected in the following areas: reduction 
in time spent searching for clients and partners, 
increased accessibility of analytics for small 
businesses, lower costs for coordinating disparate 
digital services, and simplified access to external 
support services. 

The empirical part also allowed for the 
refinement of the study's applied hypothesis. The 
pilot validation showed that the critical value factor 
for SMEs is precisely the integration of basic 
functions with analytical tools and intelligent 
support. In other words, entrepreneurs evaluate the 
platform not by the number of modules, but by its 
ability to reduce management complexity and 
improve the quality of decisions. 

Thus, empirical validation confirms the study's 
initial premise that the platform approach is a 
relevant mechanism for the digital transformation of 
SMEs in the context of Kazakhstan. Even the pilot 
format of the study shows a steady demand for 
unified digital environments that combine 
operational, analytical, and ecosystem services. 

 
5. Conclusions 
 
The study results show that the main limitation 

of SME digitalization in Kazakhstan is related to the 
fragmentation of digital tools and the lack of a 
unified management circuit. Even with the presence 
of individual services, entrepreneurs face a high 
burden in coordinating processes, data 
heterogeneity, and weak integration of management 
functions. In this context, the key result of the study 
is that the QADAM model addresses not just one 
specific barrier, but the systemic problem of 
fragmentation in the digital environment of small 
businesses. 

Thus, the proposed platform possesses not only 
architectural integrity but also confirmed 
transformational potential. The main effect of the 
QADAM model lies in reducing the fragmentation 
of the SME digital environment, decreasing 
transaction costs, increasing the accessibility of 
analytics, and creating conditions for ecosystem 
growth. 

This article develops and substantiates a 
conceptual model of the QADAM digital platform 
as a unified digital ecosystem for SMEs. It 
demonstrates that the integration of a B2B portal, an 
AI assistant, a commercial platform, and P2P 
mechanisms creates a sustainable platform business 
model.  

The empirical part also allowed for the 
refinement of the study's applied hypothesis. The 
pilot validation showed that the critical value factor 
for SMEs is precisely the integration of basic 
functions with analytical tools and intelligent 
support. In other words, entrepreneurs evaluate the 
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platform not by the number of modules, but by its 
ability to reduce management complexity and 
improve the quality of decisions.  

The scientific novelty of the revised study is that 
it is the first, for the context under consideration, to 
propose and justify a comprehensive model of 
platform transformation for SMEs, combining 
multi-layered digital platform architecture, 
ecosystem coordination, an embedded AI circuit, 
and a system for measuring effects. This allows 
QADAM to be viewed not only as a project solution 
but also as a theoretically significant model for the 
digital modernization of the entrepreneurial sector. 

The value of the platform for SMEs in the 
QADAM model is defined as a combination of five 

components: access to digital services, reduction of 
transaction costs, access to data and analytics, 
intelligent decision support, and the network effect 
from the expansion of the number of platform 
participants. This approach allows for an analytical 
description of why a unified digital platform has a 
higher potential for transforming small businesses 
compared to a fragmented set of tools. 

The findings can be used in the design and 
implementation of national and regional digital 
platforms to support SMEs. 
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multi-layered digital platform architecture, 
ecosystem coordination, an embedded AI circuit, 
and a system for measuring effects. This allows 
QADAM to be viewed not only as a project solution 
but also as a theoretically significant model for the 
digital modernization of the entrepreneurial sector. 

The value of the platform for SMEs in the 
QADAM model is defined as a combination of five 

components: access to digital services, reduction of 
transaction costs, access to data and analytics, 
intelligent decision support, and the network effect 
from the expansion of the number of platform 
participants. This approach allows for an analytical 
description of why a unified digital platform has a 
higher potential for transforming small businesses 
compared to a fragmented set of tools. 
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