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Abstract. This article is devoted to modeling of the gas filtration process in a dynamically intercon-
nected multilayer porous medium. The article is devoted to modeling the process of gas filtration in a
dynamically interconnected multilayer porous medium. In the article, the process of gas filtration in a
heterogeneous three layer porous medium with low-permeability intermediate layers and the dynamic
interaction between the layers are described by a mathematical model based on a system of differential
equations of parabolic type. This mathematical model is numerically simulated using finite difference
methods, i.e. explicit and implicit schemes. Since the resulting system of finite difference equations is
nonlinear with respect to the pressure function, a quasilinear method was used. The dynamics of the
pressure function over time was analyzed for time intervals of 360, 720 and 1080 days, and during this
period the pressure distribution in the layers, the rate of pressure drop around the well and the dynamics
of interlayer interaction were studied. The calculation results are presented in numerical and graphical
form, which accurately reflect how the interlayer movement of the gas flow occurs. Using graphical
analysis, the time step limit was determined, ensuring the stability of the computational process in the
explicit scheme: a stable calculation is carried out only with a dimensionless time step t < 1.7e-4.
Also, the calculations carried out using the implicit scheme showed that this method has more stable
stability compared to the explicit scheme. The results show that with a large permeability coefficient of
the formation, the pressure distribution accelerates, and in the wells the pressure drop slows down. At
the same time, in directly connected multilayer porous media, the permeability coefficient of the layers
plays an important role. Based on the obtained results, it is possible to carry out calculations for various
parameters to improve the efficiency of gas field development. It is also possible to analyze and forecast
oil and gas deposits using software created on the basis of numerical models and algorithms developed
in the article.

Key words: gas, filtration, multilayer, porous medium, parabolic equations, numerical modeling,
finite difference method, explicit scheme, implicit scheme, quasilinear method, pressure, stability condi-
tion, conductivity coefficient, software, mathematical model.
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1 Introduction and preliminaries

The work is devoted to modeling the process of
liquid filtration in oil and gas fields, and covers the
fundamentals of solving differential equations
describing multiphase flows using numerical
methods. Recommendations are given on
mathematical modeling of reservoir systems,
creation of computer models and their analysis,
which can be used not only in modeling oil, but also
underground water and gas fields [1,2].

The article is devoted to the calculation of the
boundary value problem of the gas filtration process
in three layer interconnected porous media. The
results of computational experiments show that with
a small parameter of a low-permeability layer, the
pressure drop occurs mainly in the middle layer [3].
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The developed mathematical model, computational
algorithm and software can be effectively applied in
the analysis and forecasting of filtration processes in
multi-layer oil and gas fields [4-8].

The article develops a mathematical model of
the two-phase filtration process in layers of
porous media. Underground studies of the process
of two-phase non-stationary filtration in
interconnected two-layer porous media were also
analyzed. Based on the research results, a
numerical solution and a boundary value problem
were developed. Accurate and effective methods
were used to solve two-dimensional filtration
problems [9-12].

The presented analysis shows that when
determining and analyzing the indicators of oil and
gas field development, it is necessary to develop
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Numerical modeling of the filtration process in dynamically interconnected multilayer gas fields

effective  numerical methods, computational
algorithms and their software. In particular, in-depth
study and modeling of the gas filtration process in a
heterogeneous three layer porous medium with low-
permeability intermediate layers, taking into
account the dynamic connections between the
layers, is of great importance when developing
multilayer gas fields.

2 Mathematical model

Due to the low permeability of the intermediate
layers, the movement of liquid in them occurs only
in the vertical direction. Therefore, the mathematical
model of such a process is the following system of
equations, consisting of three interconnected one-
dimensional differential equations of parabolic type.

(0 [ dP?] 0P, Ky
— [Kihy—| =2 ——— (P —P}
ax | 1hy ox | apmhy ot hl'[l( 2 1)
a [ oP3] 0P, K Kz
— [Kyhy —=| = 2aumh, —= + — (P? — P}) — —=(P? — P}) —
ax-ZZax- a#m26t+hn1(2 1) hn2(3 2) Q (1)
a [ dP2] oP; K,
— |Kshs —=| = 2aumh; —=+ —=(P§ — P).
Lax_33ax_ a:um3at+hl_[2(3 2)
O0<x<Lt>0.
The initial and boundary conditions of the problem:
Py(x,t0) = P1y(x), P2(x,to) = Pop(x), P3(x,to) = P3p(x); (2)
oP
—K1h16_1|x =0=a(P,—P);
op, ®)
thlalx =L = (X(PA—Pl).
opP,
—Kyh, —=|x =0 =a(Py — P,);
Ox
3 aP, “4)
thngc =L= a(PA _Pz).
oP.
—K3hs == |x = 0 = a(P; — P3);
ox
] oP, (5)
\K3h3W|x =L= a(PA —P3)
Nq
Q=Zqiq6(x—xiq);iq=1,...Nq; (6)
ig=1
Here: § — Dirac delta function; » — normal in  saturation; L — layer length; N, — number of

the border area; u — gas viscosity; P, —boundary
pressure;  P;,P,,P; — pressure in layers;
K;, K,, K3 — coefficient of permeability of layers;
Piy, Py, Psy — initial pressure of the layers;
Kn1, Knp — weak permeability layer coefficients;
m— porous coefficient of layers; hy, h,, hy — layers
thickness; qi, — ig — well flow rate; a — gas
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0, -fixed at the boundary;
1, - not fixed at the boundary.

To numerically solve the boundary value
problem, we will reduce it to a dimensionless form
[13,14]. For this purpose, we will introduce the
following notations into the system of equations

(1):

wells;a = {
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. x KegtP, . K . K
T T 2amu M T T
K3 Ky Kz
K* _,K* _ : * Ly
3 Kx i Kx 12 Kx

ulL?
Kx thx

P*=—' = , * = .
3 q Qa aKxhx

In this case, K., h, P. are the values of the
permeability, thickness, and pressure of the layer at
a certain value, respectively. a*- dimensional

* * h * *
hl :ﬁ, hz =2 hz :E; hm =
h h h h parameter.
! * ! * By performing these transformations in the
system of equations and omitting the symbol “*” in
. @ P ﬁ . po 5 ) the equation, we obtain at the following
mT ot T pe 2 ’ dimensionless system of equations:
(0 Kh OP?] h 0P, KL (P2 _ p?) (7)
x| "t ax | ot hyh2T?: Y7
d OP?] h,0P, Kyl Ky, L?
{=—|K,h P} — P?) — P} —P?)—q,
ax 2102 ax- aT hnlhjzc( 2 1) hnzhjzc( 3 2) q
0 0P2] hz0P; Kyl
— |K3h = Pz —P}).
x| 373 ox 0t hnzh,zc( 5= P2
0<x<1;t>0.
The initial and boundary conditions are as follows:
Py(x,t0) = P1y(x), P2(x, to) = Py (x), P3(x,to) = P3p(x); (®)
0P,
—K1h1g|x =0=a(P, —P);
o ©)
thlalx =1= OZ(PA _Pl)'
( 0P,
_thzabc =0=a(P,—Py);
X ap (10)
thza_lex =1= a(PA _Pz).
( 0P;
—Kshs——1x = 0= a(Py — P3);
X ap (11)
K3h3a_x3|x =1= a(PA _P3).

For convenience, the following notations we
defined in the system of equations:

T1=K1h1, T2:K2h2, T3:K3h3,

K,
hyih?

_ Kppl?
hnphZ’

R, 2

We will solve the dimensionless boundary value
problem (7) — (11) using the finite difference
method.

Numerical modeling. To  solve the
dimensionless boundary value problem (7)-(11), we
will construct its numerical model, using the finite
difference method. To do this, we construct the
following grid onthe x-axis0 < x < land 0 <t <
T, over time intervals:
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It is known that one of the methods for discretizing

a system of equations of parabolic type is the finite
T difference method. Applying this method to the

l=012,..., N;dt = F}- boundary value problem, we reduce the system of
i differential equations (7) — (11) to the following system

Here Ax — step along the x-axis; At — step in Ffinite diff . th licit schome.
time; Wyr — grid area. of tinite difference equations with an explicit scheme:

Wy ={x; =idx;i =1,n1 = lA7;

2(1 2(D) 201 (1+1 )
Tli—0,5P1i_)1 — (Thi=o5 + Taivos )P+ T1i+0,5P1i+)1 _n Py ) - Py R p20 4 p p2®
A2 = hy; e 15y "+ R By,
2(1 2(1 2(1
th—o,spzi(_)l — (T2i—0s + T2i+0,5)P2i( )+ T2i+o,5P2i(+)1 _
Ax?
By - By 2) 2(D) 2) 2(1)
= hzi A‘[ + RlPZi - RlPli - R2P3i + RZPZi - 6iQi'
2(1 2(1 2(1
T3i—0,5P3i(_)1 - (T3i—0.5 + T3i+0,5)P3i( )3i+0,5 3ig-?l P3(il+1) - Ps(il) 2(D) 2(D)
sz = h3l A‘L’ + R2P3l - R2P2i )
i=12,..n—1.
Since the resulting system of finite difference In this case, the function P is an approximate

equations is nonlinear with respect to the pressure  value of P. If we write formula (12) with respect to
function, its direct solution is quite complicated, so  the pressure function, then we obtain the following
we apply the quasilinear method to the equations  formulas:
[15-20]. According to the quasilinear method, the
nonlinear parts of the equation can be written as p20 ~ ,pDOpD _ 2O,
follows: 1i 10 "1 1

_ _ 0¢(P) (12) B0 =2P0pp - P,
¢(P)E¢(P)+(P_P)T 2(1 NG 2(1

p2(® ~ 2P3(i)P3(i) _ P3i( ).

3i
5 1 52(1 5 l 52(1 5 1 52(1
Ti-05 2PV 11 P2 = Pit) = (Tuicos + Tiivos) @POwPY = Pi) + Tuino s @PD1ia P, — Pi) _
Ax?
pU+D) _ p®)

i = l ~2(l ~ l =2(1 = l ~2(l
1 Rl(zp(l)zipz(i) _ Pzi( )) + Rl(zp(l)lip1(i) _ P1i( )) + R3(2p(l)3ip3(i) _ P3i( ))’

=3 l =2(1 = l 2(1 = l =2(1
Toi—o5(2PW5i 1P = B0 = (Taicos + Tainos) @PO5BY = BEY) + Thinos (2PW i P — BiY)
Ax? B

=V,
Py =Py < o x20 - ! 231 ~ o x20
= hy 2 i 24 R1(2P(l)2ipz(i) - Pzi( ) - R1(2P(l)1ipl(i) - Pli( ) - Rz(ZP(l)3iP3(i) - P3i( ) +

= l =2(1
+Ry (2P0, PP — B2y — 5,4,
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= 1 2(1 = l ~2(1 = l 2(1
Tsioo5(2POsi 1 Py = PE0) = (Tsicos + Tainos) @PVsiPy) — PE) + Toigo s 2PV Pty — i) _
Ax?

P(l+1) P(l)
i l ~2(l ~ l =2(1 5 l 52(1
3i +R (zp(l) P() i( )) _ RZ(ZP(Z)ZiPZ(i) _ Pzi( )) + R3(2P(1)1iP1(i) _ Pli( ))’

i=12,..n—1

From this system of equations, we find the pressure functions P}f1, PL+1, P41 as follows:
5 l 201 520
Plljl = (Tli—O,S (zp(l)ll 1P1(L) 1 11( ?l) - (Tll 0,5 + T11+0 5)(2P(l) P( ) i( ))

1ityg
= l 2(1
+ +T1i05(2PO1 1 P, — BES) ) +

At Py At ~ D =20 ~ D =20 ~ D =20
“hdx? 1iA_1Tl - h_r(Rl(ZP(l)ZiPz(i) - Pzi( )+ R1(2P(Z)1ip1(i) - Pli( )+ R3(2P(l)3iP3(i) - P3i( ))),
l L

l 21 5 ! 52(1
Pl+1 (TZL 05(2P( )21 1P2(1)1 21’(—)1 o (TZi—O-S + T2i+0l5)(2P(l) lPZ(l) ())

l 2(1
+ Tpi405(2P¢ )2i+1P2(111 2i(+)1 ) *

At P}, At n pM _ 2(1) D pO 2(1) O 2(1)
hZisz ZlA +h_l(R (ZP( )ZlP )—R (ZP( )11P )—R (ZP()31P )+

~ l ~2(1
+R, 2P0, P - B) - 6,q1),

l 2(1 ~ l ~2(1
PLt = (Taizos@PO3is P ) = P = (Tsicos + Tairos) PP — PEY)

l 2(1
+ Tainos (2POsia Pty — P *

At Pl At
*h P — hs; A3l +h_(R (ZP(I) P(l) 2(1)) R (ZP(l) lPZ(ll) 2(1)) +R (ZP(I) P(l) 2(1)))
3i 3i

In this system of equations, we introduce the  and continue the iteration process to the following

notation P = P"*V, PZ(L.S ) = P(Hl),PS(LS ) = P(Hl) condition:

PO —PC| <6 |PO - RSV < g, [P — RSV <6 (13)

To find the values of the pressure functions at  (11) can be written in the form of finite difference
the boundary point, the boundary conditions (8) —  equations:

{(3k10h10 — 24xa)Pyg — 4kqy1hy1Py1 + kiphyp Py = 24xaPy;
(Bkinhin — 24xa) Py — 4kyp_1hin_1Pin_1 + Kin_z2hin_2Pin_n = —24xaPy;

{(3k20h20 — 24xa)Pyo — 4kp1hy1Pay + KaphopPoy = 24xaPy;
(Bkanhoy — 24x)Pyyy — 4kon_1hon_1Pon—1 + Kapn_2hon_2Pon_y = —2AxaPy;
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{(3k30h30 — 24xa)P3o — 4k31h31 P31 + k3phspPyy = 24xaPy;
(Bksnhsn — 24xa)P3y — 4kzy_1h3n_1P3n_1 + k3pn_ph3n_2Psn_p = —24xaPy.

Here

_ 4‘k11h11P11 + k12h12P12 + ZAXO_’PA .
10 3k11h11 - ZAXCZ i n

20 3kyohy — 24x $an

30 3ksohsg — 24x 13n

Using these formulas, the values of the pressure
functions at the boundary points are determined for
each time interval.

3 Algorithm for solving a boundary value
problem

1. Providing of initial data values:

- number of repetitions over time — nf;

- values of the conductivity coefficients — K;, K>,
K3, K, Kiz;

- value of the porosity coefficient -m;

-layer length -L;

- value of the gas viscosity coefficient -y;

-well flow rate -g;

- initial gas pressure in the layers — P;, P2, Ps.

2. Converting variables to dimensionless values;

3. Cycle of repetition over time /[=1...nt;

4. Calculation of the reservoir pressure values
Pji, Py, P3; (i=1,n-1) for the time interval /+ 1.

5. Calculate the pressure values P;g, Pz, P39, Pin,
P>y, P3y, at the right and left boundaries.

6. The solutions found in the time interval /+/
will be the initial for the next step /+2.

7. The condition of iteration (13) is checked, if
the condition is met, the next step is taken, otherwise
the last found pressure values Py;, P2, P3; (i=0,n) are

given for the 4th new iteration Pl(is ) = P,
PZ(L.S ) = Py, P3(is ) = P3; and return to the 4th step.
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_ 4kin-1hin—1Pin-1 + kin—2hin—2Pin—o — 24xaP, .

3k1nh1n - ZAXCZ ’

_ 4kon—1hon-1Pan-1 + Kan—2han—2Pon—p — 24xa Py

3kynhy, — 24xa ’

_ 4k3pn_1h3n_1P3n_1 + kspn_ohsn_oPsn_y — 24xaPy

3k3 hsy — 24xa

8. Display numerical results on the screen in
tabular and graphical form.

9. End of the time repetition cycle.

Computational experiments were performed and
analyzed using a computer to investigate the
influence of pressure variations in the upper and
lower layers during gas extraction from the second
layer of a three layer porous medium filtration
system, dynamically interacting with low-
permeability layers.

4 Computational experiments

Calculation experiments were carried out with
precise initial input parameters: the length of all
three layers Ly = 10000 m; the initial pressure of the
gas layers P;=300 atm, P;=300 atm, Ps=300 atm;
the gas viscosity coefficient u=0.001 sp, the
porosity coefficient m=0.1, the wells in the second
gas layer have the same flow rate, i.e., O=200000
m’/day. Computational experiments on the
distribution of pressure in gas layers were conducted
for 360, 720, and 1080 days. The results of
computational experiments are presented in the form
of graphs in Figures 1-4. The results of
computational experiments were mainly obtained at
various values of reservoir permeability coefficients
and well flow rates, on the basis of which analyses
were conducted.
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(0)4 Ox
Figure 1 — Pressure distribution in layers Figure 2 — Pressure distribution in layers
at point n=81 (Ki,2,3=0.2; at point n=21 (Ki,2,3=0.2;
Km=0.0001; Km2=0.0002; Q1,23=200000m>/day). Kmi=0.0001; Km2=0.0002; Q1,2,3=200000m>/day).
1 \ T -—-~,.l\\ T T ;. — 1
0.95 \ / \ [/ \ / ] 0.999999
1-360 d W/ _ I'ﬂ 0.999998
o 096 2-720d Vi 1 |
3-1080 d W W 0.999997
) w ] 0.999996
0.92 ’ ; * * 0.999995
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
04 OX

Figure 3 — Pressure distribution in the 2nd layer at point
n=81 (t1=360 day; t=720 day; t3=1080 day; Ki2,3=0.1;
Kmi=0.0001; Km2=0.0002; Q1,2,3=200000m>/ day.)

Figures 1 — 4 above show the pressure drop over
time in the central and adjacent wells. As can be seen
from the graph, the pressure drop in the central well
accelerates over time relative to the adjacent well.
This is due to the influence of the adjacent well. The
mathematical model was solved using two methods:
implicit and explicit. Figures 1 and 3 show the
results of the solution using the implicit method,

Table 1 — Results of calculations for determining stability n=21.

Figure 4 — Pressure distribution in the 2nd layer at point n=21
(t1=360 day; t2=720 day; t3=1080 day; Ki,2,3=0.1; Km=0.0001;
Km2=0.0002; Q1,23=200000m>/ day.)

while Figures 2 and 4 show the results of the
solution using the explicit method. Increasing the
number of points and a smaller time step help to
calculate the pressure distribution more accurately
and reliably. At the same time, the use of both
methods is practically useful and is selected
depending on the purpose of the calculation and the
available computing resources.

Time step (days) Time step dimensionless (At) Calculation result
1 day 4.2187e-05 stable
2 days 8.4375e-05 stable
3 days 1.2656e-04 stable
4 days 1.6875¢-04 stable
5 days 2.1094¢-04 unstable
6 days 2.5312¢-04 unstable
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As can be seen from the graphs, as a result of
solving the boundary value problem of the process
of nonstationary gas filtration in a three layer porous
medium with dynamic interaction using the explicit
method, a stable state is observed in the calculation
until the time step is 4 days (1.6875e-04 without
dimension), and from the 5th day, a state of
instability is observed.

Consequently, when solving the problem, the
dimensionless time step is stable when At < 1.69e-4,
and unstable when At >2.1094e-04. From this it can
be seen that the stability limit for dimensionless time
step At can be recommended in cases of ~1.7e-4.
The dimensionless time step increases in accordance
with the characteristic value of the dimensionless
time step and the conductivity coefficients.
Therefore, this instability can also be observed with
an increase in the values of the conductivity
coefficients.

5 Conclusion

The analysis of all computational experiments
shows that in a system with a heterogeneous three
layer porous medium, the permeability coefficient of
the collectors plays an important role in the gas
filtration process, i.e. large values of the

permeability coefficients of the main collector
accelerate the pressure propagation in the collectors,
and slow down the pressure drop in the wells.
Similarly, increasing the values of the coefficients of
the low-permeability layer accelerates the process of
gas flow into the main layers. In this case, the lower
the pressure in the layer, the faster the flow passes
into this layer.

Conducting computer modeling and
computational experiments allows us to determine
the main indicators of multi-layer gas fields during
their development under various reservoir
parameters. The obtained numerical results are
useful for analyzing the development of multi-layer
gas fields with dynamic connections.
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