
ISSN 2958-0846  eISSN 2958-0854            Journal of Problems in Computer Science and Information Technologies №3 (4) 2026           https://jpcsit.kaznu.kz

© 2026  Al-Farabi Kazakh National University 36 Licensed under CC BY-NC 4.0

IRSTI 27.41.19							       https://doi.org/10.26577/jpcsit5320263

E. Makhmut1 , B. Sansyzbay1* , K. Aidarov2

1Al-Farabi Kazakh National University, Almaty, Kazakhstan 
2Beeline Kazakhstan (LLP QazCode) , Almaty, Kazakhstan  

*e-mail: beiimbet.sansyzbay@gmail.com

GPU-ACCELERATED SOLUTION OF THE 2D POISSON EQUATION:  
A COMPARATIVE STUDY OF JACOBI AND RED-BLACK GAUSS-SEIDEL 

METHODS WITH GLOBAL AND SHARED MEMORY

Abstract. The Poisson equation is a canonical elliptic partial differential equation (PDE) that arises 
in diverse fields such as electrostatics, fluid dynamics, and heat transfer. Analytical solutions exist only 
for simple geometries and boundary conditions, making numerical approaches indispensable for realis-
tic problems. This study presents a comparative analysis of four GPU-accelerated CUDA solvers for the 
two-dimensional Poisson equation: the Jacobi method with global memory (Jacobi-Global), the Jacobi 
method with shared memory tiling (Jacobi-Shared), the Red-Black Gauss–Seidel method with global 
memory (RBGS-Global), and RBGS with shared memory tiling (RBGS-Shared). A finite difference dis-
cretization reduces the PDE to a large sparse system of linear equations, which is then solved iteratively. 
All GPU implementations are compared against a single-threaded CPU baseline across grid sizes from 
64×64 to 1024×1024, with RBGS additionally evaluated up to 4096×4096. Results show that GPU ac-
celeration is ineffective for small grids due to kernel launch latency and memory transfer overheads, but 
becomes highly advantageous for larger problems. Jacobi-Shared achieves a peak speedup of 77.32× at 
1024×1024, while RBGS-Shared converges in orders of magnitude fewer iterations and reaches 47.24× 
speedup at the same grid size. Shared memory consistently outperforms global memory, with execution 
time reductions of up to 2.4× for narrow block configurations at large grid sizes. These findings provide 
practical guidance for solver and memory strategy selection in GPU-based PDE computations.
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1. Introduction 
 
The Poisson equation is a canonical elliptic 

partial differential equation (PDE) that arises in 
diverse fields such as electrostatics, fluid dynamics, 
and heat transfer [1]. Analytical solutions exist only 
for simple geometries and boundary conditions, 
making numerical approaches indispensable for 
realistic problems. The finite difference method 
(FDM) discretizes the domain into a structured grid 
and yields large, sparse linear systems amenable to 
iterative solution [2]. The growing demand for 
solving such systems at scale has motivated the 
adoption of graphics processing units (GPUs). 
CUDA-NVIDIA's programming model for general-
purpose GPU computing -exposes massive fine-
grained parallelism and a hierarchical memory 
model that accelerates stencil computations 
characteristic of PDE solvers [3]. 

Despite extensive prior work on GPU-based 
iterative solvers, no study has provided a systematic 
like-for-like comparison of Jacobi and Red-Black 
Gauss–Seidel (RBGS) under both global and shared 
memory strategies across a wide range of grid sizes. 

In particular, the impact of narrow asymmetric 
thread blocks on shared memory efficiency for 2D 
Poisson solvers has not been systematically 
characterized. This paper addresses both gaps 
through controlled empirical benchmarking on 
NVIDIA Blackwell hardware. 

The scientific novelty of this paper lies in the 
following original empirical contributions. First, we 
provide the first systematic, like-for-like 
comparison of all four combinations – Jacobi-
Global, Jacobi-Shared, RBGS-Global, RBGS-
Shared – under identical experimental conditions. 
Second, we quantify for the first time the effect of 
narrow asymmetric thread blocks (16×8, 128 
threads) on shared memory efficiency for the 2D 
five-point Poisson stencil, demonstrating that 
Jacobi-Shared with 16×8 blocks reduces GPU 
execution time by 2.24× relative to global memory 
at 1024×1024, and RBGS-Shared with 16×8 blocks 
achieves 2.41× reduction at 4096×4096. Third, we 
provide new empirical data on the crossover 
behavior between GPU and CPU performance 
regimes for both Jacobi and RBGS across five grid 
sizes. These results yield concrete, actionable 
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guidelines for GPU Poisson solver design: (i) shared 
memory tiling is critical for narrow blocks; (ii) 
RBGS should be preferred over Jacobi for any 
production computation; and (iii) the 32×32 block is 
optimal only for global memory variants. 

The remainder of this paper is organized as 
follows. Section 2 reviews related work. Section 3 
presents the problem formulation and methodology. 
Section 4 describes the GPU and CPU 
implementations. Section 5 reports and discusses 
experimental results. Section 6 concludes. 

 
2. Related work 
 
2.1 Iterative Solvers on GPU 
Foundational analyses of iterative methods for 

sparse linear systems are provided by Saad [4] and 
Demmel [5], which form the theoretical backbone of 
this study. Early GPU work by Goodnight et al. [6] 
established the viability of multigrid solvers on 
programmable graphics hardware; Hockney and 
Eastwood [7] provided efficient iterative approaches 
on structured grids that continue to motivate GPU 
solver designs; Bell and Garland [8] quantified the 
bandwidth-bound behavior inherent in stencil 
solvers. NVIDIA developer resources provide 
canonical Jacobi implementations for multi-GPU 
settings [9], [10]. 

The Jacobi method updates all grid points 
simultaneously from the previous iterate, making all 
updates fully independent and trivially parallel. 
Despite its modest convergence rate, Jacobi remains 
widely used on GPUs due to this natural data 
parallelism. Comparative GPU studies by Aslam et 
al. [11], Chiu et al. [12], and Li et al. [13] further 
clarify the tradeoffs between solver variants in 
different application contexts. The Red-Black 
Gauss–Seidel (RBGS) method partitions grid points 
into two complementary subsets based on a 
checkerboard coloring, allowing each subset to be 
updated in parallel while incorporating the most 
recently computed values from the other subset. 
RBGS achieves approximately twice the per-
iteration convergence of Jacobi [17] and has been 
shown to deliver speedups of up to 484× over 
sequential CPU on GPU hardware [14]. Kochurov 
and Golovashkin [15] extended RBGS to datasets 
exceeding GPU memory capacity using a pyramid-
method approach. Bozorgmehr et al. [16] employed 
GPU red-black SOR with dynamic parallelism for a 
3D wind-field Poisson solver in atmospheric 
modeling. GPU-based methods have also been 

applied to broader fluid dynamics problems, 
including incompressible flow solvers [18] and 
coupled Boltzmann–Poisson systems for nanoscale 
device simulation [19]. 

 
2.2. Memory Strategies for Stencil Computation 
GPU global memory offers large capacity but 

high latency, while shared memory is a low-latency 
on-chip scratchpad. Tiling strategies exploit shared 
memory to reduce redundant global memory traffic 
for stencil operations. Recent work on stencil 
optimization [20], [21] confirms that block shape 
and memory strategy interact in non-trivial ways 
that depend on grid size and solver type. 
Micikevicius [22] demonstrated that shared memory 
tiling for finite difference stencils can approach the 
memory bandwidth roofline on GPU; however, the 
specific impact of narrow asymmetric thread blocks 
(such as 16×8) on shared memory efficiency for 2D 
Poisson solvers has not been systematically 
characterized. The present study directly addresses 
this gap by benchmarking all four solver-memory 
combinations across five grid sizes. 

 
3. Problem Formulation and Methodology 
 
We consider the two-dimensional Poisson 

equation on the unit square domain: 
 

𝛻𝛻𝛻𝛻2𝑢𝑢𝑢𝑢(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)  = 
=  𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦), (𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)  ∈  𝛺𝛺𝛺𝛺 =  (0,1)  ×  (0,1) 

(1) 

 
subject to Dirichlet boundary conditions 
 

𝑢𝑢𝑢𝑢(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦)  =  𝑔𝑔𝑔𝑔(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦), (𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)  ∈  𝜕𝜕𝜕𝜕𝛺𝛺𝛺𝛺 (2) 

Here u(x,y) is the unknown scalar potential, 
f(x,y) is the source term, and g(x,y) prescribes 
boundary values. The Laplacian operator is 

 

𝛻𝛻𝛻𝛻2𝑢𝑢𝑢𝑢 =  
𝜕𝜕𝜕𝜕2𝑢𝑢𝑢𝑢
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥2

 +  
𝜕𝜕𝜕𝜕2𝑢𝑢𝑢𝑢
𝜕𝜕𝜕𝜕𝑦𝑦𝑦𝑦2

 

 

(3) 

which measures the local imbalance between the 
field value at a point and its neighborhood average. 

For the numerical experiments in this study, the 
source term is chosen as 𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)  =  −2[𝑥𝑥𝑥𝑥(1 −
𝑥𝑥𝑥𝑥)  +  𝑦𝑦𝑦𝑦(1 − 𝑦𝑦𝑦𝑦)], with homogeneous Dirichlet 
boundary conditions (𝑔𝑔𝑔𝑔(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)  =  0 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 𝜕𝜕𝜕𝜕𝛺𝛺𝛺𝛺). This 
choice admits the closed-form analytical solution 
𝑢𝑢𝑢𝑢(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)  =  𝑥𝑥𝑥𝑥(1 − 𝑥𝑥𝑥𝑥)𝑦𝑦𝑦𝑦(1 − 𝑦𝑦𝑦𝑦), which is used as the 
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reference solution for all error computations 
reported in this study. 

3.1. Finite Difference Discretization 
The domain Ω is discretized into a uniform 

Cartesian grid with N×N points and spacing 
ℎ =  1

(𝑁𝑁𝑁𝑁−1)
. Second-order central differences 

give: 
 

𝜕𝜕𝜕𝜕2𝑢𝑢𝑢𝑢
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥2

 ≈  
𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖+1,𝑗𝑗𝑗𝑗  −  2𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗  +  𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖−1,𝑗𝑗𝑗𝑗

ℎ2
  

 
𝜕𝜕𝜕𝜕2𝑢𝑢𝑢𝑢
𝜕𝜕𝜕𝜕𝑦𝑦𝑦𝑦2

 ≈  
𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+1  −  2𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗  +  𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−1

ℎ2
 

(4) 

 
Substituting into the Poisson equation gives the 

five-point stencil: 
 

𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗  ==  
1
4
�𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖+1,𝑗𝑗𝑗𝑗  +  𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖−1,𝑗𝑗𝑗𝑗  +  𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+1  +  𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−1  −  ℎ2𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗�,  

1 ≤  𝑁𝑁𝑁𝑁 − 2 

(5) 

 
 
This yields a sparse symmetric positive definite 

linear system Au = f, where A ∈ ℝ(N−2)²×(N−2)² 
has banded structure arising from the five-point 
connectivity. 

 

3.2 Jacobi Iterative Method 
The Jacobi method decomposes A = D +  

+ (L + R), where D is diagonal and L, R are strictly 
lower and upper triangular. The update rule is: 

 

𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗
(𝑘𝑘𝑘𝑘+1)  =  

1
4
�𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖+1,𝑗𝑗𝑗𝑗

(𝑘𝑘𝑘𝑘)  +  𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖−1,𝑗𝑗𝑗𝑗
(𝑘𝑘𝑘𝑘)  +  𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+1

(𝑘𝑘𝑘𝑘)  +  𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−1
(𝑘𝑘𝑘𝑘)  −  ℎ2𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗� (6) 

 
 
All N² updates at step k+1 depend exclusively 

on values from step k, enabling fully parallel 
execution. Convergence is checked by: 

 
max𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗  �𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗

(𝑘𝑘𝑘𝑘+1)  −  𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗
(𝑘𝑘𝑘𝑘)� <  𝜀𝜀𝜀𝜀 

 

(7) 

The spectral radius satisfies 𝜌𝜌𝜌𝜌𝐽𝐽𝐽𝐽 = cos (𝜋𝜋𝜋𝜋ℎ) ≈

1 − 𝜋𝜋𝜋𝜋2ℎ2

2
, so iteration count grows as O(N²) for fine 

grids [4]. 
 
3.3. Red-Black Gauss–Seidel with Successive 

Over-Relaxation (RBGS-SOR) 
RBGS assigns each point (i,j) a color: red if (i+j) is 

even, black if (i+j) is odd. Since every neighbor of a 
red point is black and vice versa, each subset can be 
updated in parallel. To further accelerate convergence, 
we apply Successive Over-Relaxation (SOR) with the 
optimal relaxation parameter ω. For the Poisson 
equation on an N×N uniform grid, the optimal value is: 

𝜔𝜔𝜔𝜔opt  =  
2

1 +  sin �𝜋𝜋𝜋𝜋𝑁𝑁𝑁𝑁�
 (8) 

The first half-sweep (red points, (i+j) even) 
computes the Gauss–Seidel update  

 

𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗
(𝑘𝑘𝑘𝑘+1)GS =

1
4

(𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖+1,𝑗𝑗𝑗𝑗
(𝑘𝑘𝑘𝑘) + 𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖−1,𝑗𝑗𝑗𝑗

(𝑘𝑘𝑘𝑘) + 
 

+𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+1
(𝑘𝑘𝑘𝑘) + 𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−1

(𝑘𝑘𝑘𝑘) − ℎ2𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗) 

(9) 

 
and then applies the SOR correction: 
 

𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗
(𝑘𝑘𝑘𝑘+½)  =  (1 −  𝜔𝜔𝜔𝜔) 𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗

(𝑘𝑘𝑘𝑘)  +  𝜔𝜔𝜔𝜔 ·  𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗GS (10) 

 
where, (i+j) even.  

The second half-sweep (black points, (i+j) odd) 
repeats with the updated red values: 

 

𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗
(𝑘𝑘𝑘𝑘+1)  =  (1 −  𝜔𝜔𝜔𝜔) 𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗

(𝑘𝑘𝑘𝑘+½)  +  𝜔𝜔𝜔𝜔 ·  
1
4
�𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖+1,𝑗𝑗𝑗𝑗

(𝑘𝑘𝑘𝑘+½)  +  𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖−1,𝑗𝑗𝑗𝑗
(𝑘𝑘𝑘𝑘+½)  +  𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗+1

(𝑘𝑘𝑘𝑘+½)  +  𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗−1
(𝑘𝑘𝑘𝑘+½)  −  ℎ2𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖,𝑗𝑗𝑗𝑗� (11) 

 
where, (i+j) odd.  

With 𝜔𝜔𝜔𝜔opt, the spectral radius of RBGS-SOR 
satisfies  

 

𝜌𝜌𝜌𝜌SOR = 𝜔𝜔𝜔𝜔opt − 1, (12) 
which is dramatically smaller than (𝜌𝜌𝜌𝜌RBGS = 𝜌𝜌𝜌𝜌𝐽𝐽𝐽𝐽2)of 
plain RBGS. For a 1024×1024 grid, 𝜔𝜔𝜔𝜔opt ≈ 1.994, 

giving 𝜌𝜌𝜌𝜌SOR ≈ 0.994, compared to 𝜌𝜌𝜌𝜌𝐽𝐽𝐽𝐽 ≈
0.999995for Jacobi. This significant reduction in 
the spectral radius is the main reason why RBGS- 
SOR requires only about 3,060 iterations, while the 
plain Jacobi method needs approximately 2,011,200 
iterations – a speedup of roughly 657 times. 

 
3.4. Parallelization Perspective 
Both methods map naturally to GPU execution. 

For Jacobi, all N² interior points are updated 
simultaneously in a single kernel launch per 
iteration. For RBGS, two kernel launches per 
iteration update red and black subsets respectively. 
In both cases, the computational pattern is a five-
point stencil: each thread reads five values and 
writes one. Performance depends critically on 
memory access patterns and on-chip data reuse. 

 
4. Implementation 
 
4.1 CPU Baseline Implementation 
The CPU baseline is engineered as a rigorous 

serial reference to establish a primary benchmark for 
assessing GPU acceleration. The implementation of 
both the Jacobi and Red-Black Gauss–Seidel 
(RBGS) methods utilizes single-threaded C++ algo-
rithms to ensure a fair comparison against sequential 
execution. For the Jacobi method, the architecture 
maintains two distinct arrays representing the cur-
rent iterate 𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘and the subsequent iterate 𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘+1 which 
are swapped at the conclusion of each iteration to 
prevent data races and ensure mathematical 
consistency. In contrast, the RBGS method is 
implemented using a single in-place array because 
the checkerboard update pattern ensures that red 
points depend exclusively on black points from the 
previous half-step, allowing for a more memory-
efficient update across two distinct passes per 
iteration. For both methods all interior grid points 
are initialized to zero, while boundary values are 
strictly defined by the prescribed Dirichlet condi-
tions. Convergence is monitored by calculating the 
maximum absolute difference between 
𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘 𝑎𝑎𝑎𝑎𝑜𝑜𝑜𝑜𝑎𝑎𝑎𝑎 𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘+1 successive iterations across the entire 
grid until the specified tolerance ε reached. 

 
4.2 GPU Kernel Implementation 
Each GPU kernel maps the two-dimensional 

grid directly onto the CUDA thread hierarchy. A 

thread block of dimensions Bx x By is launched over 
a grid of ceil(N / Bx) x ceil(N / By) blocks, so that 
every interior point (i, j) is covered. Within the 
kernel, each thread computes its global grid coordi-
nates as i = blockIdx.y * blockDim.y + threadIdx.y 
and j = blockIdx.x * blockDim.x + threadIdx.x, and 
a boundary guard ensures that only interior points (1 
<= i, j <= N-2) perform the stencil update. Four 
block configurations are evaluated: 32×32 (1024 
threads), 16×32 (512 threads), 16×16 (256 threads), 
and 16×8 (128 threads). The Jacobi kernel requires 
one launch per iteration; the RBGS kernel requires 
two launches per iteration, one for each color. 

In the global memory variant, each thread reads 
its five stencil values directly from device DRAM 
using the computed (i, j) indices. Accesses along the 
j-axis (horizontal neighbors) are contiguous in 
memory and are coalesced into a single 128-byte 
transaction per warp by the GPU memory controller. 
Accesses along the i-axis (vertical neighbors 
u[i+1][j] and u[i-1][j]) are separated by a full row 
stride of N elements, producing stride-N DRAM 
transactions that cannot be coalesced, increasing 
effective memory latency for large grids. The 
updated value is written back to a second array 
(Jacobi) or in-place (RBGS), and the per-thread 
residual contribution is accumulated into a device-
global variable via atomicMax(). 

In the shared memory variant, threads in each 
block cooperatively preload a (By + 2) x (Bx + 2) 
tile into on-chip shared memory before computing. 
The tile includes a one-cell halo on each side to 
cover all five stencil neighbors of every interior 
thread. Each thread loads its own interior element; 
boundary threads additionally load the adjacent halo 
cells by offsetting their indices. A __syncthreads() 
barrier is inserted after the load phase to ensure all 
tile elements are visible to every thread before any 
stencil computation begins. Subsequent neighbor 
reads are served from shared memory at 
approximately 100x lower latency than DRAM. For 
a 16x16 block, each of the 256 interior values 
requires 5 global reads in the global variant, totaling 
1280 transactions; with tiling, the (18×18) tile 
requires only 324 global loads, reducing average 
DRAM reads per point from 5 to 1.27, a 3.9x 
reduction. For narrow 16x8 blocks the halo fraction 
is larger relative to the interior, yielding a measured 
2.24x execution-time reduction at 1024×1024.
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giving 𝜌𝜌𝜌𝜌SOR ≈ 0.994, compared to 𝜌𝜌𝜌𝜌𝐽𝐽𝐽𝐽 ≈
0.999995for Jacobi. This significant reduction in 
the spectral radius is the main reason why RBGS- 
SOR requires only about 3,060 iterations, while the 
plain Jacobi method needs approximately 2,011,200 
iterations – a speedup of roughly 657 times. 

 
3.4. Parallelization Perspective 
Both methods map naturally to GPU execution. 

For Jacobi, all N² interior points are updated 
simultaneously in a single kernel launch per 
iteration. For RBGS, two kernel launches per 
iteration update red and black subsets respectively. 
In both cases, the computational pattern is a five-
point stencil: each thread reads five values and 
writes one. Performance depends critically on 
memory access patterns and on-chip data reuse. 

 
4. Implementation 
 
4.1 CPU Baseline Implementation 
The CPU baseline is engineered as a rigorous 

serial reference to establish a primary benchmark for 
assessing GPU acceleration. The implementation of 
both the Jacobi and Red-Black Gauss–Seidel 
(RBGS) methods utilizes single-threaded C++ algo-
rithms to ensure a fair comparison against sequential 
execution. For the Jacobi method, the architecture 
maintains two distinct arrays representing the cur-
rent iterate 𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘and the subsequent iterate 𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘+1 which 
are swapped at the conclusion of each iteration to 
prevent data races and ensure mathematical 
consistency. In contrast, the RBGS method is 
implemented using a single in-place array because 
the checkerboard update pattern ensures that red 
points depend exclusively on black points from the 
previous half-step, allowing for a more memory-
efficient update across two distinct passes per 
iteration. For both methods all interior grid points 
are initialized to zero, while boundary values are 
strictly defined by the prescribed Dirichlet condi-
tions. Convergence is monitored by calculating the 
maximum absolute difference between 
𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘 𝑎𝑎𝑎𝑎𝑜𝑜𝑜𝑜𝑎𝑎𝑎𝑎 𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘+1 successive iterations across the entire 
grid until the specified tolerance ε reached. 

 
4.2 GPU Kernel Implementation 
Each GPU kernel maps the two-dimensional 

grid directly onto the CUDA thread hierarchy. A 

thread block of dimensions Bx x By is launched over 
a grid of ceil(N / Bx) x ceil(N / By) blocks, so that 
every interior point (i, j) is covered. Within the 
kernel, each thread computes its global grid coordi-
nates as i = blockIdx.y * blockDim.y + threadIdx.y 
and j = blockIdx.x * blockDim.x + threadIdx.x, and 
a boundary guard ensures that only interior points (1 
<= i, j <= N-2) perform the stencil update. Four 
block configurations are evaluated: 32×32 (1024 
threads), 16×32 (512 threads), 16×16 (256 threads), 
and 16×8 (128 threads). The Jacobi kernel requires 
one launch per iteration; the RBGS kernel requires 
two launches per iteration, one for each color. 

In the global memory variant, each thread reads 
its five stencil values directly from device DRAM 
using the computed (i, j) indices. Accesses along the 
j-axis (horizontal neighbors) are contiguous in 
memory and are coalesced into a single 128-byte 
transaction per warp by the GPU memory controller. 
Accesses along the i-axis (vertical neighbors 
u[i+1][j] and u[i-1][j]) are separated by a full row 
stride of N elements, producing stride-N DRAM 
transactions that cannot be coalesced, increasing 
effective memory latency for large grids. The 
updated value is written back to a second array 
(Jacobi) or in-place (RBGS), and the per-thread 
residual contribution is accumulated into a device-
global variable via atomicMax(). 

In the shared memory variant, threads in each 
block cooperatively preload a (By + 2) x (Bx + 2) 
tile into on-chip shared memory before computing. 
The tile includes a one-cell halo on each side to 
cover all five stencil neighbors of every interior 
thread. Each thread loads its own interior element; 
boundary threads additionally load the adjacent halo 
cells by offsetting their indices. A __syncthreads() 
barrier is inserted after the load phase to ensure all 
tile elements are visible to every thread before any 
stencil computation begins. Subsequent neighbor 
reads are served from shared memory at 
approximately 100x lower latency than DRAM. For 
a 16x16 block, each of the 256 interior values 
requires 5 global reads in the global variant, totaling 
1280 transactions; with tiling, the (18×18) tile 
requires only 324 global loads, reducing average 
DRAM reads per point from 5 to 1.27, a 3.9x 
reduction. For narrow 16x8 blocks the halo fraction 
is larger relative to the interior, yielding a measured 
2.24x execution-time reduction at 1024×1024.
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Algorithm 1: Jacobi Iterative Method on GPU  
In: 

Out: 
1: 
2: 
3: 
4: 
5: 
6: 
7: 
8: 

u[N][N] – current and next iterate arrays; f[N][N] – source term; h – grid spacing; e – tolerance 
u[N][N] – approximate solution; iter – iteration count 
repeat 
 parallel for all interior (i, j) do 
 u_new[i][j] = (u[i+1][j] + u[i-1][j] + u[i][j+1] + u[i][j-1] – h*h*f[i][j]) / 4 
 end parallel 
 residual = max(i,j) |u_new[i][j] – u[i][j]| 
 swap u_old and u_new 
 iter = iter + 1 
until residual < e 

 
 
Algorithm 1 presents the Jacobi kernel logic. 

The parallel for construct (line 2) corresponds to a 
single CUDA kernel launch over the entire interior 
of the N x N grid. The two-dimensional launch grid 
is configured as ceil( 𝑁𝑁𝑁𝑁

𝐵𝐵𝐵𝐵𝑥𝑥𝑥𝑥
) × ceil( 𝑁𝑁𝑁𝑁

𝐵𝐵𝐵𝐵𝑦𝑦𝑦𝑦
) thread blocks, 

each of size Bx x By, so that exactly one thread is 
assigned to each grid point. A boundary guard at the 
start of the kernel ensures that threads mapping to 
halo or out-of-bounds indices exit without 
performing any computation. Because every update 
at iteration k+1 depends only on values from 
iteration k, all N2 threads operate fully indepen-
dently with no inter-thread communication or 
ordering constraints. This property makes the Jacobi 
method embarrassingly parallel: the entire stencil 
computation is free of data races regardless of thread 
scheduling order. Two device arrays are maintained 
throughout the solve: one holds the current iterate uk  
 

and the other receives the updated values uk+1. At the 
end of each iteration the device pointers are swapped 
on the host (line 6), so the roles of the two arrays 
alternate each iteration without any device-to-device 
memory copy. This double-buffering strategy 
eliminates write-after-read hazards that would arise 
if all threads updated a single shared array in-place. 
The convergence check (line 5) is implemented as a 
device-wide reduction. Before the kernel launch, a 
scalar device variable d_residual is reset to zero on 
the host. Inside the kernel, each thread computes its 
local absolute difference |u_new[i][j] – u_old[i][j]| 
and atomically updates d_residual via atomicMax(), 
which guarantees a race-free maximum reduction 
across all threads. After the kernel returns, the host 
copies d_residual back to the CPU with a single 
cudaMemcpy() call and compares it against the 
tolerance 𝜀𝜀𝜀𝜀 to decide whether to terminate or launch 
the next iteration. 

 
Algorithm 2: Red-Black Gauss-Seidel with SOR on GPU  

In: 
Out: 

1: 
2: 
3: 
4: 
5: 
6: 
7: 
8: 
9: 

10: 
11: 

u[N][N] – in-place solution array; f[N][N], h, N; e – tolerance; w – SOR relaxation factor 
u[N][N] – approximate solution; iter – iteration count 
Compute w = 2 / (1 + sin(pi / N)) 
repeat 
 Red half-sweep: parallel for all (i,j) where (i+j) mod 2 = 0 do 
 u_gs = (u[i+1][j] + u[i-1][j] + u[i][j+1] + u[i][j-1] – h*h*f[i][j]) / 4 
 u[i][j] = (1 – w) * u[i][j] + w * u_gs 
 Black half-sweep: parallel for all (i,j) where (i+j) mod 2 = 1 do 
 u_gs = (u[i+1][j] + u[i-1][j] + u[i][j+1] + u[i][j-1] – h*h*f[i][j]) / 4 
 u[i][j] = (1 – w) * u[i][j] + w * u_gs 
 residual = max(i,j) |u[i][j] – u_prev[i][j]| 
 iter = iter + 1 
until residual < e 

 
 
Algorithm 2 presents the RBGS-SOR kernel 

logic. The checkerboard partition is enforced at the 
thread level: each thread evaluates the condition (i + 
j) mod 2 == parity and performs the SOR update 
only if matched, while all other threads exit 
immediately. This parity check adds negligible 
overhead since inactive threads follow the same 

warp path and are masked by the hardware. Two 
separate kernel launches per iteration (parity = 0 for 
red, parity = 1 for black) guarantee that the black 
half-sweep reads the freshly updated red values, 
preserving the Gauss-Seidel dependency structure. 
Because RBGS operates in-place on a single array, 
no pointer swap is needed. The SOR factor w (line 

1) is computed once on the host before the iteration 
loop and passed as a kernel argument; at 1024×1024 
it evaluates to w = 1.994, reducing the spectral 
radius from rho = 0.999995 (Jacobi) to rho = 0.994 
(RBGS-SOR) and cutting the required iteration 
count from 2,011,200 to 3,060, a 657x reduction. 

 
5. Results and discussion 
 
All experiment results were conducted on a 

high-performance mobile workstation specifically 
designed for intensive computational research. The 
system is equipped with an Intel Core Ultra 7 
255HX CPU, which features 20 cores-comprising 8 
Performance-cores and 12 Efficient-cores-
supporting 20 threads and reaching a maximum 
boost clock of 5.2 GHz. The primary computational 
accelerator is an NVIDIA GeForce RTX 5070 
Mobile GPU based on the Blackwell architecture, 
featuring 4608 CUDA cores and 8 GB of GDDR7 
VRAM. The host system includes 32 GB of DDR5-
5600 RAM to support the memory requirements of 
large-scale grid processing. The software 
environment consists of the 64-bit Windows 11 
operating system and the CUDA Toolkit 12.6. GPU 
execution timing is performed with sub-
microsecond resolution using cudaEvent_t markers 
to ensure high-fidelity data collection. To isolate the 
performance of the iterative solvers, all reported 
execution times strictly cover the solver loop and 
exclude host-to-device or device-to-host memory 
transfer overheads. 

This study evaluates the interaction between 
thread-level parallelism and grid dimensions to 
identify optimal occupancy and throughput. Four 
distinct 2D block shapes are tested, including  
32 × 32 with 1024 threads, 16 × 32 with 512 threads, 
16 × 16 with 256 threads, and 16 × 8 with 128  
 

threads. Grid sizes scale from 64 × 64 to 1024 × 
1024 for Jacobi with a tolerance of 𝜀𝜀𝜀𝜀 = 10−4, while 
RBGS benchmarks are extended up to 4096 × 4096 
with an identical tolerance of ε = 10−4. Performance 
is recorded using cudaEvent_t with sub-
microsecond resolution to provide highly accurate 
timing data. To isolate the efficiency of the solver 
kernels, the reported execution times strictly cover 
the iterative loop and exclude the overhead 
associated with initial host-to-device and final 
device-to-host memory transfers. All reported 
results utilize the specific block configuration that 
achieved the highest speedup for each respective 
grid size. 

 
5.1 Error validation 
Both GPU implementations produce solutions 

identical to the CPU reference within machine 
precision. Figure 1 shows the computed solution 
fields and the scaled difference plots (multiplied by 
1010 to amplify any discrepancy). The uniformly gray 
difference panel confirms no numerical artifacts are 
introduced by GPU parallelization. For Jacobi the 
GPU–CPU solutions are bitwise identical (max error 
0.00); for RBGS the maximum absolute difference is 
1.00×10⁻¹² with an L2 error of 1.39×10⁻¹⁴. The errors 
reported in Table 1 (5.07×10⁻⁶ for Jacobi, 
7.60×10⁻⁹–2.00×10⁻⁹ for RBGS) represent the 
numerical discretization error relative to the 
analytical solution, which is governed by the 
convergence tolerance ε = 10⁻⁴ and is independent of 
GPU parallelization. Although both methods share 
the same residual-based stopping criterion, the 
resulting error differs by several orders of magnitude 
because the relationship between residual and true 
error is method-dependent: SOR-accelerated RBGS 
attains a substantially smaller true error at the same 
residual threshold than plain Jacobi. 

 

 
 

Figure 1a. Jacobi: CUDA and serial solutions with difference map scaled by 10¹⁰.  
Gray panel confirms GPU–CPU agreement to machine precision 
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1) is computed once on the host before the iteration 
loop and passed as a kernel argument; at 1024×1024 
it evaluates to w = 1.994, reducing the spectral 
radius from rho = 0.999995 (Jacobi) to rho = 0.994 
(RBGS-SOR) and cutting the required iteration 
count from 2,011,200 to 3,060, a 657x reduction. 

 
5. Results and discussion 
 
All experiment results were conducted on a 

high-performance mobile workstation specifically 
designed for intensive computational research. The 
system is equipped with an Intel Core Ultra 7 
255HX CPU, which features 20 cores-comprising 8 
Performance-cores and 12 Efficient-cores-
supporting 20 threads and reaching a maximum 
boost clock of 5.2 GHz. The primary computational 
accelerator is an NVIDIA GeForce RTX 5070 
Mobile GPU based on the Blackwell architecture, 
featuring 4608 CUDA cores and 8 GB of GDDR7 
VRAM. The host system includes 32 GB of DDR5-
5600 RAM to support the memory requirements of 
large-scale grid processing. The software 
environment consists of the 64-bit Windows 11 
operating system and the CUDA Toolkit 12.6. GPU 
execution timing is performed with sub-
microsecond resolution using cudaEvent_t markers 
to ensure high-fidelity data collection. To isolate the 
performance of the iterative solvers, all reported 
execution times strictly cover the solver loop and 
exclude host-to-device or device-to-host memory 
transfer overheads. 

This study evaluates the interaction between 
thread-level parallelism and grid dimensions to 
identify optimal occupancy and throughput. Four 
distinct 2D block shapes are tested, including  
32 × 32 with 1024 threads, 16 × 32 with 512 threads, 
16 × 16 with 256 threads, and 16 × 8 with 128  
 

threads. Grid sizes scale from 64 × 64 to 1024 × 
1024 for Jacobi with a tolerance of 𝜀𝜀𝜀𝜀 = 10−4, while 
RBGS benchmarks are extended up to 4096 × 4096 
with an identical tolerance of ε = 10−4. Performance 
is recorded using cudaEvent_t with sub-
microsecond resolution to provide highly accurate 
timing data. To isolate the efficiency of the solver 
kernels, the reported execution times strictly cover 
the iterative loop and exclude the overhead 
associated with initial host-to-device and final 
device-to-host memory transfers. All reported 
results utilize the specific block configuration that 
achieved the highest speedup for each respective 
grid size. 

 
5.1 Error validation 
Both GPU implementations produce solutions 

identical to the CPU reference within machine 
precision. Figure 1 shows the computed solution 
fields and the scaled difference plots (multiplied by 
1010 to amplify any discrepancy). The uniformly gray 
difference panel confirms no numerical artifacts are 
introduced by GPU parallelization. For Jacobi the 
GPU–CPU solutions are bitwise identical (max error 
0.00); for RBGS the maximum absolute difference is 
1.00×10⁻¹² with an L2 error of 1.39×10⁻¹⁴. The errors 
reported in Table 1 (5.07×10⁻⁶ for Jacobi, 
7.60×10⁻⁹–2.00×10⁻⁹ for RBGS) represent the 
numerical discretization error relative to the 
analytical solution, which is governed by the 
convergence tolerance ε = 10⁻⁴ and is independent of 
GPU parallelization. Although both methods share 
the same residual-based stopping criterion, the 
resulting error differs by several orders of magnitude 
because the relationship between residual and true 
error is method-dependent: SOR-accelerated RBGS 
attains a substantially smaller true error at the same 
residual threshold than plain Jacobi. 

 

 
 

Figure 1a. Jacobi: CUDA and serial solutions with difference map scaled by 10¹⁰.  
Gray panel confirms GPU–CPU agreement to machine precision 
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The three panels show, from left to right, the 
CUDA GPU solution, the serial CPU solution, and 
the absolute difference between them amplified by 
10¹⁰. Both solution fields display the expected 
smooth saddle-shaped profile determined by the 
boundary conditions and the sinusoidal source term. 

The uniformly gray difference panel contains no 
visible structure, confirming that the GPU 
parallelization introduces no numerical artifacts. For 
the Jacobi method, the GPU and CPU solutions are 
bitwise identical, giving a maximum absolute error 
of exactly 0.00. 

 
 

 
 

Figure 1b. RBGS: CUDA and serial solutions with difference map scaled by 1010 (right).  
Max error 1.00×10-12, L2 error 1.39×10-14 

 
5.2 Convergence: Jacobi vs. RBGS 
Figure 2 compares iteration counts. At 

1024×1024, RBGS requires 3,060 iterations  

(ε = 10-4) while Jacobi needs 2,011,200 iterations 
(ε = 10-4) – a 657× difference. At 4096×4096, RBGS 
converges in 13,220 iterations. 

 
 
 

  
Figure 2. Iterations to convergence: Jacobi (𝜀𝜀𝜀𝜀 = 10−4) vs. RBGS (𝜀𝜀𝜀𝜀 = 10−4) 

 
 
The y-axis (log scale) shows the number of 

iterations required to reach the convergence 
tolerance. At 1024×1024, Jacobi needs 2,011,200 
iterations (𝜀𝜀𝜀𝜀 = 10−4) while RBGS converges in 
just 3,060 iterations (𝜀𝜀𝜀𝜀 = 10−4) – a 657× 
difference. At 4096×4096 RBGS converges in 
13,220 iterations. The near-linear growth of 
Jacobi iteration counts with grid size reflects its 

O(N²) spectral radius dependence, whereas RBGS 
grows more slowly owing to its approximately 2× 
per-iteration convergence advantage from 
checkerboard Gauss–Seidel updating. Both 
methods use an identical residual-based stopping 
tolerance (ε = 10⁻⁴); RBGS nonetheless converges 
in far fewer iterations due to its superior per-
iteration convergence rate. 

5.3 Absolute Execution Time 
Figure 3 presents absolute wall-clock GPU 

times alongside the CPU serial baseline. Although 
Jacobi-Shared achieves the highest speedup ratio, its 

absolute GPU time is vastly larger: 86.954 s at 
1024×1024 vs. 0.361 s for RBGS-Shared – a 241× 
difference. The high Jacobi speedup reflects the 
enormous serial iteration count, not GPU efficiency. 

 
 

 

  
Figure 3. Absolute execution time: all four GPU variants and CPU serial baseline 

 
 
Although Jacobi-Shared achieves the highest 

speedup ratio (77.32×), its absolute GPU time at 
1024×1024 is 86.954 s – compared to just 0.361 s for 
RBGS-Shared, a 241× difference. This contrast 
reveals that the high Jacobi speedup reflects the 
enormous serial iteration count, not GPU efficiency. 
For any production use case where wall-clock time 
matters, RBGS-Shared is the clear choice: it is faster 
in absolute terms by orders of magnitude across all 
grid sizes and converges to a tighter tolerance. The 
CPU baseline (top curve) grows steeply, confirming 
the practical necessity of GPU acceleration for large 
grids. 

 
5.4 Execution time 
Figures 4a and 4b compare GPU execution times 

between shared and global memory variants. For 
Jacobi at 1024×1024, the best global memory time 
is 127.489 s (32×32) vs. 86.954 s for shared memory 
(16×16), a 32% reduction. With 16×8 blocks, 
Jacobi-Shared takes 86.559 s vs. 193.918 s for 
Jacobi-Global – a 2.24× reduction. For RBGS at 
4096×4096 with 16×8 blocks: 33.653 s (Shared) vs. 
81.086 s (Global), a 2.41× reduction. 

Execution time in seconds (log scale) is shown 
as a function of grid size for the serial CPU baseline 
and all four Jacobi GPU configurations, each at its 
best block. For small grids the CPU and GPU times 
are comparable; from 256×256 onward the GPU 

variants pull decisively ahead. At 1024×1024, 
Jacobi-Shared with a 16×16 block runs in 86.954 s 
compared to 127.489 s for Jacobi-Global with a 
32×32 block (32% faster), while the CPU baseline 
requires 6,719 s. The 16×8 block shows an even 
larger gap: 86.559 s (Shared) vs. 193.918 s 
(Global), a 2.24× reduction. The CPU-to-GPU gap 
widens monotonically, confirming the scalability 
advantage of GPU parallelization for large Jacobi 
problems. 

The same log-scale layout as Figure 4a, now for 
RBGS. Because RBGS converges in far fewer 
iterations than Jacobi, the absolute GPU times are 
orders of magnitude shorter: at 1024×1024, RBGS-
Shared takes only 0.361 s compared to 86.954 s for 
Jacobi-Shared. At 4096×4096, RBGS-Shared runs 
in 33.653 s vs. 81.086 s for RBGS-Global with 16×8 
blocks, a 2.41× reduction. The CPU serial baseline 
grows steeply to several thousand seconds at the 
largest grid, while RBGS-Shared remains below 
34 s – establishing it as by far the most practical 
solver for large-scale 2D Poisson problems. 

Figure 5 shows the Global/Shared time ratio 
across all four block configurations. For Jacobi the 
ratio approaches 1 for 32×32 blocks but rises with 
narrower blocks, reaching 2.24× for 16×8 at 
1024×1024. For RBGS all configurations show a 
ratio above 1 at large grids, with 16×8 reaching 
2.41× at 4096×4096. 
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5.3 Absolute Execution Time 
Figure 3 presents absolute wall-clock GPU 

times alongside the CPU serial baseline. Although 
Jacobi-Shared achieves the highest speedup ratio, its 

absolute GPU time is vastly larger: 86.954 s at 
1024×1024 vs. 0.361 s for RBGS-Shared – a 241× 
difference. The high Jacobi speedup reflects the 
enormous serial iteration count, not GPU efficiency. 
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speedup ratio (77.32×), its absolute GPU time at 
1024×1024 is 86.954 s – compared to just 0.361 s for 
RBGS-Shared, a 241× difference. This contrast 
reveals that the high Jacobi speedup reflects the 
enormous serial iteration count, not GPU efficiency. 
For any production use case where wall-clock time 
matters, RBGS-Shared is the clear choice: it is faster 
in absolute terms by orders of magnitude across all 
grid sizes and converges to a tighter tolerance. The 
CPU baseline (top curve) grows steeply, confirming 
the practical necessity of GPU acceleration for large 
grids. 

 
5.4 Execution time 
Figures 4a and 4b compare GPU execution times 

between shared and global memory variants. For 
Jacobi at 1024×1024, the best global memory time 
is 127.489 s (32×32) vs. 86.954 s for shared memory 
(16×16), a 32% reduction. With 16×8 blocks, 
Jacobi-Shared takes 86.559 s vs. 193.918 s for 
Jacobi-Global – a 2.24× reduction. For RBGS at 
4096×4096 with 16×8 blocks: 33.653 s (Shared) vs. 
81.086 s (Global), a 2.41× reduction. 

Execution time in seconds (log scale) is shown 
as a function of grid size for the serial CPU baseline 
and all four Jacobi GPU configurations, each at its 
best block. For small grids the CPU and GPU times 
are comparable; from 256×256 onward the GPU 

variants pull decisively ahead. At 1024×1024, 
Jacobi-Shared with a 16×16 block runs in 86.954 s 
compared to 127.489 s for Jacobi-Global with a 
32×32 block (32% faster), while the CPU baseline 
requires 6,719 s. The 16×8 block shows an even 
larger gap: 86.559 s (Shared) vs. 193.918 s 
(Global), a 2.24× reduction. The CPU-to-GPU gap 
widens monotonically, confirming the scalability 
advantage of GPU parallelization for large Jacobi 
problems. 

The same log-scale layout as Figure 4a, now for 
RBGS. Because RBGS converges in far fewer 
iterations than Jacobi, the absolute GPU times are 
orders of magnitude shorter: at 1024×1024, RBGS-
Shared takes only 0.361 s compared to 86.954 s for 
Jacobi-Shared. At 4096×4096, RBGS-Shared runs 
in 33.653 s vs. 81.086 s for RBGS-Global with 16×8 
blocks, a 2.41× reduction. The CPU serial baseline 
grows steeply to several thousand seconds at the 
largest grid, while RBGS-Shared remains below 
34 s – establishing it as by far the most practical 
solver for large-scale 2D Poisson problems. 

Figure 5 shows the Global/Shared time ratio 
across all four block configurations. For Jacobi the 
ratio approaches 1 for 32×32 blocks but rises with 
narrower blocks, reaching 2.24× for 16×8 at 
1024×1024. For RBGS all configurations show a 
ratio above 1 at large grids, with 16×8 reaching 
2.41× at 4096×4096. 
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Figure 4a. Jacobi: CPU vs. GPU execution time (best block per grid size) 

 
 

 
Figure 4b. RBGS: CPU vs. GPU execution time (best block per grid size) 
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variants consistently outperform their global 
memory counterparts at every grid size. 
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and reach 2.24× at 1024×1024. For RBGS every 
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blocks are the primary beneficiaries of shared 
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Table 1. Best results: peak speedup configuration per method at representative grid sizes 
 

Method Best Block Grid Size GPU Time (s) CPU Time (s) Speedup (×) Max Error 
Jacobi-Shared 16×16 1024×1024 86.954 6723.339 77.32 5.07×10-6 
Jacobi-Global 32×32 1024×1024 127.489 6397.235 50.18 5.07×10-6 
RBGS-Shared 16×8 1024×1024 0.361 17.047 47.24 7.60×10-9 
RBGS-Global 32×32 1024×1024 0.789 16.795 21.29 7.60×10-9 
RBGS-Shared 16×8 4096×4096 33.653 1251.919 37.20 2.00×10-9 
RBGS-Global 32×32 4096×4096 49.268 1569.043 31.85 2.00×10-9 

 
 
Table 1 consolidates the peak performance 

figures for each solver at its optimal block 
configuration. Several observations follow. First, 
Jacobi-Shared delivers the highest raw speedup ratio 
(77.32× at 1024×1024 with a 16×16 block), yet its 
absolute GPU execution time is 86.954 s – more 
than 240× slower in wall-clock terms than RBGS-
Shared at the same grid size (0.361 s). This contrast 
underscores that a high speedup ratio can be mislea-
ding when the CPU baseline itself is pathologically 
slow due to excessive iteration counts. Second, 
RBGS-Shared is superior on every practical 
criterion: it achieves tighter accuracy (7.60×10⁻⁹ vs. 
5.07×10⁻⁶ for Jacobi), faster absolute runtime, and 
sustains strong speedup (37.20×) even at the largest 
tested grid (4096×4096) where Jacobi becomes 
infeasible. Third, shared memory variants consis-
tently outperform their global memory counterparts: 
Jacobi-Shared beats Jacobi-Global by 32% at 
1024×1024 (86.954 s vs. 127.489 s), and RBGS-
Shared beats RBGS-Global by 54% at the same size 
(0.361 s vs. 0.789 s), with the gap widening further 
at 4096×4096. Taken together, the table confirms 
that RBGS-Shared with a 16×8 block is the 
recommended configuration for production-scale 
2D Poisson solves on the tested GPU hardware. 

 
6. Conclusion 
 
This study presented a comparative analysis of 

four GPU-accelerated iterative solvers for the two-
dimensional Poisson equation. By implementing 
Jacobi-Global, Jacobi-Shared, RBGS-Global, and 
RBGS-Shared in CUDA and benchmarking them 
across grid sizes from 64×64 to 1024×1024, with 
RBGS additionally benchmarked up to 4096×4096, 
we systematically evaluated the impact of solver 
choice and memory strategy. 

First, shared memory tiling consistently 
outperforms global memory, with execution time 
reductions of up to 2.41× for narrow block 

configurations at large grid sizes. The benefit grows 
with grid size and inversely with block width. 

Second, RBGS converges in 657× fewer 
iterations than Jacobi at 1024×1024, translating to a 
241× reduction in absolute GPU execution time. For 
any large-scale computation, RBGS is therefore the 
clearly preferable solver. The high Jacobi speedup 
ratio reflects the slow CPU baseline rather than 
practical GPU efficiency. 

Third, GPU acceleration is effective for grids of 
256×256 and above, delivering speedups of 20–77× 
over a single-threaded CPU. For grids of 128×128 
and smaller, overhead prevents any benefit. 

Fourth, the optimal block configuration is me-
mory-strategy-dependent: global memory variants 
favor 32×32 blocks for coalescing; shared memory 
variants perform best with 16×16 or 16×8 blocks. 

Future work includes multi-threaded CPU 
baselines, multi-GPU domain decomposition, 
mixed-precision implementations, multigrid 
preconditioning with RBGS smoothers, and 
extension to three-dimensional problems. 
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