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THREE-DIMENSIONAL FRACTAL GEOMETRY MODELING  
AND DIGITAL HOLOGRAPHY BASED ON R-FUNCTIONS

Abstract. This paper is devoted to modern research in the field of digital modeling of complex-
shaped geometric objects and the determination of their optical properties, which currently represent 
one of the most relevant challenges in contemporary science. In particular, the problem of realistic rep-
resentation of three-dimensional objects with fractal geometry and their holographic reconstruction in a 
full 3D format is of significant scientific and practical importance for such fields as industry, medicine, 
engineering, architecture, materials science, virtual reality (VR), and digital art. Fractal structures possess 
a number of unique properties, including self-similarity, unlimited detail, and high spatial complexity, 
which makes them an effective mathematical basis for modeling natural objects such as plants, vas-
cular systems, bone tissues, crystalline structures, and surface reliefs. At the same time, the geometric 
representation of fractal forms using classical methods is challenging, and their mathematical modeling 
requires the application of high-precision and formally rigorous techniques. At present, the mathematical 
description of fractal objects is often based on statistical, stochastic, or iterative algorithms. However, 
such approaches are generally characterized by insufficient analytical rigor and smoothness, blurred 
boundaries, and the lack of a holistic spatial description. In this regard, there arises a need to develop 
methods for modeling complex fractal forms based on strict analytical expressions, in particular using the 
R-functions apparatus. An additional challenging task is the reconstruction of holographic images of the 
modeled fractal objects, which requires high-precision optical modeling. The application of holographic 
technologies based on the principles of interference and diffraction makes it possible to adequately re-
produce the spatial and structural features of fractal objects in a digital environment.
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reconstruction.
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1. Introduction 
 
In recent years, digital modeling of complex 

geometric objects and the investigation of their op-
tical properties have become an important research 
direction in applied mathematics, computer gra-
phics, and optical engineering. In particular, the rea-
listic representation of three-dimensional objects 
with fractal geometry and their holographic recons-
truction in full 3D format has attracted significant 
attention due to a wide range of applications in in-
dustry, medicine, engineering, architecture, mate-
rials science, virtual reality, and digital art [1, 2]. 

Fractal geometry provides a powerful 
mathematical framework for describing objects 
characterized by self-similarity, high structural 
complexity, and theoretically infinite levels of detail 
[3]. These properties make fractals particularly 
suitable for modeling natural structures such as 

plants, vascular systems, bone tissues, crystalline 
formations, and surface reliefs [4]. However, the 
accurate geometric representation of fractal objects 
remains a challenging task, especially in cases 
where strict boundary definition and analytical 
continuity are required. 

Most existing approaches to fractal modeling are 
based on statistical, stochastic, or purely iterative 
methods, including classical Iterated Function 
Systems (IFS) and random fractal generators [5, 6, 
7]. Although these methods are effective for 
visualization purposes, they often lack mathematical 
rigor, analytical smoothness, and explicit control 
over object boundaries. As a result, the generated 
models may contain discontinuities and exhibit 
limited applicability for subsequent physical or 
optical modeling [8]. 

To overcome these limitations, the present work 
employs the R-functions method as a rigorous 
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1. Introduction 
 
In recent years, digital modeling of complex 

geometric objects and the investigation of their op-
tical properties have become an important research 
direction in applied mathematics, computer gra-
phics, and optical engineering. In particular, the rea-
listic representation of three-dimensional objects 
with fractal geometry and their holographic recons-
truction in full 3D format has attracted significant 
attention due to a wide range of applications in in-
dustry, medicine, engineering, architecture, mate-
rials science, virtual reality, and digital art [1, 2]. 

Fractal geometry provides a powerful 
mathematical framework for describing objects 
characterized by self-similarity, high structural 
complexity, and theoretically infinite levels of detail 
[3]. These properties make fractals particularly 
suitable for modeling natural structures such as 

plants, vascular systems, bone tissues, crystalline 
formations, and surface reliefs [4]. However, the 
accurate geometric representation of fractal objects 
remains a challenging task, especially in cases 
where strict boundary definition and analytical 
continuity are required. 

Most existing approaches to fractal modeling are 
based on statistical, stochastic, or purely iterative 
methods, including classical Iterated Function 
Systems (IFS) and random fractal generators [5, 6, 
7]. Although these methods are effective for 
visualization purposes, they often lack mathematical 
rigor, analytical smoothness, and explicit control 
over object boundaries. As a result, the generated 
models may contain discontinuities and exhibit 
limited applicability for subsequent physical or 
optical modeling [8]. 

To overcome these limitations, the present work 
employs the R-functions method as a rigorous 

analytical tool for the geometric modeling of 
complex three-dimensional fractal objects. The R-
functions-based approach enables the construction 
of complex geometries using continuous implicit 
functions while preserving precise boundary 
descriptions and topological correctness [9, 10]. 
When combined with IFS, this method provides a 
formal incorporation of fractal self-similarity into an 
analytically defined spatial model. 

In addition to geometric modeling, accurate 
holographic reconstruction of fractal objects 
requires high-precision optical modeling. Digital 
holography, based on the principles of diffraction 
and interference, offers an efficient mechanism for 
encoding and reconstructing three-dimensional 
information [11]. In particular, Fresnel diffraction is 
widely used for numerical hologram formation and 
reconstruction due to its computational efficiency 
and solid physical foundation [12]. 

Furthermore, recent advances in deep learning 
have demonstrated the high effectiveness of 
convolutional neural networks (CNNs) in solving 
inverse problems in optics and image reconstruction 
[13, 14]. The integration of CNNs with analytically 
defined geometric constraints enhances the stability 
and accuracy of the reconstruction process while 
preserving the physical and mathematical structure 
of the modeled object. 

Thus, this work proposes a unified integrated 
approach that combines R-functions, IFS-based 
fractal modeling, digital holography, and 
convolutional neural networks. This integration 
establishes a reliable mathematical and 
computational framework for high-precision 

modeling and holographic reconstruction of 
complex three-dimensional fractal objects. 

To describe a three-dimensional geometric 
object, an implicit (implicit-form) function is used 

 
𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧): 𝑅𝑅𝑅𝑅3 →  𝑅𝑅𝑅𝑅 

𝛺𝛺𝛺𝛺 = { (𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ∈ 𝑅𝑅𝑅𝑅3 ∣∣ 𝛷𝛷𝛷𝛷𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0 } 
𝜕𝜕𝜕𝜕𝛺𝛺𝛺𝛺 = { (𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ∈ 𝑅𝑅𝑅𝑅3 ∣∣ 𝛷𝛷𝛷𝛷𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 0 } 

(1) 

 
It assigns a real value to each point in space with 

coordinates  
(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧). In this formulation, the object itself is 
defined as follows: 

𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0 – points belonging to the object,  
𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) < 0 – points located outside the object. 
To introduce a fractal structure, an Iterated 

Function System (IFS) is employed. At each 
iteration, the tetrahedron is scaled and translated in 
space. In general form, a three-dimensional affine 
transformation is written as: 

 
𝑟𝑟𝑟𝑟′ = 𝑆𝑆𝑆𝑆𝑟𝑟𝑟𝑟 + 𝑡𝑡𝑡𝑡𝑘𝑘𝑘𝑘 (2) 

where 
𝑟𝑟𝑟𝑟 = (𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)𝑇𝑇𝑇𝑇 , 
𝑆𝑆𝑆𝑆 = 𝑠𝑠𝑠𝑠𝐼𝐼𝐼𝐼3, 

0 < 𝑠𝑠𝑠𝑠 ≤ 1, 
(3) 

 
and 𝑡𝑡𝑡𝑡𝑘𝑘𝑘𝑘  – is the translation vector. 

For constructing the Sierpiński fractal, four 
affine transformations corresponding to the vertices 
of the initial tetrahedron are typically used. The 
mathematical model of the fractal at the 𝑛𝑛𝑛𝑛-th 
iteration, expressed via the R-function, is written as: 

 
𝛷𝛷𝛷𝛷𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) == 𝑅𝑅𝑅𝑅 �𝛷𝛷𝛷𝛷0�𝑆𝑆𝑆𝑆1−1(r − 𝑡𝑡𝑡𝑡1)�, … ,𝛷𝛷𝛷𝛷0 �𝑆𝑆𝑆𝑆4−1(r − 𝑡𝑡𝑡𝑡4)�� (4) 

where Φ0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)is the R-function of the initial 
tetrahedron, providing its analytical description. 
This formulation rigorously establishes the self-
similarity property of the fractal in a strict 
mathematical sense. 

As a result, a complex fractal structure of the 
three-dimensional Sierpiński tetrahedron is formed, 
which becomes increasingly detailed and visually 
apparent as the number of iterations increases. 

 
 
 
 
 

2. Materials and Methods 
 
Solving the problem of geometric modeling of 

the three-dimensional Sierpiński triangle (more 
precisely, the Sierpiński pyramid or tetrahedral 
fractal) requires a strictly analytical definition of the 
object in space. To this end, first of all, a regular 
three-dimensional pyramid (tetrahedron) is selected 
as the initial geometric object, which is  
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mathematically represented using analytical 
geometry and the R-function method. 

Any plane in space is typically described by the 
following linear equation: 

 
𝐴𝐴𝐴𝐴𝑥𝑥𝑥𝑥 + 𝐵𝐵𝐵𝐵𝑦𝑦𝑦𝑦 + 𝐶𝐶𝐶𝐶𝑧𝑧𝑧𝑧 + 𝐷𝐷𝐷𝐷 = 0. (5) 

 
Using this equation, we can determine the 

equation of each face (surface) of the pyramid. Let 
the four vertices of the initial pyramid be given as: 

 
𝑉𝑉𝑉𝑉1(𝑥𝑥𝑥𝑥1,𝑦𝑦𝑦𝑦1, 𝑧𝑧𝑧𝑧1),  𝑉𝑉𝑉𝑉2(𝑥𝑥𝑥𝑥2,𝑦𝑦𝑦𝑦2, 𝑧𝑧𝑧𝑧2),  
 𝑉𝑉𝑉𝑉3(𝑥𝑥𝑥𝑥3,𝑦𝑦𝑦𝑦3, 𝑧𝑧𝑧𝑧3),  𝑉𝑉𝑉𝑉4(𝑥𝑥𝑥𝑥4,𝑦𝑦𝑦𝑦4, 𝑧𝑧𝑧𝑧4) (6) 

 
The vectors formed by these points are: 
 

𝑉𝑉𝑉𝑉1𝑉𝑉𝑉𝑉2
→

,  𝑉𝑉𝑉𝑉1𝑉𝑉𝑉𝑉3
→

,  𝑉𝑉𝑉𝑉1𝑉𝑉𝑉𝑉4
→

 (7) 
 
Based on these vectors, the normal vectors for 

each face of the pyramid are determined, and as a 
result, four plane equations are obtained: 

 
𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 

= 𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖𝑥𝑥𝑥𝑥 + 𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑦𝑦𝑦𝑦 + 𝐶𝐶𝐶𝐶𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧 + 𝐷𝐷𝐷𝐷𝑖𝑖𝑖𝑖 , 𝑖𝑖𝑖𝑖 = 1, … ,4 (8) 

 
If, at the first iteration, a regular pyramid is 

considered, then the coordinates of its vertices are 
chosen in a special manner for convenience, for 
example: 

 
𝑉𝑉𝑉𝑉1(0,0,0),  𝑉𝑉𝑉𝑉2(𝑎𝑎𝑎𝑎, 0,0), 

  𝑉𝑉𝑉𝑉3 ⁣�
𝑎𝑎𝑎𝑎
2

,
√3𝑎𝑎𝑎𝑎

2
,0� ,  𝑉𝑉𝑉𝑉4 ⁣�

𝑎𝑎𝑎𝑎
2

,
√3𝑎𝑎𝑎𝑎

6
,
√6𝑎𝑎𝑎𝑎

3
� 

(9) 

 
This choice guarantees that all edges of the 

pyramid are equal. Using these points, the surface 
functions 𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)for each face are defined 
according to equation (1). 

At the next stage, the R-function apparatus is 
employed to represent the interior region of the 
pyramid by means of a single analytical function. If 
the interior half-spaces of all faces of the pyramid 
satisfy the condition 𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0, then the entire 
object is represented by the following R-function: 

 
𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 𝑅𝑅𝑅𝑅(𝑓𝑓𝑓𝑓1, 𝑓𝑓𝑓𝑓2, 𝑓𝑓𝑓𝑓3, 𝑓𝑓𝑓𝑓4) (10) 

 
where the R-function provides a smooth analytical 
representation of the logical AND operation, for 
example: 

 

𝑅𝑅𝑅𝑅(𝑎𝑎𝑎𝑎, 𝑏𝑏𝑏𝑏) = 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 − �𝑎𝑎𝑎𝑎2 + 𝑏𝑏𝑏𝑏2 (11) 
 
As a result, the condition Φ(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0 defines 

the points located inside the pyramid, while the 
condition Φ(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) < 0 defines the points located 
outside it. 

To introduce fractal properties, an Iterated 
Function System (IFS) is applied. At each iteration, 
the tetrahedron is scaled and translated in space. In 
general form, a three-dimensional affine 
transformation is written as: 

 
𝑇𝑇𝑇𝑇𝑘𝑘𝑘𝑘(𝑟𝑟𝑟𝑟) = 𝑆𝑆𝑆𝑆𝑟𝑟𝑟𝑟 + 𝑡𝑡𝑡𝑡𝑘𝑘𝑘𝑘 (12) 

 
where r = (𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)𝑇𝑇𝑇𝑇 , 𝑆𝑆𝑆𝑆 = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠3, 0 < 𝑠𝑠𝑠𝑠 < 1, and t𝑘𝑘𝑘𝑘are 
the translation vectors. 

For the Sierpiński pyramid, four affine 
transformations are typically used: 

 

𝑇𝑇𝑇𝑇𝑘𝑘𝑘𝑘(𝑟𝑟𝑟𝑟) =
1
2
𝑟𝑟𝑟𝑟 + 𝑡𝑡𝑡𝑡𝑘𝑘𝑘𝑘 , 𝑘𝑘𝑘𝑘 = 1, … ,4 (13) 

 
where t𝑘𝑘𝑘𝑘are translation vectors corresponding to the 
vertices of the initial tetrahedron. 

The mathematical model of the fractal at the 𝑛𝑛𝑛𝑛-
th iteration, expressed via the R-function, is written 
as: 

 
𝛷𝛷𝛷𝛷𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 

= max 
𝑘𝑘𝑘𝑘=1,…,4

 𝛷𝛷𝛷𝛷𝑛𝑛𝑛𝑛𝑛𝑛 ⁣�𝑇𝑇𝑇𝑇𝑘𝑘𝑘𝑘−1(x,y,z)� (14) 

 
Here, Φ0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)is the R-function describing the 

initial tetrahedron. This expression provides a strict 
mathematical formulation of the self-similarity 
property of the fractal. 

As a result, the object is defined as: 
 
𝛺𝛺𝛺𝛺 = {(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ∈ 𝑅𝑅𝑅𝑅3 ∣ 𝛷𝛷𝛷𝛷𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0} (15) 
 
The object is defined in this form, and as the 

number of iterations 𝑛𝑛𝑛𝑛increases, a complex three-
dimensional fractal structure of the Sierpinski 
pyramid is formed. 

 
General Algorithm (for the Sierpiński 

Pyramid) 
1. Select the vertices of the initial tetrahedron 

{𝑉𝑉𝑉𝑉𝑖𝑖𝑖𝑖}. 
2. Determine the plane equations for each face 

of the tetrahedron. 
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mathematically represented using analytical 
geometry and the R-function method. 

Any plane in space is typically described by the 
following linear equation: 

 
𝐴𝐴𝐴𝐴𝑥𝑥𝑥𝑥 + 𝐵𝐵𝐵𝐵𝑦𝑦𝑦𝑦 + 𝐶𝐶𝐶𝐶𝑧𝑧𝑧𝑧 + 𝐷𝐷𝐷𝐷 = 0. (5) 

 
Using this equation, we can determine the 

equation of each face (surface) of the pyramid. Let 
the four vertices of the initial pyramid be given as: 

 
𝑉𝑉𝑉𝑉1(𝑥𝑥𝑥𝑥1,𝑦𝑦𝑦𝑦1, 𝑧𝑧𝑧𝑧1),  𝑉𝑉𝑉𝑉2(𝑥𝑥𝑥𝑥2,𝑦𝑦𝑦𝑦2, 𝑧𝑧𝑧𝑧2),  
 𝑉𝑉𝑉𝑉3(𝑥𝑥𝑥𝑥3,𝑦𝑦𝑦𝑦3, 𝑧𝑧𝑧𝑧3),  𝑉𝑉𝑉𝑉4(𝑥𝑥𝑥𝑥4,𝑦𝑦𝑦𝑦4, 𝑧𝑧𝑧𝑧4) (6) 

 
The vectors formed by these points are: 
 

𝑉𝑉𝑉𝑉1𝑉𝑉𝑉𝑉2
→

,  𝑉𝑉𝑉𝑉1𝑉𝑉𝑉𝑉3
→

,  𝑉𝑉𝑉𝑉1𝑉𝑉𝑉𝑉4
→

 (7) 
 
Based on these vectors, the normal vectors for 

each face of the pyramid are determined, and as a 
result, four plane equations are obtained: 

 
𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 

= 𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖𝑥𝑥𝑥𝑥 + 𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑦𝑦𝑦𝑦 + 𝐶𝐶𝐶𝐶𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧 + 𝐷𝐷𝐷𝐷𝑖𝑖𝑖𝑖 , 𝑖𝑖𝑖𝑖 = 1, … ,4 (8) 

 
If, at the first iteration, a regular pyramid is 

considered, then the coordinates of its vertices are 
chosen in a special manner for convenience, for 
example: 

 
𝑉𝑉𝑉𝑉1(0,0,0),  𝑉𝑉𝑉𝑉2(𝑎𝑎𝑎𝑎, 0,0), 

  𝑉𝑉𝑉𝑉3 ⁣�
𝑎𝑎𝑎𝑎
2

,
√3𝑎𝑎𝑎𝑎

2
,0� ,  𝑉𝑉𝑉𝑉4 ⁣�

𝑎𝑎𝑎𝑎
2

,
√3𝑎𝑎𝑎𝑎

6
,
√6𝑎𝑎𝑎𝑎

3
� 

(9) 

 
This choice guarantees that all edges of the 

pyramid are equal. Using these points, the surface 
functions 𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)for each face are defined 
according to equation (1). 

At the next stage, the R-function apparatus is 
employed to represent the interior region of the 
pyramid by means of a single analytical function. If 
the interior half-spaces of all faces of the pyramid 
satisfy the condition 𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0, then the entire 
object is represented by the following R-function: 

 
𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 𝑅𝑅𝑅𝑅(𝑓𝑓𝑓𝑓1, 𝑓𝑓𝑓𝑓2, 𝑓𝑓𝑓𝑓3, 𝑓𝑓𝑓𝑓4) (10) 

 
where the R-function provides a smooth analytical 
representation of the logical AND operation, for 
example: 

 

𝑅𝑅𝑅𝑅(𝑎𝑎𝑎𝑎, 𝑏𝑏𝑏𝑏) = 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 − �𝑎𝑎𝑎𝑎2 + 𝑏𝑏𝑏𝑏2 (11) 
 
As a result, the condition Φ(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0 defines 

the points located inside the pyramid, while the 
condition Φ(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) < 0 defines the points located 
outside it. 

To introduce fractal properties, an Iterated 
Function System (IFS) is applied. At each iteration, 
the tetrahedron is scaled and translated in space. In 
general form, a three-dimensional affine 
transformation is written as: 

 
𝑇𝑇𝑇𝑇𝑘𝑘𝑘𝑘(𝑟𝑟𝑟𝑟) = 𝑆𝑆𝑆𝑆𝑟𝑟𝑟𝑟 + 𝑡𝑡𝑡𝑡𝑘𝑘𝑘𝑘 (12) 

 
where r = (𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)𝑇𝑇𝑇𝑇 , 𝑆𝑆𝑆𝑆 = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠3, 0 < 𝑠𝑠𝑠𝑠 < 1, and t𝑘𝑘𝑘𝑘are 
the translation vectors. 

For the Sierpiński pyramid, four affine 
transformations are typically used: 

 

𝑇𝑇𝑇𝑇𝑘𝑘𝑘𝑘(𝑟𝑟𝑟𝑟) =
1
2
𝑟𝑟𝑟𝑟 + 𝑡𝑡𝑡𝑡𝑘𝑘𝑘𝑘 , 𝑘𝑘𝑘𝑘 = 1, … ,4 (13) 

 
where t𝑘𝑘𝑘𝑘are translation vectors corresponding to the 
vertices of the initial tetrahedron. 

The mathematical model of the fractal at the 𝑛𝑛𝑛𝑛-
th iteration, expressed via the R-function, is written 
as: 

 
𝛷𝛷𝛷𝛷𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 

= max 
𝑘𝑘𝑘𝑘=1,…,4

 𝛷𝛷𝛷𝛷𝑛𝑛𝑛𝑛𝑛𝑛 ⁣�𝑇𝑇𝑇𝑇𝑘𝑘𝑘𝑘−1(x,y,z)� (14) 

 
Here, Φ0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)is the R-function describing the 

initial tetrahedron. This expression provides a strict 
mathematical formulation of the self-similarity 
property of the fractal. 

As a result, the object is defined as: 
 
𝛺𝛺𝛺𝛺 = {(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ∈ 𝑅𝑅𝑅𝑅3 ∣ 𝛷𝛷𝛷𝛷𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0} (15) 
 
The object is defined in this form, and as the 

number of iterations 𝑛𝑛𝑛𝑛increases, a complex three-
dimensional fractal structure of the Sierpinski 
pyramid is formed. 

 
General Algorithm (for the Sierpiński 

Pyramid) 
1. Select the vertices of the initial tetrahedron 

{𝑉𝑉𝑉𝑉𝑖𝑖𝑖𝑖}. 
2. Determine the plane equations for each face 

of the tetrahedron. 

3. Construct the R-function of the pyramid 
Φ0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧). 

4. Define the affine transformations 𝑇𝑇𝑇𝑇𝑘𝑘𝑘𝑘, 
including scaling and translations. 

5. Apply the iterative formula to compute 
Φ𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧). 

6. Visualize the fractal object using the 
condition Φ𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0. 

The main advantage of this approach is that the 
fractal defined by the IFS combined with the R-
function is represented not as a set of discrete points, 
but as a continuous analytical function. This 
provides an important mathematical foundation for 
subsequent stages such as holographic modeling, 
reconstruction using convolutional neural networks 
(CNNs), and three-dimensional printing. 

 
2.1. Modified General Algorithm 
The classical three-dimensional Sierpiński 

fractal is usually constructed using an Iterated 
Function System (IFS) as a set of discrete points. 

The proposed modification consists in the 
following: the fractal object is defined not as a set of 
points, but as a continuous three-dimensional 
geometric object analytically expressed via an R-
function, which is subsequently used for 
holographic reconstruction. 

This approach provides: 
• geometric accuracy, 
• smooth boundaries, 
• compatibility with optical modeling. 
Initial geometric model (zero iteration). 
As the basis for constructing the three-

dimensional Sierpiński triangle (more precisely, the 
Sierpiński pyramid or tetrahedron), a regular 
tetrahedron is used. The vertices of the tetrahedron 
are defined as: 

 
𝑉𝑉𝑉𝑉1(0,0,0),   𝑉𝑉𝑉𝑉2(𝑎𝑎𝑎𝑎, 0,0), 

𝑉𝑉𝑉𝑉3 ⁣�
𝑎𝑎𝑎𝑎
2

,
√3𝑎𝑎𝑎𝑎

2
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Each face of the tetrahedron is defined by a 

plane equation: 
 
𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖𝑥𝑥𝑥𝑥 + 𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑦𝑦𝑦𝑦 + 𝐶𝐶𝐶𝐶𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧 + 𝐷𝐷𝐷𝐷𝑖𝑖𝑖𝑖 = 0, 𝑖𝑖𝑖𝑖 = 1, … ,4 (17) 
 

where the coefficients 𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖 ,𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖 ,𝐶𝐶𝐶𝐶𝑖𝑖𝑖𝑖 ,𝐷𝐷𝐷𝐷𝑖𝑖𝑖𝑖are determined 
using vector cross products constructed from the 
vertex coordinates. 

Analytical representation of the tetrahedron 
using R-functions. For each plane, a distance 
function is defined as: 

 
𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 𝐴𝐴𝐴𝐴𝑖𝑖𝑖𝑖𝑥𝑥𝑥𝑥 + 𝐵𝐵𝐵𝐵𝑖𝑖𝑖𝑖𝑦𝑦𝑦𝑦 + 𝐶𝐶𝐶𝐶𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧 + 𝐷𝐷𝐷𝐷𝑖𝑖𝑖𝑖 (18) 
 
The interior volume of the tetrahedron is defined 

using an R-function as follows: 
 

𝐹𝐹𝐹𝐹0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 𝑅𝑅𝑅𝑅∧(𝑓𝑓𝑓𝑓1,𝑓𝑓𝑓𝑓2, 𝑓𝑓𝑓𝑓3, 𝑓𝑓𝑓𝑓4) (19) 
 

where 𝑅𝑅𝑅𝑅∧denotes the R-intersection operation. 
As a result, 𝐹𝐹𝐹𝐹0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) > 0 corresponds to the 

interior of the object, 𝐹𝐹𝐹𝐹0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 0 corresponds to 
the boundary, and 𝐹𝐹𝐹𝐹0(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) < 0 corresponds to the 
exterior region. 

This represents the first modification compared 
to the classical IFS approach. 

Fractal Iteration Based on IFS 
In the modified approach, unlike the classical 

IFS where only the coordinates are transformed, the 
R-function itself is transformed. 

The affine transformation is defined as: 
 

𝑇𝑇𝑇𝑇𝑘𝑘𝑘𝑘(𝑥𝑥𝑥𝑥) =
1
2
𝑥𝑥𝑥𝑥 + 𝑡𝑡𝑡𝑡𝑘𝑘𝑘𝑘 , 𝑘𝑘𝑘𝑘 = 1,2,3,4 (20) 

where 𝐭𝐭𝐭𝐭𝑘𝑘𝑘𝑘are translation vectors corresponding to the 
vertices of the tetrahedron. 

Each iteration is defined as follows: 
 

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 𝑅𝑅𝑅𝑅∨ ⁣�𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 ⁣(𝑇𝑇𝑇𝑇1−1(x,y,z)), … ,𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛 ⁣(𝑇𝑇𝑇𝑇4−1(x,y,z))� (21) 

where 𝑅𝑅𝑅𝑅∨denotes the R-union operation, given by: 
 
𝑅𝑅𝑅𝑅∨(𝑎𝑎𝑎𝑎, 𝑏𝑏𝑏𝑏) = 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 − �𝑎𝑎𝑎𝑎2 + 𝑏𝑏𝑏𝑏2 (22) 

 

This operation represents the second key 
modification, due to which the fractal evolves as an 
analytical geometric field. 
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Three-dimensional fractal geometry modeling and digital holography based on R-functions 

Spatial Density Model of the Fractal Object 
For holographic modeling, it is necessary to 

define the spatial density of the object: 
 

𝜌𝜌𝜌𝜌(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 𝐻𝐻𝐻𝐻 ⁣(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛(x,y,z)) (23) 
 

where 𝐻𝐻𝐻𝐻(⋅)denotes the Heaviside function. 
Holographic Modeling (Third Modification) 
The wave field of the object is defined as: 
 
𝑈𝑈𝑈𝑈0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 𝜌𝜌𝜌𝜌(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) 𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦,𝑧𝑧𝑧𝑧) (24) 

 
The reference (carrier) wave is given by: 
 

𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 𝑒𝑒𝑒𝑒  𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘�xsin 𝜃𝜃𝜃𝜃𝑥𝑥𝑥𝑥+ysin 𝜃𝜃𝜃𝜃𝑦𝑦𝑦𝑦� (25) 
 
The hologram is formed using the Fresnel 

integral: 
 

𝐻𝐻𝐻𝐻(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 

=∣ ∭𝑈𝑈𝑈𝑈0(ξ,η,ζ)
𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘𝑖𝑖𝑖𝑖

𝑅𝑅𝑅𝑅
dξdηdζ + 𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟(x,y) ∣2 

(26) 

 
As a result, a digital hologram of a three-

dimensional fractal object is obtained. 
Overall Algorithm Sequence 
Algorithm: 
1. Determination of the tetrahedron vertices. 
2. Construction of the initial geometric model 

using an R-function. 
3. Iteration of the R-function with the 

application of affine transformations. 
4. Formation of the fractal density function. 
5. Computation of wave propagation. 
6. Generation of the digital hologram. 
The process of geometric modeling of 

holographic images of complex three-dimensional 
objects with fractal shapes is based on the 
integration of several classical approaches. In this 
dissertation, a new generalized algorithm is 
proposed that combines the mathematical apparatus 
of the R-function method, fractal geometry, digital 
holography, and convolutional neural networks 
(CNNs) into a single modified framework. 

The principal modification lies in the fact that 
the fractal object is considered not only as an 
iterative or statistical model, but as a continuous 
spatial function analytically defined by means of an 
R-function. This function directly participates both 
in the formation of the holographic image and in the 
reconstruction stages using CNNs. 

First of all, the fractal three-dimensional object 
defined in space, Ω ⊂ ℝ3 is treated as a field and is 
expressed using an R-function as follows: 

 
𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 

= 𝑅𝑅𝑅𝑅(𝜙𝜙𝜙𝜙1(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧),𝜙𝜙𝜙𝜙2(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧), … ,𝜙𝜙𝜙𝜙𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)) 
(27

) 
 
Here, 𝜙𝜙𝜙𝜙𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)are the level-set functions of 

elementary geometric primitives (sphere, cylinder, 
cone, etc.), and 𝑅𝑅𝑅𝑅(⋅)is a smooth analytical analogue 
of the logical operations AND / OR / NOT. Interior 
points of the object are determined by the condition 
Φ(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0, whereas exterior points satisfy 
𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) < 0. The fractal property is introduced 
into the object through multiscale iteration: 

 
𝛷𝛷𝛷𝛷𝑘𝑘𝑘𝑘(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 

= 𝑅𝑅𝑅𝑅(𝛷𝛷𝛷𝛷𝑘𝑘𝑘𝑘−1(𝑠𝑠𝑠𝑠𝑥𝑥𝑥𝑥, 𝑠𝑠𝑠𝑠𝑦𝑦𝑦𝑦, 𝑠𝑠𝑠𝑠𝑧𝑧𝑧𝑧),𝜓𝜓𝜓𝜓𝑘𝑘𝑘𝑘(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)) (28) 

 
Here, 𝑠𝑠𝑠𝑠 < 1is the scaling coefficient, and 𝜓𝜓𝜓𝜓𝑘𝑘𝑘𝑘is 

an additional geometric component in the fractal 
iteration. At the next stage, the complex amplitude 
of the object is defined as: 

 
𝑈𝑈𝑈𝑈0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 𝐴𝐴𝐴𝐴(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) exp  ⁣(𝑖𝑖𝑖𝑖𝜙𝜙𝜙𝜙(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)) (29) 
 
Here, the amplitude 𝐴𝐴𝐴𝐴(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)is defined through 

the projection of the object using the R-function: 
 
𝐴𝐴𝐴𝐴(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = ∫ 𝐻𝐻𝐻𝐻 ⁣(𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)) 𝑑𝑑𝑑𝑑𝑧𝑧𝑧𝑧 (30) 

 
where 𝐻𝐻𝐻𝐻(⋅)denotes the Heaviside function, and 
𝜙𝜙𝜙𝜙(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦)is the phase function proportional to the 
spatial relief of the object: 

 
𝜙𝜙𝜙𝜙(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 𝑘𝑘𝑘𝑘 𝑧𝑧𝑧𝑧(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦) (31) 

 
Here, 𝑘𝑘𝑘𝑘 = 2𝜋𝜋𝜋𝜋

𝜆𝜆𝜆𝜆
 is the wave number. 

The hologram is formed based on the principle 
of interference: 

 
𝐼𝐼𝐼𝐼(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦) =∣ 𝑈𝑈𝑈𝑈0(x,y) + 𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟(x,y) ∣2 (32) 

 
Here, 𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 𝐴𝐴𝐴𝐴𝑟𝑟𝑟𝑟exp (𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘) is the reference 

wave. As a result, the obtained intensity function 
𝐼𝐼𝐼𝐼(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)contains the holographic image of the fractal 
object. 

The main modification begins precisely at this 
stage. In the traditional approach, the hologram is 
provided to the CNN in the form of a ready-made 
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Spatial Density Model of the Fractal Object 
For holographic modeling, it is necessary to 

define the spatial density of the object: 
 

𝜌𝜌𝜌𝜌(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 𝐻𝐻𝐻𝐻 ⁣(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛(x,y,z)) (23) 
 

where 𝐻𝐻𝐻𝐻(⋅)denotes the Heaviside function. 
Holographic Modeling (Third Modification) 
The wave field of the object is defined as: 
 
𝑈𝑈𝑈𝑈0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 𝜌𝜌𝜌𝜌(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) 𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦,𝑧𝑧𝑧𝑧) (24) 

 
The reference (carrier) wave is given by: 
 

𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 𝑒𝑒𝑒𝑒  𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘�xsin 𝜃𝜃𝜃𝜃𝑥𝑥𝑥𝑥+ysin 𝜃𝜃𝜃𝜃𝑦𝑦𝑦𝑦� (25) 
 
The hologram is formed using the Fresnel 

integral: 
 

𝐻𝐻𝐻𝐻(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 

=∣ ∭𝑈𝑈𝑈𝑈0(ξ,η,ζ)
𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘𝑖𝑖𝑖𝑖

𝑅𝑅𝑅𝑅
dξdηdζ + 𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟(x,y) ∣2 

(26) 

 
As a result, a digital hologram of a three-

dimensional fractal object is obtained. 
Overall Algorithm Sequence 
Algorithm: 
1. Determination of the tetrahedron vertices. 
2. Construction of the initial geometric model 

using an R-function. 
3. Iteration of the R-function with the 

application of affine transformations. 
4. Formation of the fractal density function. 
5. Computation of wave propagation. 
6. Generation of the digital hologram. 
The process of geometric modeling of 

holographic images of complex three-dimensional 
objects with fractal shapes is based on the 
integration of several classical approaches. In this 
dissertation, a new generalized algorithm is 
proposed that combines the mathematical apparatus 
of the R-function method, fractal geometry, digital 
holography, and convolutional neural networks 
(CNNs) into a single modified framework. 

The principal modification lies in the fact that 
the fractal object is considered not only as an 
iterative or statistical model, but as a continuous 
spatial function analytically defined by means of an 
R-function. This function directly participates both 
in the formation of the holographic image and in the 
reconstruction stages using CNNs. 

First of all, the fractal three-dimensional object 
defined in space, Ω ⊂ ℝ3 is treated as a field and is 
expressed using an R-function as follows: 

 
𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 

= 𝑅𝑅𝑅𝑅(𝜙𝜙𝜙𝜙1(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧),𝜙𝜙𝜙𝜙2(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧), … ,𝜙𝜙𝜙𝜙𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)) 
(27

) 
 
Here, 𝜙𝜙𝜙𝜙𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)are the level-set functions of 

elementary geometric primitives (sphere, cylinder, 
cone, etc.), and 𝑅𝑅𝑅𝑅(⋅)is a smooth analytical analogue 
of the logical operations AND / OR / NOT. Interior 
points of the object are determined by the condition 
Φ(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0, whereas exterior points satisfy 
𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) < 0. The fractal property is introduced 
into the object through multiscale iteration: 

 
𝛷𝛷𝛷𝛷𝑘𝑘𝑘𝑘(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 

= 𝑅𝑅𝑅𝑅(𝛷𝛷𝛷𝛷𝑘𝑘𝑘𝑘−1(𝑠𝑠𝑠𝑠𝑥𝑥𝑥𝑥, 𝑠𝑠𝑠𝑠𝑦𝑦𝑦𝑦, 𝑠𝑠𝑠𝑠𝑧𝑧𝑧𝑧),𝜓𝜓𝜓𝜓𝑘𝑘𝑘𝑘(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)) (28) 

 
Here, 𝑠𝑠𝑠𝑠 < 1is the scaling coefficient, and 𝜓𝜓𝜓𝜓𝑘𝑘𝑘𝑘is 

an additional geometric component in the fractal 
iteration. At the next stage, the complex amplitude 
of the object is defined as: 

 
𝑈𝑈𝑈𝑈0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 𝐴𝐴𝐴𝐴(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) exp  ⁣(𝑖𝑖𝑖𝑖𝜙𝜙𝜙𝜙(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)) (29) 
 
Here, the amplitude 𝐴𝐴𝐴𝐴(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)is defined through 

the projection of the object using the R-function: 
 
𝐴𝐴𝐴𝐴(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = ∫ 𝐻𝐻𝐻𝐻 ⁣(𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)) 𝑑𝑑𝑑𝑑𝑧𝑧𝑧𝑧 (30) 

 
where 𝐻𝐻𝐻𝐻(⋅)denotes the Heaviside function, and 
𝜙𝜙𝜙𝜙(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦)is the phase function proportional to the 
spatial relief of the object: 

 
𝜙𝜙𝜙𝜙(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 𝑘𝑘𝑘𝑘 𝑧𝑧𝑧𝑧(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦) (31) 

 
Here, 𝑘𝑘𝑘𝑘 = 2𝜋𝜋𝜋𝜋

𝜆𝜆𝜆𝜆
 is the wave number. 

The hologram is formed based on the principle 
of interference: 

 
𝐼𝐼𝐼𝐼(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦) =∣ 𝑈𝑈𝑈𝑈0(x,y) + 𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟(x,y) ∣2 (32) 

 
Here, 𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 𝐴𝐴𝐴𝐴𝑟𝑟𝑟𝑟exp (𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘) is the reference 

wave. As a result, the obtained intensity function 
𝐼𝐼𝐼𝐼(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)contains the holographic image of the fractal 
object. 

The main modification begins precisely at this 
stage. In the traditional approach, the hologram is 
provided to the CNN in the form of a ready-made 

image. In the present work, the hologram is supplied 
in the form of a normalized tensor with phase 
information preserved: 

 

𝐼𝐼𝐼𝐼
~

(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) =
𝐼𝐼𝐼𝐼(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) − 𝜇𝜇𝜇𝜇𝐼𝐼𝐼𝐼

𝜎𝜎𝜎𝜎𝐼𝐼𝐼𝐼
 (33) 

 
Here, 𝜇𝜇𝜇𝜇𝐼𝐼𝐼𝐼and 𝜎𝜎𝜎𝜎𝐼𝐼𝐼𝐼denote the mean value and 

variance, respectively. The normalized hologram is 
fed into the input layer of the CNN: 𝑋𝑋𝑋𝑋(0) = 𝐼𝐼𝐼𝐼(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) 

At each convolutional layer, the feature maps are 
computed as follows: 

 

𝑋𝑋𝑋𝑋𝑗𝑗𝑗𝑗
(𝑙𝑙𝑙𝑙) = 𝜎𝜎𝜎𝜎 ⁣��𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖

�𝑙𝑙𝑙𝑙−1�

𝑖𝑖𝑖𝑖

∗ 𝑊𝑊𝑊𝑊𝑖𝑖𝑖𝑖𝑗𝑗𝑗𝑗
(𝑙𝑙𝑙𝑙) + 𝑏𝑏𝑏𝑏𝑗𝑗𝑗𝑗

(𝑙𝑙𝑙𝑙)� (34) 

 
Here, “∗” denotes the convolution operator, 

𝑊𝑊𝑊𝑊𝑖𝑖𝑖𝑖𝑗𝑗𝑗𝑗
(𝑙𝑙𝑙𝑙)are the filter kernels, and 𝜎𝜎𝜎𝜎(⋅)is a nonlinear 

activation function (ReLU). 
An important feature of the proposed 

modification is that, during training, a geometric 
constraint based on the R-function is incorporated 
into the loss function: 

 
𝐿𝐿𝐿𝐿 = 𝐿𝐿𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 + 

+𝛼𝛼𝛼𝛼� ∣
𝛺𝛺𝛺𝛺
𝛷𝛷𝛷𝛷𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) − 𝛷𝛷𝛷𝛷(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ∣2  𝑑𝑑𝑑𝑑𝑉𝑉𝑉𝑉 (35) 

 
Here, ℒrecdenotes the hologram reconstruction 

error, ΦCNNis the surface of the object reconstructed 
by the CNN, and 𝛼𝛼𝛼𝛼is a weighting coefficient. 

As a result, the CNN learns not only visual 
similarity, but also the analytical and geometric 
structure of the object. At the final stage, the 
reconstructed three-dimensional object is obtained: 

 
𝛺𝛺𝛺𝛺𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 = {(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧):𝛷𝛷𝛷𝛷𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ≥ 0} (36) 
 
The proposed new generalized algorithm thus 

integrates classical geometric modeling based on R-
functions with digital holography and deep learning 
methods in a modified manner, enabling  
high-accuracy modeling and reconstruction of 
holographic images of complex three-dimensional 
objects with fractal geometry. 

 
 
 
 

3. Modified Universal Algorithm: R-Function 
– IFS – Holographic Modeling 

1. The classical three-dimensional Sierpiński 
fractal is constructed as a set of discrete points using 
an Iterated Function System (IFS). 

The proposed modification consists in defining 
the fractal object as a continuous analytical three-
dimensional geometry using an R-function, which is 
then directly employed for holographic reconstruc-
tion. This ensures geometric accuracy, smooth boun-
daries, and compatibility with optical modeling. 

2. A regular tetrahedron is used as the base 
object. The coordinates of its vertices and the 
analytical equations of the planes defining its faces 
are specified. 

3. For each plane, a distance function is defined. 
The interior region of the tetrahedron is described by 
the function: 

 
𝐹𝐹𝐹𝐹0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 𝑅𝑅𝑅𝑅∧(𝑓𝑓𝑓𝑓1,𝑓𝑓𝑓𝑓2, 𝑓𝑓𝑓𝑓3, 𝑓𝑓𝑓𝑓4) (37) 

 
where 𝐹𝐹𝐹𝐹0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) > 0corresponds to the interior, 
𝐹𝐹𝐹𝐹0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 0to the boundary, and 𝐹𝐹𝐹𝐹0(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) <
0to the exterior of the object. 

4. Fractal iteration is performed based on the 
modified IFS. Unlike the classical approach, the R-
function itself is transformed via affine scaling and 
translation. The iteration is defined as: 

 

𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = �𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛𝑛𝑛

4

𝑘𝑘𝑘𝑘=1

 ⁣(𝑆𝑆𝑆𝑆−1(r − t𝑘𝑘𝑘𝑘)) (38) 

 
5. Spatial Density of the Object for Holography 
The spatial density of the object is defined by the 

function: 𝜌𝜌𝜌𝜌(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = 𝐻𝐻𝐻𝐻 ⁣(𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧)) where 𝐻𝐻𝐻𝐻(⋅
)denotes the Heaviside function. 

6. Holographic Modeling 
The complex wave field of the object is given 

by: 
𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) = 𝐴𝐴𝐴𝐴(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦) 𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) 

 
where the amplitude 𝐴𝐴𝐴𝐴(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)and the phase 

𝜑𝜑𝜑𝜑(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)are computed based on the projection of the 
object using the R-function. The hologram is formed 
using the Fresnel integral and interference with the 
reference wave 𝑈𝑈𝑈𝑈𝑟𝑟𝑟𝑟(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦): 
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𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = �𝐹𝐹𝐹𝐹𝑛𝑛𝑛𝑛−1

4

𝑘𝑘𝑘𝑘=1

 ⁣(𝑆𝑆𝑆𝑆−1(r − t𝑘𝑘𝑘𝑘)) (39) 

 
7. CNN-Based Reconstruction 
The normalized hologram is supplied to the 

input of the convolutional neural network. Feature 
maps are computed as: 𝑋𝑋𝑋𝑋𝑙𝑙𝑙𝑙 = 𝜎𝜎𝜎𝜎 ⁣(𝑊𝑊𝑊𝑊𝑙𝑙𝑙𝑙 ∗ 𝑋𝑋𝑋𝑋𝑙𝑙𝑙𝑙−1 + 𝑏𝑏𝑏𝑏𝑙𝑙𝑙𝑙) 
where “∗” denotes the convolution operation, 𝑊𝑊𝑊𝑊𝑙𝑙𝑙𝑙are 
the filter kernels, and 𝜎𝜎𝜎𝜎(⋅)is a nonlinear activation 
function (ReLU). A geometric constraint based on 
the R-function is incorporated into the loss function: 
𝐿𝐿𝐿𝐿 = 𝐿𝐿𝐿𝐿reconstruction + 𝛼𝛼𝛼𝛼 𝐿𝐿𝐿𝐿R-function This allows the 
network to take into account both visual similarity 
and the analytical–geometric structure of the object. 

8. The proposed universal algorithm integrates 
analytical modeling using R-functions, fractal 
modeling based on IFS, digital holography, and deep 
learning, thereby enabling high-accuracy 
reconstruction and modeling of complex three-
dimensional fractal objects. 

 
4. Computational Experiments 
 
To evaluate the effectiveness of the proposed 

approach, numerical experiments were conducted 
on the modeling and holographic reconstruction of 
the three-dimensional Sierpiński tetrahedron. The 
following parameters were used in the experiments: 

• Number of IFS iterations: 𝑛𝑛𝑛𝑛 = 4 ÷ 6 
• Scaling coefficient: 𝑠𝑠𝑠𝑠 = 0.5 
• Spatial discretization: step size along the 𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 

and 𝑧𝑧𝑧𝑧axes of 0.01 units 
• Optical wavelength used: 𝜆𝜆𝜆𝜆 = 532 nm 

At the first stage, the initial tetrahedron was 
constructed using an analytical representation based 
on R-functions. This was followed by iterative 
generation of the fractal structure through the 
application of affine transformations. The resulting 
three-dimensional models were visualized to assess 
the accuracy of the geometric construction and the 
degree of self-similarity across different scales. 

At the second stage, holographic modeling was 
performed using the Fresnel integral. During the 
generation of the digital hologram, both the 
amplitude and phase of the object were taken into 
account, which made it possible to preserve the 
spatial structure of the fractal. Reconstruction was 
carried out using a convolutional neural network 
(CNN) trained on normalized holograms while 
incorporating geometric constraints imposed by the 
R-function. 

The experimental results demonstrated the 
following: 

1. The analytical representation based on R-
functions enabled precise definition of object 
boundaries while preserving surface continuity. 

2. Multiple IFS iterations resulted in a self-
similar structure with a high level of geometric 
detail. 

3. Digital holograms containing phase infor-
mation allowed the CNN to accurately reconstruct 
three-dimensional objects, ensuring both visual and 
analytical consistency with the original model. 

4. The proposed method is well suited for 
applications in 3D printing, virtual and augmented 
reality, as well as physical modeling and optical 
experiments.

 

 
 

Figure 1. 3D Sierpiński fractal (example) 
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Figure 1. 3D Sierpiński fractal (example) 

 
 

Figure 2. Cross-section of the spatial density of the fractal object 
 

 
 

Figure 3. Digital hologram and CNN-based reconstruction 
 
 
Illustrations of the experimental results include 

visualizations of the initial tetrahedron, the fractal 
structure after 𝑛𝑛𝑛𝑛iterations, the digital hologram, and 
the reconstructed three-dimensional object. 

 
5. Conclusion 
 
This work proposes a new unified method for 

modeling and holographic reconstruction of 
complex three-dimensional fractal objects based on 
a combination of analytical R-functions, Iterated 
Function Systems (IFS), digital holography, and 
convolutional neural networks. 

The main scientific results can be summarized 
as follows: 

• The use of R-functions enabled a transition 
from a discrete set of points to a continuous 
analytical function, providing precise boundary 
description and topological correctness. 

• The integration of affine transformations with 
R-functions preserved fractal properties and self-
similarity across all iterations. 

• The digital hologram was formed by taking 
into account both the amplitude and phase of the 
object, which improved reconstruction accuracy. 

• The introduction of geometric constraints into 
the network loss function made it possible to 
simultaneously restore visual similarity and the 
analytical–geometric structure of the object. 

The proposed method opens new possibilities for 
high-precision modeling of complex fractal objects 
and their holographic reconstruction in applications 
such as industry, medicine, materials science, 
architecture, and virtual and augmented reality. 

Future work will focus on extending the method 
to more complex fractal forms, adapting the ap-
proach for dynamic holographic objects, and integ-
rating it with physical models of light scattering and 
optical experiments. 
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